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THE CAPELLI EIGENVALUE PROBLEM FOR QUANTUM GROUPS

GAIL LETZTER, SIDDHARTHA SAHI, AND HADI SALMASIAN

ABSTRACT. We introduce and study quantum Capelli operators inside newly constructed quan-
tum Weyl algebras associated to three families of symmetric pairs ([I9]). Both the center of a
particular quantized enveloping algebra and the Capelli operators act semisimply on the polyno-
mial part of these quantum Weyl algebras. We show how to transfer well-known properties of the
center arising from the theory of quantum symmetric pairs to the Capelli operators. Using this
information, we provide a natural realization of Knop-Sahi interpolation polynomials as functions
that produce eigenvalues for quantum Capelli operators.

1. INTRODUCTION

In the mid 1980’s, Macdonald introduced a new family of parametrized orthogonal polynomi-
als, referred to as Macdonald polynomials. These polynomials can be viewed as generalizations of
the orthogonal polynomials that appear as zonal spherical functions for real and p-adic symmetric
spaces ([20]). About a decade later, Knop (J9]) and Sahi ([26]) defined parameterized versions of in-
terpolation polynomials (in Type A) with close connections to Macdonald polynomials. For certain
parameters, the Knop-Sahi interpolation polynomials can be viewed as g-analogs of polynomials
that produce eigenvalues for Capelli operators ([11],[12],[27]). Knop-Sahi interpolation polynomials
are referred to by a number of other names in the literature including interpolation Macdonald
polynomials ([25]), quantum Capelli polynomials ([9]), and shifted Macdonald polynomials ([24]).

Drinfeld and Jimbo discovered quantized enveloping algebras, which are Hopf algebra deforma-
tions of universal enveloping algebras of Lie algebras, around the same time as Macdonald initiated
the study of his new family of orthogonal polynomials. Shortly afterwards, the quest began for
realizing Macdonald polynomials as zonal sperical functions on quantum symmetric spaces. This
realization was ultimately carried out in a series of papers ([], [15],[16], [2], [22], [23]). The theory
relies on definitions of quantum symmetric pairs using special coideal subalgebras constructed first
for classical Lie algebras using reflection equations ([20], [23]) and then in general via generators
and relations ([13], [14], [§]).

In this paper, we complete another part of the quantum picture, namely finding a natural
realization of the Knop-Sahi interpolation polynomials as functions that produce eigenvalues for
quantum Capelli operators. The crucial piece in the story is identifying quantum Capelli operators,
which are invariants with respect to a particular quantized enveloping algebra, inside three families
of newly constructed quantum Weyl algebras &%, ([19]). In other words, we formulate and solve
the Capelli eigenvalue problem in the quantum case, thus providing quantum analogs of results
in [27]. Similar results for Capelli operators and their eigenvalues have been obtained in the Lie
superalgebra setting ([1], [28], [29], [30]). We also show that these two quantum realizations, one
for Macdonald polynomials and the other for Knop-Sahi interpolation polynomials, are closely
connected. In particular, we use results from the Macdonald polyomial setting concerning central
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elements of the quantized enveloping algebra in order to establish basic properties of quantum
Capelli operators.

The quantum Weyl algebra &%y is associated to one of the following three (infinitesimal)
symmetric pairs (g, €) where € is the Lie subalgebra fixed by the involution 6 of g:

hd (Q,E) = (g[n,son)

hd (Q,E) = (g[Zna5p2n)

* (g.8) = (gl, gl 0l,)
We refer to the first pair as Type Al the second as Type AIl, and the third as the Type A diagonal
case, thus matching the language used in the classification of symmetric pairs via Satake diagrams.
These correspond to the Jordan algebras of Hermitian matrices over R, H, and C in Type AI, Type
All, and the Type A diagonal case respectively. Indeed, in each case, the Riemannian symmetric
space G/K can be identified naturally with the open subset of positive definite Hermitian matrices.
We focus on these three families precisely because the Jordan algebra setting is central in Kostant
and Sahi’s study of Capelli identities, Capelli operators, and interpolation polynomials ([I1], [12],
27)).

As explained in [19], the quantum Weyl algebra &%, is a deformation of the twisted tensor
product of two algebras, the polynomial part &y and the constant coefficient differential part Zy.
The polynomial part &y is the algebra of quantized functions on the space of n x n symmetric
matrices for Type Al, n x n skew symmetric matrices for Type All, and all n X n matrices in the
Type A diagonal case. The algebra %y is isomorphic to the opposite algebra of Zy.

Let By denote the right coideal subalgebra of U,(g) which is a quantum analog of U(£) inside
of U(g) as defined in [I4] (see also [8]). Recall that there is a second root system, called the
restricted root system, associated to a symmetric pair g, €. For each of the symmetric pairs under
consideration in this paper, the restricted root system ¥ is of type A, _1. Denote by AJEr the set of
partitions of length n realized as weights associated to X. Note that these partitions defined by X
form a subset of the partitions defined by the root system of g. Thus, with respect to this inclusion,
elements of A; are also weights for g.

Let M = Mat,, in type Al, M = Maty, in type AIl, and M = Mat, x Mat,, in the diagonal
case. The initial definition of 9% (see [19]) is a subalgebra of By invariants inside the quantized
function algebra Oq(M) on M. Moreover, &y inherits a left Uy(g)-module structure from O, (M).
As a left U,(g)-module, &y is multiplicity free and is isomorphic to a direct sum of simple highest
weight modules L(2\) where A € AY. The algebra & can be viewed as a subalgebra of the
quantum homogeneous space Oy[G/K], which in turn is a subalgebra of O,[G], where G, K is the
symmetric pair of Lie groups associated to g, €. The algebra %y also admits a decomposition into
left U,(g)-modules that is isomorphic to a direct sum of the L*(2)), for A € AL where L*(2)) is a
left U,(g)-module dual of L(2)).

The quantum Weyl algebra & %y inherits the structure of a left U,(g)-module via its construction
that is compatible with the module actions on the subalgebras &y and Zy. Thus, &Py is isomor-
phic to the direct sum of modules of the form L(2)\) ® L*(2u) where A, u both run over partitions in
A, Note that L(2\) ® L*(2)) = End L(2)). Let Cy be the vector corresponding to the identity in
L(2\) ® L*(2\) via this isomorphism. The space of left U,(g) invariants of L(2\) ® L*(2u) is zero
if A # p and equal to the one-dimensioal space spanned by C) for A = p. The quantum Capelli
operators are the elements Cy, A € AJEF.

One can define an action of 2%y on &y in a manner similar to the action of the classical Weyl
algebra on its polynomial subalgebra. Since Py is a U,(g)-module, elements of U,(g) also act on
Py. These actions lead to Uy, (g)-module maps from &Py and U,(g) into End &% where the module
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action for Py is the left action and the module action for U,(g) is the (left) adjoint action. Let
F(U,(g)) denote the locally finite subalgebra of U, (g) with respect to the adjoint action. We define
a Uy (g)-module map that takes certain elements of F(U,(g)), including most of the center of Uy (g),
to the quantum Weyl algebra that is compatible with the maps into End &y. This enables us to
establish the following connection between the center and the Capelli operators.

Theorem A. There is an isomorphism between a polynomial subring Z of the center of Uy(g) and
the algebra genmerated by the quantum Capelli operators so that the action of the two agree on Py.

In [I8], quantum Weyl algebras over m x n matrices where m # n are studied. These quantum
Weyl algebras come equipped with a left action of U,(gl,,) and a right action of U,(gl,,). A key
tool in [I8] is a mapping of most of the locally finite subalgebras of U,(gl,,) and of U,(gl,) to
subalgebras of the quantum Weyl algebra using very similar arguments to the ones found here.

By [17], there is a Harish-Chandra type map from the center to a subalgebra of the Cartan
subalgebra of U, (g) so that the image of the center Z(U,(g)) consists of invariants with respect to a
dotted action of the Weyl group for the restricted root system. Note that elements of Z(U,(g)) act
semisimply on #y with eigenspaces corresponding to simple modules L(2)), A € A;. The image
of a central element inside of the Cartan subalgebra can be viewed as an eigenvalue function: the
eigenvalue for a central element z on L(2)\) is obtained by evaluating the image of z under this
Harish-Chandra map at A, or more precisely, at ¢* (see Section [0 for a definition of this type of
evaluation).

It follows from Theorem A that the eigenvalue functions for quantum Capelli operators live inside
the same subalgebra of the Cartan part and, moreover, inherit the desired Weyl group invariance
property from the center. Write £, for the eigenvalue function associated to the Capelli operator
C». We shall see that there is an interpretation for this eigenvalue function as a polynomial in n
variables. The explicit map from Z to the quantum Capelli operators of Theorem A ensures that
the degree of &) is equal to |Al.

Let Hs) denote the highest weight generating vector for the copy of L(2)) inside of &%y. The
algebra Py has a natural degree function which turns it into a graded algebra. Using a careful
analysis involving the relations of &%y, we show that: Cy - Ha, = 0 for all Ha,, u # A, of degree
less than or equal to that of Cy. Moreover, C - Ha)y # 0. These results are used to show that
the polynomials &£ satisfy the vanishing property, as well as a nondegeneracy condition, of the
Knop-Sahi interpolation polynomials. This leads to our main result where we refer to the notation
of [24] for the explicit definition of the polynomials P} (z;a, g).

Theorem B. For ecach A\ € AY;, £, is equal to the polynomial P (x;a,g) (up to a normalization
scalar) where

e (a,9) = (¢*,¢*) in Type AI

e (a,9) = (¢%,q") in Type Al

e (a,9) = (¢% ¢?) in the Type A diagonal case.

It should be noted that the parameters obtained in Theorem B are precisely the same parameters
as those for the realization of Macdonald polynomials as zonal spherical functions. This is due both
to the connection between Macdonald polynomials and Knop-Sahi interpolation polynomials as well
as the relationship between eigenspaces of &%y and quantum zonal spherical functions. For more
details on this connection, see Remark

An original motivation for this paper was to understand and extend Bershtein’s results on quan-
tum Capelli operators in [3]. One can view the results in [3] as a quantum analog of the classical
setup relying on a Hermitian symmetric pair of Type AIIIL. By [I1], Section 1, the classical versions
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of Bershtein’s approach and the Type A diagonal case of this paper produce the same Capelli op-
erator eigenvalues. This paper shows that the same happens in the quantum setting. Indeed, the
eigenvalues for the quantum Capelli operators in the Type A diagonal case of Theorem B match
those in [3]. Note that fixed Lie subalgebra € in [3] contains the entire Cartan subalgebra and so the
corresponding symmetric pair is maximally compact. An advantage of the approach here is that
the symmetric pairs are explicitly defined so that they are in maximally split form. This allows us
to use the theory of quantum symmetric pairs and symmetric spaces as developed in [13],[14],[15],
[16] and [17].

The remainder of this paper is organized as follows. Section 2 sets notation for root systems,
quantized enveloping algebras, the three types of symmetric pairs and their quantum versions. In
Section 3, we give generators and relations for the quantized function algebras O,(Maty) on N x N
matrices and for the three quantum homogeneous spaces &y. In Section 4, we obtain detailed
descriptions of highest weight vectors inside &2y with respect to the action of U,(g) and use them
to write down explicit module decompositions of the quantum homogeneous spaces .

In Section 5, we describe the quantum Weyl algebras &%y of [19] in terms of generators and
relations. We then define a U,(g) equivariant action of &%y on Py that resembles the action for
the classical Weyl algebra on the polynomial subalgebra. Using the relations for &%y, we analyze
the action of the quantum Weyl algebra on the highest weight vectors Hay, A € A;, inside of Zy.
This information is used to determine the action of the Capelli operators Cy on highest weight
vectors Hy, needed for the proof of Theorem B.

Section 6 shows how to identify certain elements u of the Cartan subalgebra of U,(g) with
elements a of %y so that u and a agree with respect to their action on Hy. The elements of
the Cartan subalgebra that have this property are part of the locally finite subalgebra F(U,(g)) of
Uqy(g). The locally finite subalgebra is a well-studied object for quantized enveloping algebras of
semisimple Lie algebras. In Section 7, we give a complete description of F(U,(g)) by translating the
results for the locally finite part of U,(sly) to the gly setting. This allows us to define a mapping
T on almost all of F(Uy(g)) into &Py which is compatible with the action on .

Section 8 is devoted to the center of U,(g) and the image of a special subalgebra Z of the center
(as in Theorem A) to &Py via Y. Generators for the image of Z inside End & are identified and
bounds on the degree of their image inside of &%y are determined. Using the standard Harish-
Chandra map and a restricted version based on those in [17], we explain the dotted restricted
Weyl group invariance for central elements. We further show that both Z and its image under the
restricted Harish-Chandra map are isomorphic to a polynomial ring in n generators.

Quantum Capelli operators, are defined in Section 9. Comparing the degree of quantum Capelli
operators with the degree of the image of generators of Z under T yields Theorem A (Theorem
[03)). Eigenvalue functions associated to quantum Capelli operators are introduced in Section [[0.2]
and their relation to the image of central elements of Z under the restricted Harish-Chandra map
is explained. We show that these eigenvalue functions satisfy the defining properties of Knop-Sahi
polynomials by combining facts about the center of U,(g) with structural properties of % %y. This
establishes Theorem B (Theorem [T0.7]).
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2. QUANTIZED ENVELOPING ALGEBRAS

2.1. Roots and weights. Let N be a positive integer and let €1, . . ., ey denote a fixed orthonormal
basis for RY with respect to the standard inner product (-,-). Let ®y denote the root system of
Type Any_1 with positive simple roots a; = ¢; — €41 for i = 1,..., N — 1. Write wy,...,wn_1
for the fundamental weights associated to ®y. Set P = Zf\;l Zw; equal to the weight lattice
and @ = Zfi}l Za; equal to the root lattice. Write P+ = Zf\gl Nw; for the subset of dominant
integral weights. Let Q* denote the subset va_l Nay; of the root lattice.

Let A denote the set of vectors A = A\je1+- - -+Ayeny whereeach \; € Zand Ay > Ao > --- > Ay
Set A} equal to the subset of Ay consisting of those weights A € Ay satisfying Ay > --- > Ay > 0.
In other words, elements in A} correspond to the set of partitions (A1,...,An). Recall that
€1 + -+ + ey is orthogonal to each «; with respect to the given inner product. Moreover, it is
straightforward to check that the fundamental weight w; satisfies

)
(1) wi:€1+"'+Ei—ﬁ(€1+"'+€N)
foreachi=1,...,N—1. Set w; = €1 +---+¢ fori=1,..., N and so the above equality becomes
wwn. We refer to the weights @i,...,wy as the fundamental partitions associated
to the root system ®5. Note that A?\', is the N linear combination of the fundamental partitions

Wiye ., WN-

wi:(bi—

Let wg denote the longest element of the Weyl group in type Ax_1. We have woo; = —an_;
and woe; = eyy1—j fori =1,...,N —1and j =1,...,N. It follows that the set woA} is the N
linear combination of the elements wo&; = en_;41 + -+ ey fori=1,..., N.

Let gl denote the complex general linear Lie algebra consisting of N x N matrices and let sly be
the Lie subalgebra equal to the subspace of N x N matrices with trace 0. Recall that @ is the root
system for sly and the finite-dimensional simple s[y-modules are parameterized by their highest
weights which are elements of PT. For gly, one uses Ay to parameterize the finite-dimensional
simple gl-modules. More generally, the relationship between w; and &; in ([Il) will help us translate
results from the sl setting to that of gly.

The root system for gl @ gly is just the disjoint union @5\}) Ufl)g\?) of two copies of the root system
for gl and the corresponding Weyl group is just the direct product of two copies of the Weyl group
for @ . Write €, ..., ey for the orthonormal basis for the first copy of gly and ent1, ..., en for
the second copy. Set w; = €1 +---+¢ and Wiy = €14n + -+ €4n for i =1,..., N. The longest
Weyl group element is wy X wy which simply acts as wg on each copy of ®x. Other notions are
extended from gly to gly @ gl in a similar fashion. Sometimes we denote weights for gl @ gly
using a single symbol, say A. In other instances, we use the sum v @ 4’ to represent the weight

€L+ FyNeN F €14 + oo F Yven.

2.2. The quantized enveloping algebra. Write e1,...,en—1, f1,--., fN=1, he,s -, hey for the
standard Chevalley generators for gly. For the direct sum gly ® gly, we write e;, fi, he; where
ie{l,....N—1}U{N+1,...,2N — 1} and j € {1,...,2N} for the standard generators. Here,
the e;, fi, he,, @ < N — 1,7 < N generate the first copy of gl while e;, fi, he,, i,j > N + 1 generate
the second copy.

Let g be an indeterminate. The quantized enveloping algebra U,(gly) is an algebra over C(q)
generated by KX', ... K*' E, ... Ex_1, F1,..., Fy_1 subject to the algebra relations as stated

€1 ) EN

in [2I] (see also [10], Section 10). Note that K., --- K¢, is a central element of U,(gly). Set
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Ki=K K.} fori=1,...,N —1. The subalgebra of Uy(gly) generated by

+1 +1
K#' . KE By, Ex_1,Fi,...,Fy_y

is the quantized enveloping algebra Uy (sly).

Given an integer linear combination § = Zivzl Bje;j, write Kg for the product K2 --- KS~. The
algebra Uy, (gl ) is a Hopf algebra with coproduct A, counit €, and antipode S defined on generators
by

e A(E)=E®1+K,®E;, e(E;)=0and S(F;) = -K; 'E;
e A(F)=F,®K; ' +1®F;, ¢(F;) = 0 and S(F;) = ~F,K;
e A(K)=K®K, e(K)=1and S(K)=K~!

fori =1,...,N —1 and for all K = Kg,f € Zj Ze;. It follows from the defining relations for
Uy(gly) that

(2) K,@EiKﬁ_l — q(ﬁ,ai)Ei and KBFZ,KEI _ q—(ﬂ,ai)Fi

fori=1,...,N—1andall 5 € Zj Ze;. The subalgebra U, (sly) is also a Hopf algebra using the
same coproduct, couinit, and antipode. Given an arbitrary element u in one of these Hopf algebras,
we express the coproduct of u by A(u) = > un) ® u().

We also consider the quantized enveloping algebra of gly & gly. Note that

Uq(aly @ aly) = Uglaly) @ Uq(aly)
as Hopf algebras. Write E;, F;, Kef_l, 1<i<N-1,1<j <N for the generators of the first copy
of Uy(gly) and El-,Fl-,K;Fl, N+1<i<2N—-1,N+1<j<2N for the generators of the second
copy. Formally, we may identify F; with F; ® 1 and E;yny with 1 ® F; for 1 <i < N — 1 with
similar identifications for the F; and K 35,1.
Let U%gly) denote the subalgebra of U, (gly) generated by K1, ... ,Kjfvl. Similarly, we write

€1
U(gly @ gly) for the subalgebra of Uy(gly @ gly) generated by KX, ... K1 = We drop gly or
gl @gly from the notation and simply write UY when the associated Lie algebra can be understood
from context.

Let U™ (gl ) denote the subalgebra of U, (gl ) generated by E1, ..., Ex_1. Similarly, let Ut (gly®
gly) denote the subalgebra of U,(gly @ gly) generated by E;, for ¢ = 1,...N — 1 and 7 =
N +1,...,2N — 1. Just as for U°, we drop gly or gly @ gly from the notation and simply
write U' when the associated Lie algebra can be understood from context. Define the subalgebra
U~ in the same way with each F; replaced by F;.

In the study of Uy(sly), it is sometimes necessary to pass to the simply connected quantized
enveloping algebra U, (sly). This Hopf algebra is an extension of U, (sly) obtained by enlarging U°
to U where UY is the group algebra generated by the weight lattice P (see for example [5], 3.2.10).
In another words, Uq(slN) is the Hopf algebra generated by U, (sly) and U where the generators
of Uy(sly) and the elements Kg, 3 € P satisfy ().

Recall that the augmentation ideal of a Hopf algebra H, denoted by H., is the kernel of the
counit €. Given a subset M of H, we write M, for the intersection of M with H,. For example,
we write (Uy(gly))+ for the augmentation ideal of Uy(gly). Similarly, we denote the intersection
of UT (resp. U™) with the augmentation ideal of U,(gly) (or U,(gly @ gly) depending on context)
by U} (resp. UL).

We write L(\) for the simple U,(gly)-module of highest weight A. In other words, L(\) is
generated by a highest weight vector vy such that Euy =0 foralli=1,...,N —1 and Kgvy =
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q# My, for all weights 8. Recall that L()) is finite-dimensional viewed as a U, (sly)-module if and
only if A\ € P* and is finite-dimensional viewed as a U, (gl )-module if and only if A € Ay. These
notions extend to the setting of U,(gly @ gly) in a straightforward manner and we will similarly
denote highest weight modules by L(\) where here X is understood to be a weight for gly @ gly.

2.3. The adjoint action. Given a Hopf algebra H and a two-sided H-bimodule M, the bimodule
M admits an H-module structure via the adjoint action defined by

(ad a)m = Z a@ymsS(a))

for all @ € H and m € M. The locally finite part Fg (M) of M is the submodule consisting of those
elements that generate a finite module with respect to the adjoint action of H. More precisely,

Fu(M) ={a € M| dim[(ad H)m] < co}.

When M is also a Hopf algebra, the locally finite part Fy (M) is a subalgebra of M ([6]). We
typically drop H from the notation F (M) when H can be understood from context.
For H = Uy(gly), Uy(sly) or Uy(sly), the adjoint action is determined by the following formulas:

(ad E;)-m = E;m — K;mK; ' E;
(ad K)-m = KmK ™"

foralli=1,...,N —1, K = Kg for all weights § with Kz in the specified quantized enveloping
algebra, and m € M. Note that these formulas carry over easily to H = Uy (gly & gly)-

2.4. Three symmetric pair families. We are interested in quantum homogeneous spaces asso-
ciated to three families of symmetric pairs g, £ where £ is the Lie subalgebra fixed by the involution
0. Here, g = gl,, for the first family, g = gl,,, for the second family, and g = gl,, @ gl,, for the third
family. Below, we describe the involution for each family and then define the generators for the
associated quantum analog By of U(g?).

For each of the three families, we associate an R-matrix Ry and a solution J to the reflection
equation RngRgl Jo = JQR;I Ji Ry where J is an N x N matrix, J; = J ® I and J = I ® J where
I is the N x N identity matrix. These R-matrices are closely related to the following matrix R in
Maty x Maty defined by

(3) R= Z qeii @ ey + Z (eis @ ejj +ej; @eu) + (@ —q ) Z eij @ eji

1<i<N 1<i<j<N 1<j<i<N
where Mat y is the space of N x N matrices and the e;; are matrix units.
Type AI: g = gl, and 0 is defined by 6(e;) = —fi, 0(fi) = —e; and O(he;) = —h; each i =
1,...,n—1and 7 =1,...,n. Hence ¢ is generated by f; —e; fori =1,...,n — 1. Passing to the
quantum case, By is generated by F; — Einl, fori=1,...,n—1. In this case, Ry = R as defined

in @) with N = n. The associated solution to the reflection equation is J = I,,, the n x n identity
matrix.

Type AII: g = gl,,, and 0 is defined by

[ 6‘(61') = ei,ﬁ(fi) = fz,ﬁ(hl) = hi for i = 1,3, .. .,27’L — 1.
[ H(fl) = —[8i717[8i+1,61‘]] fori:2,4,...,2n—2.
® O(hey, ) = —he, fori=1,...,n.
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Hence ¢ is generated by e;, f;, h;, fori =1,3,...,2n—1and f;—[e;_1, [e;y1,e;]] fori =2,4,...,2n—2.
Passing to the quantum case, By is generated by

o KX B, F,fori=1,3,...,2n— 1.

e Bi=F—¢*((ad B;_1Ei1) E)K; ' = F;—¢%[Ei—1, [Eiy1, Eil g K, fori=2,4,...,2n—2

where [a, b], denotes the g-commutator ab — gba of a and b.

In this case, Ry = R as defined in (@) with N = 2n. The associated solution to the reflection
equation is J = >"7'_, (e2k—1,2k — q€2k,26—1)-
Type A diagonal case: g = gl,, @ gl, and 6 is defined by 0(f;) = —enti, 0(fnri) = —ei, and
H(hgj) = —he, fori=1,...,n—1and j=1,...,n and so t is generated by f; — e,yi, fnti — €,
and he; —he,  fori=1,...,n—1and j = 1,...,n. Passing to the quantum case, the corresponding
quantum symmetric pair coideal subalgebra By is generated by

Bi=Fi —qE, iK', Buyi=Fopi—qEK, ], and (K_'K._ )™
fori=1,...,n—1and j =1,...,n. In this case, Ry is the 4n? x 4n? block diagonal matrix with

diagonal (R, I,,2, 1,2, R) were R is the matrix defined by (@) with N = n. The associated solution
to the reflection equation is J = ZZ:1(€k,n+k + €ntk,k). We often drop the phrase Type A and
simply refer to this family as the diagonal case or diagonal type.

2.5. Restricted root systems. Write 7 for the set of simple roots for g and ® for the root system
generated by 7. By Section 2] for Types Al and AII, we have 7 = {aq,...,an—1} and the root
system & = ®y is of type Ay_1 where N = n in Type Al and N = 2n in Type All. For the diagonal
case, m = {a1,...,an—1} U{ant1,...,a2n—1} where {a1,..., -1} and {@nq1,..., 0,1} each
separately generate a root system of Type A,, and together generate a root system ® = @511) U @512).

Note that @ induces an involution, which we also call 6, on the root system ®. More generally, 6
can be extended to an involution on Zi\il Ze; where N = n in Type Al, and N = 2n in Type AIl
and the diagonal case. Set 5 = (8 — 6(8))/2 for each 8 € vazl Ze;. The set of all § where § runs
over elements in ®, forms another root system, called the restricted root system which we denote
by X. For all three families under consideration, the root system X is of type A,,_1. We denote the
simple roots for ¥ by af,...,a> ; and explain below how these are related to the simple roots for
.

The restricted root system is contained in a vector space spanned by orthonormal basis vectors
that live inside the set {3] 5 € 3.1, Ze;}. We denote this orthonormal basis by €7, ..., €. Write
M,--.,Nn—1 for the fundamental weights associated to ¥ and write 71,...,7, for the fundamental
partitions. Let Px denote the weight lattice and P; denote the dominant integral weights defined
by the root system X.. In other words Ps, (resp. Pg ) is just the set of Z (resp. N) linear combinations
of the fundamental weights n1,...,7,-1. Let AJEr denote the N span of the fundamental partitions
fiyi = 1,...,n. Let Wy denote the Weyl group for the root system X. We identify the €}, n; and
f); with elements of >"" | Ze; below for each of the three families under consideration. With respect
to this identification, it is straightforward to check that the longest element of the Weyl group for
® also acts as the longest element in the restricted Weyl group Wy. Abusing notation slightly, we
refer to woy as the longest element of Wy with the understanding that wy is the restriction of the
longest element of the Weyl group for ® to restricted weights. In particular, wom); = €&, 4t +e
for each ¢ and for each of the three families.

Type AI: For Type Al, &; = (o; — 0(;))/2 = «; for each i = 1,...,n — 1. Hence o = &; = o

i

for i = 1,...,n — 1 and the set of positive simple roots for the root system X is just the set
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{a1,...,an_1}. A similar straightforward computation yields ¢; = ¢; for each i. In other words,
the restricted root system X in this case equals ®. Thus, Ejz = €j, )j = Wj, M = Wk, and Ny = Wy,
forj=1,...,nand k=1,...,n— 1. Note further that &, = (w, — 0(wi))/2 = wy and so 7 equals
@y, the restricted weight associated to wy. Similarly, iy = (& — 0(0k))/2, the restricted weight
associated to @y, for each kK =1,...,n.

Type AII: For Type AII, 6[21',1 =0 for i = 1, e n and d2j = (052j*1 + 20[2j + 042j+1)/2 for
j=1,...,n—1. The set of positive simple roots for ¥ is {&s;| j =1,...,n— 1} and oz? = Qip; for
j=1,...,n—1. Note that the inner product on ® needs to be scaled differently for the restricted
root, system. This is because

(&ij 6‘2]’) = (042j71 + 2042;‘ + agj41, 251 + 2a2j + a2j+1)/4 =1.

Hence the inner product for 3 takes the form (-,-)s = 2(-,-) where (-,-) is the usual Cartan inner
product for the root system of gl,,. In other words, (-,-)s is the normalization of (-,-) chosen so
that (dgj,dgj) = 2 for each j Now ggj = ggj_l = (Egj_l + 62]‘)/2 and so 2(€2i,d2j) = 51] It

follows that the corresponding set of orthonormal vectors is {€a, €y, . .., €2, } and hence eiz = €9, for
t=1...,n. The fundamental partitions associated to this restricted root system take the form

fr=e + e =C+ - Fér=I(c1+e+ +ex)/2=0o/2
forr=1,...,n. It follows that the fundamental weights are

me =1 = (r/N)in = (e1+ €2+ +e€2)/2— (r/N)(ex +e2+ -+ e20)/2 = war /2
forr=1,...,n— 1. Note also that
(Woj — O(W2;))/2 = (€1 + -+ + E95) = 2(€2 + €4 + - - - + €x5) = 21);
for each j = 1,...,n. Similarly,
(@W9j—1 — O(W2j-1))/2 = (&1 + -+ + Egj—1) = 2(€a + €4 + - + E2j_2) + &2,
for j=1,...,n. Hence (&1 — 6(w1))/2 =71 and
(‘Z)ijl - 9(‘:’2j71))/2 = ﬁj + 773;1

for each j = 2,...,n. It follows that wi — O(w1) = M1, wa; — O(we;) = 2n; and wej—1 — O(wej—1) =
n; +mnj—1 for j=2,...,n.

Type A diagonal case: For the diagonal case, we have &; = («; + @p4)/2 = Q. Thus the set
of positive simple roots for the root system X is {G1, -+ ,d@n_1} and oF = &; fori=1,....,n— 1.
Note that (&;, &;) = ((; + anti)/2, (@; + anyi)/2) = 1. Hence, the inner product for the restricted
root system in the diagonal case is (-,-)s = 2(-,-). Here, the corresponding orthonormal basis is
{é1,...,&,} where & = (e; + €,4)/2 for each i. In particular, we have e = & fori = 1,...,n. The
fundamental partitions in this case are

=€+ =+ +&=(e1+eqnt +6+6qn)/2
for r=1,...,n. It follows that the fundamental weights associated to ¥ satisfy
e =1 = (r/n)in = (@r + Gryn) /2 = (r/n)(On + G2n)/2 = wr /2 + Wryn/2
forr=1,...,n—1. We have
(@j —0(w;))/2=¢€1+ -+ & =1

and, similarly, (Wn4; — 0(On1j))/2 =7;. Thus n; = 0 = @pqy for j=1,...,n.
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A finite-dimensional simple highest weight module is called spherical if it contains a nonzero By
invariant vector, i.e., a vector v such that z - v = e(z)v for z € By. Note that 2A5, = {2\, € A}
is a subset of A?\} where N = n in Type Al and N = 2n in Type AIIl. Moreover, given vy € A?\}, the
module L(v) is spherical if and only if v = 2\ + s, for some \ € A%L and s € N in Type Al and
v =2\ for A € AL in Type AII ([21], (3.12)).

Now consider the diagonal case. For 7,7 € A}, L(y®~’) is spherical if and only if v = ~/.
This follows from the classification of spherical modules using sl,, instead of gl,, (see [14], Section
7) along with the fact that weight vectors admitting a trivial KEI.K;in action for each 1 =1,...,n
must have weights of the form v @®~. Note that the set of v @~ with v € A; is precisely 2A5,. Thus
L(y @+') is spherical if and only if v @ ' = 2\ for some A € AJ.

3. QUANTIZED FUNCTION ALGEBRAS

3.1. Quantized matrix functions. Let Maty denote the space of N x N matrices with basis e;;,
1 <4,7 < N. The matrix R defined by (B]) can be written as R = Em)k)l rieik ® ej; where

o rit =g, Tg =1 for all ¢, j, with ¢ # j.

. T;Jl =(q—q ") for all j <.

e 7 =0 for all other choices of i, j, k, .

We can view R as the matrix in Maty x Maty with (i,k) x (j,1) entry r,?l Given a matrix

A € Maty x Maty, write A for the transpose in the first term when s = 1 and the second when
s = 2. For example, (R")% = 1.
The quantized function algebra O,(Maty) is the bialgebra over C(g) generated by t;;,1 < 14,j <

N where the t;; satisfy the following relations

(1) trkitk; = qlrjtii, tintin = qtjetin (i < J)

(i) tatrj = trjtas tijtn — tutyy = (@ — ¢ Dtgjta (i < k;j <)
Set T' = (t;;), the N x N matrix with ij entry equal to ¢;; and set Ty =T ® I and Th = I ® T where
I is the N x N identity matrix. These relations can be written in matrix form as RT175 = ToT1 R,
or equivalently, as the set of equations

Z Té‘(]ictjatkb = Z tdktljf‘ilg.

Jik Jik
for all a,b,d,l. A straightforward computation shows that the map ¢ defined by
(4) u(tig) =t
for all 4,5 =1,...,n defines an algebra automorphism of O,(Maty).

The algebra O,(Maty) admits the structure of a U, (gl )-bimodule algebra where the left action
is determined by

By tij =01 ptiong, Fr-tiy =O0itivry,  Ke -ty ="ty
and the right action by
tij - Bx = Ojitijen, by Fe =0 1ktijo1, tij-Ke, =q""t;

forr=1,....,N,i,j=1,...,Nand k=1,...,N — 1. Here, we are using the notation ¢,, = 0 for
ue€{0,N+1}orve {0,N+1}.

Let Oq(Maty)°P denote the bialgebra with the same coalgebra structure and opposite algebra
structure of the bialgebra Oy(Maty). Write 0;;,1 < 4,5 < N for the generators of O,(Matn ) so
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that the algebra map defined by t;; — 0;; is an anti-automorphism. The algebra O,(Maty ) is
also a Uy(gly)-bimodule algebra with action defined by

By -0 = —6ikq 'Oip1j,  Fr-0ij = —0i10q0i 15, Ke -0 =q °" 0
and right action defined by
Oij - B = =65 1%q0i 51, 0Oij - Fro = —0jq ' 0ijy1, 0y K, = q %70

forr=1,...,N,i,5=1,....,Nand k=1,..., N —1. Just as for the t,,, we are using the notation
Oup =0 for u € {0,N+ 1} or v € {0, N + 1}.

Let O,(Maty) ® Oy(Maty) denote the algebra generated by two copies of O,(Maty ). The first
is generated by #;;,1 < 4,7 < N and the second is generated by ¢ n j+n,1 < 4,5 < N and t;;
commutes with ¢, v 4 for all¢,5,k,1 € {1,..., N}. Formally, ¢;; can be identified with ¢;; ®1 and
titn j+N with 1®t;;. The algebra Oy(Maty) @ Oy(Maty) is a Uy(gly @ gly) = Uy(gly) @ Uy (gly)-
bimodule algebra. Here, the left action is given by (¢ ® h) - (a ® b) = (g - a) ® (h - b) for all
g h e Uy(gly) @ Uy(gly) and a @b € Oy(Maty) ® Oy(Mat ). The right action is defined in the
same way with the action on the right instead of the left. Similar notions apply for the algebra
Oq(MatN)"p & Oq(MatN)"p.

Consider the three families as described in Section 24l Set &7 = O,(Maty) in Type AI with
N = n and in Type AIl with N = 2n. For the diagonal case, set & = O,(Mat,,) @ O4(Mat,,).
Similarly, set 2 = Oy(Maty ) in Type Al with N = n and in Type AIIl with N = 2n. For the
diagonal case, set Z = O4(Mat,, )P @ O4(Mat,,)P.

3.2. Functions on homogeneous spaces. Let g, be a symmetric pair corresponding to one of
the three families described in Section 2.4l Recall that .J is the associated solution to the reflection
equation. Write J,. ; for the coefficient of e,; in J. Define elements z;; and d;; by

xij — ZtirJr,stjs and dij = Zq_2§air<]r,sajs
.8 s

for 1 <i,j < N where N = n in Type Al, N = 2n in Type AIl and diagonal type, § = s in Types
AT and AlI, and for the diagonal type § = s for s <mn, and § = s —n when s > n + 1.

Let 7 be the subalgebra of & generated by the z;;,1 <4,7 < N, and let %y be the subalgebra
of 2 generated by the d;j,1 <i,7 < N. As explained in [2I] and [I9], the quantum homogeneous
space O,|G/K] associated to g, is generated by &y and powers of quantum determinants. Set
X = (Iij)lgi,jSN and D = (dij)lgi,jSN- Define Xl, XQ, Dl, and D2 in the same way as Tl, T2 (1e
X1 =X ®1, etc.). The following theorem summarizes properties of &y from [19].

Theorem 3.1. The relations satisfied by the generators x;; of Py are determined by the following
equations:
(i) The matriz relation Ry X1 R Xo = XoRY X1 Ry.
(ii) The linear relations x;; = yx; for i < j and x4 =0 for all (a,b) € S where
o v=gq in Type AI, vy = —q~ ' in Type AII, v = 1 in the diagonal type
o S is the empty set in Type AI, S = {(i,i),i = 1,...,2n} in Type AIl, and S =
{(4,7),1 <i,j <n}U{ijn+1<14,j <2n} in diagonal type.
Moreover, Py is a left Uy(g)-module and (trivial) right Bg-module subalgebra of .

In the diagonal case, it turns out that the matrix relations for %y reduce to RXng = XgXlR
where X = (2; j4n)1<ij<n and R is the matrix defined by @) with N = n ([I9], Lemma 5.12). In
particular, &y = O,4(Mat,,) as algebras via the map that sends x; j, to t;; all 1 <i,57 < n. For
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the other two families, Types AT and AII, explicit relations are given in [19], Lemma 5.8. Here we
provide some of these relations in special cases that will be needed later in this paper. In particular,
for Type Al we have

(5) LenTnn = qzxnnxen and TanTen = qTenTan
for all @ < e < n. Similarly, for Type AIl, we have
(6) La,2nTe2n = qLe 2nLa,2n

for a < e < 2n. More generally, it follows from [19], Lemma 5.8 that the defining relations are
g-analogs of commutativity relations and take the form

(7) TijTp = ¢ TriTij + Z (¢ —q " wrapTea
{a,b,c,d}={i,j,k,l}

for some integer s and some element w € Clg, q’l] where neither x;;x5; nor xp;z;; appear in the
final sum of the right hand side. It follows from the formulas for the relations satisfied by the t;;
and the fact that &%y = O,(Mat,,) as algebras in the diagonal case, that (7)) holds for the diagonal
family as well.

The following result, also from [19], holds for %y and shows that as an algebra, %y is isomorphic
to Zg”. In analogy to the situation for &, the map sending d; ji,, to d;; for 1 < i, j < n defines
an isomorphism of %y onto O4(Mat,,)°P for the diagonal family.

Theorem 3.2. The relations satisfied by the generators d;; of Zg are determined by the following
equations:
(i) The matriz relation RngRtngl = DlRtg1 DyRy.
(ii) The linear relations d;j = vd;; for i < j and dap, = 0 for all (a,b) € S where
o v=q ' in Type AI, v = —q in Type AIl, v = 1 in the diagonal type
e s the empty set in Type AL, S = {ii,i = 1,...,2n} in Type AIlL, and S = {ij,1 <
i,j <n}U{ij,n+1<1i,5<2n} in diagonal type.
Moreover, Py is a left Uy(g)-module and (trivial) right Byg-module subalgebra of 9.

Note that the defining relations for &%y are homogeneous and thus %y has a natural degree
function defined by deg(z;;) = 1 for all ¢,j. Let J be the filtration on %y defined by deg. In
particular, for each r, we have

T(Pe) = Z{x € Py| deg(x) <r}.
Jj<r

Since all the relations for &y are homogeneous with respect to degree, &% is isomorphic to the
graded algebra defined by this filtration. Just as for &y, we can define a degree function on %
such that deg(d;;) = 1 for all 4,j. The resulting filtration yields a graded algebra isomorphic to
Dp. For each r, set Z) equal to the homogeneous subspace of &) consisting of elements of exactly
degree r and Z; equal to the homogeneous subspace consisting of elements of exactly degree .

The left U,(g)-module structures can be deduced directly from the left actions of U,(g) on &
and 2. The action of the generators of U,(g) on the generators of &%y and %y is explicitly given in
[19], Lemma 5.4. As noted in [I9], this action can be described as follows. The vector space spanned
by the generators x;; of &y forms a simple left U,(g)-module generated by a highest weight vector
x1, of weight L(e; + €,) where r = 1 in Type Al, r = 2 in Type AIl, and » = n+ 1 in the diagonal
type. Similarly, Zl ; C(q)d;; is a simple left U,(g)-module generated by the lowest weight vector
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dy, of weight —e; — €, where r = 1 in Type AI, r = 2 in Type AlIl, and » = n + 1 in the diagonal
type. Moreover, the action of the Cartan elements on Py and %y is determined by

(8) Ke -wig = ¢y Ko, -dig = q 7% dy

for all 7, j, s.

Note that the isomorphisms &% = O,(Mat,) and Zp = O4(Mat,)” in the diagonal setting
as described above are actually U,(gl,)-bimodule isomorphisms where the left action of Uy(gl,,)
on O,(Mat,,) (resp. O4(Mat,)°P) is the same as the action of the first copy of U,(gl,) inside
Uy(gl, @ gl,,) on Py (resp. Zp). Similarly, the right action for Py (resp. Zp) goes over to the
action of the second copy of Uy(gl,,) on Oy4(Mat,,) (resp. Oq(Mat,,)°P). (See [19], Lemma 5.12 for
details.)

It is well-known that the algebra O,(Maty) admits a PBW basis using monomials in the ¢;;.
The next result from [19] shows that the same is true for &%. Using the fact that z;; — d;; defines
an antiautomorphism from &% to %, the next lemma also holds for %y with each x;; term replaced
by dl]

Lemma 3.3. The following monomials form a basis for Py:

(i) Type AI:
mi1 ,.1M12 my mo22 ,,1M23 mso Mn—-1,n—1_Mn—-1,n_m
Ty Typ Ty " Toy Tgz o Ton Ty n 1 Tp1 gy Tpp
(ii) Type AlI:
mi2 . mM1,2n _mo3 . m2 2n X M2n—1,2n
riy wyy® "Ty2n Ta3 Top! Lo on  Ton_1.2n

(iii) Diagonal type:

mi1 Min ,.1M21 man Mn1 Mnn
Ly n+1$12 C Ty onTa n+1$2 SR T T20n T+l T 2n

as each m;; runs over nonnegative integers. Moreover, we also get a basis if the order of the
monomials in the terms above are reversed.

3.3. Module structure. It is well-known that O,(Maty) admits a decomposition as Ugy(gly)-
bimodules

(9) «(Maty) = @B L(A

AeAt
where L()\) is a left Uy(gly)-module and L(A\)* is a right Uy(gly)-module. By restriction, we
can also view all these modules as Uy(sly)-modules. Note that O,(Maty) contains a nontrivial

bi-invariant submodule with respect to the action of Uy(sly). In particular, the submodule of
O,(Maty) consisting of U, (sly)-bi-invariants corresponds to

P Liman) @ Limin)*.

meN
Decomposition (@) implies
(10) O,(Maty) ® O, (Maty) = P LeeX)eLOheX)

(AA)EAL xAL
as Uq(gly @ gly)-bimodules. Moreover, the submodule of Oy(Maty) @ Oy(Maty) consisting of
Uy(sly @ sly)-bi-invariants is
P Limiy ©m'on) ® Limay & m'ay)*.

m,m’eN
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Setting N = n in Type AI and the diagonal case and N = 2n in Type AIl, we can read off of
@) and (I0) the U,(g)-module decomposition of &. It follows from the description of spherical
weights in Section that the right By invariants 225 of & admits the following decomposition
as left U,(g)-modules

D L@+ sw,) in Type AL

AEAY sEN
P L(2)) in Type AL and
AeAd
@ L(2)\) = @ L(y ® ) in the diagonal type.
NEAT, YEAT

By [3I] Lemma 5.3, the fact that &2y is generated by right By invariant elements ensures that Py is
a subalgebra and submodule of 92B¢. We see in Section @ that 2?5 agrees with Z2y in both Type
ATl and the diagonal case while it is slightly larger in Type Al

4. DETAILED MODULE DECOMPOSITIONS

4.1. Quantum determinants. There is a quantum analog of the determinant, denoted by det, (T'),
which is a central element in Oy(Maty). The quantum determinant can be expressed explicitly in
terms of the t;; as

(11) dety(T) = > (=9)"“toqaya - tagny.n
s€ESn

and satisfies ¢(dety(T")) = dety(T") where ¢ is the antiautomorphism defined in Section BI] (see
(1.26) of [2I]). It is straightforward to check that the quantum determinant det,(7) satisfies
dety(T') - K; = dety(T'), dety(T) - F; = 0 and dety(T) - E; =0 for i =1,..., N — 1. Hence det,(T)
is right invariant with respect to the action of U,(sly). The same is true with respect to the
left action of Uy(sly) and can be easily verified with a similar computation using the fact that
t(dety(T)) = dety(T). Hence det,(T') is both a right and left invariant element with respect to the
action of U, (sly). However, the same is not true upon passing to U, (gly ). Indeed, we have

(12) dety(T) - K., = K¢, - dety(T) = qdet,(T).

Let det,(7") be the quantum determinant defined using the elements ¢;+n j+n instead of the ¢;;
viewed as elements of O,(Mat,) ® O4(Mat,,). The properties for det,(T") carry over to det,(7")
where each subscript i is replaced by i + N.

Note that the weight of det,(7") with respect to the action of Uy(gly) is Wn = €1 + -+ + €n.
Hence by (@), the submodule of U,(sly)-bi-invariants inside O4(Maty) is the polynomial ring
C(q)[dety(T)]. Similarly, the submodule of O,(Maty) ® Oy(Maty) consisting of U, (sly @ sl )-bi-
invariants is the polynomial ring C(q)[det, (1), det,(17)].

Lemma 4.1. The intersection of C(q)[dety(T)] and Py is C(q)[(dety(T))?] in Type Al and equals
C(q)[dety(T)] in type AIL The intersection of C(q)[dety(T),dety(T")] and Py is C(q)[dety (T") dety (1))

in the diagonal case.

Proof. Consider Type Al. Note that any element in &y can be written as a linear combination
of monomials, say t;, j, - --t;,, 5, Moreover, by the form of the elements x4, each right index jj
must appear an even number of times in a particular monomial. Thus, examining det,(T), we see
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that dety(T") ¢ Py since each right index jj shows up exactly once in Ls(1),1" " ts(n),n- The same
holds for (det,(T"))™ for m odd. On other hand, by Remark 4.12 of [2I], (det,(T))* € Py. Hence
the first assertion for Type AI holds. For Type AII, note that Remark 4.12 of [2I] also shows that
dety(T') € P in this case. This completes the proof of the first assertion of the lemma.

For the diagonal case, note that det, (') det,(7") is right invariant with respect to action of
U,(sl, @ sl,,) as well as with respect to the action of KéiKe_nL for i = 1,...,n. Since By is a
subalgebra of the algebra generated by both U,(sl, @ sl,,) and the KéiK;iH fori =1,...,n, it
follows that det,(7") det,(7”) is an element of 25¢. Now det,(T) det,(T") has weight &, © &, with
respect to the left action of U,(gl,, @ gl,,) and, moreover, generates a trivial left U, (sl, @ sl,,)-
module. Hence from the description of 259 in the diagonal case given in Section 3.3} we see that
(detq(T) dety(T7))™ is a basis vector for the one dimensional left module L(md,, & md,). Thus
PBo N C(q)[dety(T), dety(T")] = C(g)[dety(T) dety(T")]. Since Py C Z?5¢, we also have that the
intersection Py N C(q)[dety(T), dety(T")] is subset of C(g)[dety (") det, (1))

Now consider the element det,(X) defined by replacing each ¢;; in the definition of det,(7") by
xi;, again in the diagonal case. Recall that &7 is isomorphic as an algebra and Uy (gl,,)-bimodule to
O4(Maty) (see the discussions following Theorems Bl and B2)). It follows that det,(X) is an ele-
ment of 25¢ invariant with respect to the left action of U, (s, ®sl,,). Moreover, it is straightforward
to see that the weight of detq(X) is w,, ®w,. By the previous paragraph, det,(X) must be a nonzero
scalar multiple of det,(7") det,(7”). This guarantees the inclusion C(g)[dety(T) det,(T")] C Py
which combined with the previous paragraph yields the desired equality. O

Set H,, = det,(T") det,(T") in the diagonal case, H,, = det,(T)? in Type Al, and H,, = det,(T)
in Type AIL. By Lemma L1l H,, € &%. Moreover, since det,(T) is a central element in O, (Maty ),
we must have H,, is central in Hy.

4.2. Chains of algebras. Consider the chain of quantized enveloping algebras

Ug(91) C Uqg(g2) C -+ C Uylgn) = Uy(o)

where g, = gl in Type AL g, = gly, in Type AlL g, = gl & gl,. in the diagonal case and U,(g,)
is identified with the subalgebra of U,(g) generated by E;, Fi, K., where

eic{l,...,r—1}and j € {1,...,r} in Type Al

eic{l,....2r—1}and j € {1,...,2r} in Type AII

eic{l,....r—1}U{n+1,....n+r—1},5€{l,....,r}U{n+1,...,n+r} in the diagonal

case.

Note that Uy(g1) is just a commutative Laurent polynomial ring over C(g) in Types AI and the
diagonal case. In Types Al, this Laurent polynomial ring is generated by K., and in the diagonal
case, it is generated by K¢, and K, . In Type AIl, U,(g1) is the copy of the quantized enveloping
algebra of gl, generated by Ey, Fy, and K1, K1,

€1 )
Similarly, we have a chain of quantized function algebras

(@) C P(g2) C-- C P(gn) = F

where Z(g,) = O4(Mat,) in Type Al, Z(g,) = Oq(Mata,) in Type AIl, and Z(g,) = Oy(Mat,) ®
O,(Mat,) in the diagonal case. Moreover, this isomorphism is an equality for » = n and so
P(gn) = Z. For r <n, P(g,) is identified with the subalgebra of & generated by

o t;; for 1 <4,j <rin Type Al

o t;; for 1 <4,5 < 2r in Type All

o t;; for 1 <i,j <randn+1<4,j<n+rin the diagonal case.
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Note that Z(g,) is a U,(g,)-bimodule and, moreover, this bimodule structure is compatible with
the U, (g)-bimodule structure on 2.
Set By = Bg NUgy(g,) for r =1,...,n. Note that this gives us a chain of subalgebras

By CcBj C - C By =B,

For each r, it is straightforward to see that  restricts to an involution on g, with fixed Lie subalgebra
t. = g¥. We write Bj for the right coideal subalgebra of Uy (g,) that is a quantum analog of U (&,).
Note that Bj belongs to the same family as By with the only difference being the rank of the
underlying Lie algebra g,..

Using By, #Z(g,), and U,(g,), one can define the quantized function algebra Py(g,) generated
by elements x(r);; where 1 <4, j <rin Type Al, 1 <¢,5 <2rin Type AIl, and 1 <i,j—n <7 or
1 <i—n,j <rin the diagonal case. Here, we use the notation x;; for the generators when r = n
(i.e. z(n)ij = xi;). Note that the difference between x(r);; and x;; has to do with which ¢z are
involved in the expression of these elements in terms of elements of &. For example, in Type Al,

T
w(r)ig = ) tintjn
k=1
while
n
Tij = Ztiktjk'
k=1

Nevertheless, we see from the next lemma that this distinction is not important.

Lemma 4.2. For each r,s with 1 < r < s < n, the map Y. s : Po(9r) = Po(9s) defined by
Yy s(x(r)ij) = x(s)i; induces an algebra embedding which preserves the left Uq(gr)-module and
(trivial) right Bj-module structures.

Proof. Note that the relations for both algebras are given by Theorem Bl Moreover, there are
two types of relations: linear and quadratic. The linear relations take the form x,; = 0 for various
conditions on a,b and z;; = yz;; for an appropriate scalar v and all ,j. Clearly these agree for
the two algebras and so x(r)q, = 0 if and only if (s)e = 0 and xz;;(r) = ~ya;:(r) if and only if
zij(s) = vxji(s).

By (@), the quadratic relations correspond to g-analogs of commutativity relations between two
generators, say x;; and ;4. Moreover, the only terms showing up in these relations are of the
form zqpxeq where {a,b,c,d} = {i,j,1,d}. Now if i,j and [,d satisfy the necessary conditions
for x(r);; and z(r);q to be generators of Py(g,), then x(r)q is also a valid generator whenever
{a,b} € {i,7,1,d}. In other words, when i,7,1,d are chosen so that z(r);;, z(r)q are among the
generators for Zy(g,), then the quadratic relations involving x(r);; and z(r);q inside Py(g,) take
exactly the same form as the relations satisfied by x;; and x4 inside of &%. The same holds with
r replaced by s. Thus, the quadratic relations satisfied by the x(r);; of P(g,) agree with the
relations coming from the larger algebra Py(gs) for the corresponding elements z(s);;.

The module structures for both algebras can be deduced directly from the actions of U,(g) and
By on & and these actions do not depend on 7 or s, Thus, these module actions agree which yields
the desired module isomorphisms. O
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An immediate consequence of Lemma 2] is that Z(g,) is isomorphic to a subalgebra and left
Uy,(gr)-submodule of Z2y where each generator x(r);; is mapped to x;;. Moreover, it is straight-
forward to see that the embeddings of this lemma are all compatible with each other and so
Ups OWsm = Ypm foralll <r <s<m<n.

4.3. Highest weight generators. Let 7|, be the submatrix of 7" with entries ¢;; where 1 <14, j <
r in Type Al and Type AIIL. Similarly, let T('T) be the submatrix of 7" with entries t,,; n4; where
again 1 <14,5 < r. Set

o [, = (detyT},)? for Type Al

o H, = dety Ti2ry in Type AIl and

o H, = (det, T(ry)(dety T(’T)) in the diagonal case.

Note that H, € P(gr). Moreover, by Lemma [L.1] we have H, € Po(gr). Set H, = ¢r,n(ﬁr) for
r=1,...,n.

Note that for each r, Py(g,) has a natural degree function compatible with the degree function
on #y. In particular, we have degz(r);; =1 all 7,1, j.

Proposition 4.3. The elements Hy, ..., H, generate a commutative subring of Py that is isomor-
phic to a polynomial ring in these n generators. Moreover, H, is a highest weight vector of weight
21, with respect to the left action of Uy(g) and H, € J.(Py).

Proof. Since det,(T(,y) is a central element of O,(Mat,), it follows that H, is in the center of
P(gr). Hence H, is in the center of Po(gr). Tt follows that H, commutes with each z/JmW(fIm)
for m < r. By induction, we get 1/)177«(]?,0), .. .,1/)T,11T(ﬁr),ﬁr generates a commutative subring
of Py(gr). When r = n, this sequence is simply Hi,..., H, and so these elements generate a
commutative subring of &.

Note that for each of the three families, H, has degree 2r viewed as a (noncommutative) poly-
nomial in the ¢;;. Since the z;;(r) are quadratic in the ¢;; terms, it follows that H, has degree r
viewed as a (noncommutative) polynomial in the x;;(r). Hence H, has degree r as a polynomial in
the x;; and so H, € J,.(P).

The fact that H, is left U,(g,) invariant follows from the definition of H, and properties of
quantum determinants (see Section []). Since flr only contains terms t;; with 1 < k1 < r, it
follows that H, only contains terms x;; for 1 <i,j <r. The formulas for the left action of U,(gly)
on Oy(Maty) (in Section 1)) ensure that E; - t;, = 0 for all ¢ with ¢ > j. Hence, E, - a = 0 for all
a € P(g,) where s > r in Type AL, s > 2r, and r < s < n,n+r < s < 2n in the diagonal case.
This guarantees that E, - H, = 0 for all E, ¢ U,(g,). But we also know that E; - H, = 0 for all
E, € Uy(g,) because of the left U,(g,) invariant property of H,. This proves that E, - H, = 0 for
all Es € Uy(g).

Note that det,(7(,)) has weight €; 4 --- + ¢ in terms of the left action of U,(gl.). Thus, it is

straightforward to see from the definitions of H, and of the restricted weight 7, (see Section [Z3])

that H, has weight 27, for each r. The weight of H, is the same as that of H,, hence by the
previous paragraph, H, is a highest weight vector of weight 27, with respect to the left action of

Uq(g).
We finish the proof by arguing that the Hy, ..., H, are algebraically independent and hence the

ring they generate is a polynomial ring in these n generators. Suppose

> amHM - H =0
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where m = (mq,...,my,). Since the monomials H{"" --- H" have distinct weights . 2m;7;, we
can separate the monomials using the action of U,(g). Thus the above equality implies

4 H™ - HI™ =0

and hence a,, = 0 each m. O

We frequently write Hy, for the element H™" --- H"» for each p =), m;7n;, thus labeling this
element by its weight. In particular, by the above proposition, Hs, is a highest weight vector of
weight 2 with respect to the action of Uy(g) on Py.

4.4. Explicit module descriptions. The decompositions of Section combined with Lemma
[Tl ensure that

(13) Py = P L2N)

AeAY

as left Uy(g)-modules and trivial right Bp-modules. (Note that this only differs in Type AI from
the decompositions in Section [B.3])

Theorem 4.4. We have

Py = P (Uy(9)) - Hox

xeAd

where (Uy(g)) - Haa is isomorphic to the simple (left) U,(g)-module generated by the highest weight
vector Hay with weight 2\ and is a trivial right Be-module.

Proof. We see from ([3)) that 2y is the direct sum of finite-dimensional simple modules with respect
to the left action of Uy(g). Moreover, the decomposition is multiplicity free with exactly one finite-
dimensional simple module of the form L(2)) for each A € A;. By Proposition 3] Hs) generates
a finite-dimensional simple (left) U, (g)-module with highest weight 2\ for each A € AY. Thus the
module L(2)) in the decomposition ([I3]) must correspond to (Uy(g)) - Hax. O

The entire construction of this section can be transferred to the differential parts Zy by using
the antiautomorphisms sending & to 2 = Z°P. Let Hj, be the image of Hy, via this antiau-
tomorphism. A comparison of the action of U,(g) on &2 and on & yields that Hj, is a lowest
weight vector of weight —2\. Hence, we have a similar decomposition as above for %, again as left
Uy(g)-modules and trivial right Byg-modules

Dy = @AGAg(Uq(Q)) - Hjy.
Note that (Uq(g)) - H5, can be viewed as the left dual of (Uy(g)) - Hax.

Remark 4.5. The generators of each module L(2)) is expressed using formulas in terms of the t;;
for Types AI and AII in [21] (see Lemma 4.10.A), Our approach yields another concrete identifica-
tion of these generators that also applies to the diagonal case. Our methods, which rely directly on
quantum determinants also lead to formulas in the t;;. However, because these highest weight terms
are elements of Py(g,) for various choices of r, it is easier to read off the possible z;; that may
appear. This will be helpful in describing and analyzing the quantum Capelli operators in Section

[91] of this paper.
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5. QUANTUM WEYL ALGEBRAS

5.1. Generators and relations. We associate a quantum Weyl algebra &2 Z7,(Maty) with poly-
nomials corresponding to Og(Maty) and constant term differentials corresponding to O4(Maty)°P
as defined and studied in [31], [3], [2], and [I9]. This Weyl algebra & Z,(Maty) is generated by t;;
and 0;; for 1 <4,j < N. The algebra O,(Maty) (resp. O,(Maty)°?) embeds inside Z2,(Maty)
and can be identified with the subalgebra generated by the ¢;; (resp. 0;;). Moreover, the t;; and
0;; satisfy the following relation

Qaples = Z (Rt2)£fz(Rt2);¢IZtrjalk + daedby
1,5,k
for all a,b,e, f in {1,...,N}. The quantum Weyl algebra &%, ,(Maty) inherits the structure of a
Uy(gly)-bimodule from the bimodules Oy (Maty) and Og4(Maty ).

We may view &y and Py as right By invariant subalgebras of #2,(Maty). However, together,
they generate an algebra inside of %,(Maty) that is too large to be taken for a quantum analog
of the Weyl algebra with polynomial part equal to . In particular, the subset %y %y consisting
of sums of terms of the form pd with p € Py and d € Py is strictly smaller than the subalgebra
generated by &2y and %y (see [19] for more details). Instead, we use the construction of [I9] which
starts with a twisted tensor product of &2y and %y and deforms it so as to add constant terms to
some of the relations. The result is the quantum Weyl algebra &%y associated to 6 for each of
the three settings of this paper. As an algebra, &%y is generated by x;;, d;j, 1 < 14,5 < N where
N = nin Type AT and N = 2n in Type AIl and the diagonal case. The algebra & (resp. %)
embeds inside Z%y and can be identified with the subalgebra generated by the z;; (resp. d;;).
Moreover, the x;; and d;; satisfy the following relation

(14) dabilfef - Z (R?);U; (R? );Z;Ia (R?)?? (R?)Zgl'rpwdry + qiéefisae(sbf
w,r,x,q,p,m,y,l
for all a,b,e, f € 1,..., N. The map Py ® Dy to PPy defined by multiplication is an isomorphism

of left U,(g)-module algebra and (trivial) right Byg-module algebras. Relations (I4) in the diagonal
case are equivalent to the simpler relations

(15) da,p+nTe,f+n = Z (th)gfz (th )?flzxr,j-l-ndl,k-i-n + Oaelby
b5,k

for all 1 < a,b,e, f < n where here we are taking into account linear relations satisfied by the d;;
and by the z;;. In particular, this relation combined with results from Section ensure that in
the diagonal case ¥y and &P ,(Mat,,) are isomorphic as algebras via the map sending z; j1, to
ti; and d; j4n to 0;; for each 1 <i,j < n. (For additional details, see [19].)

The following result from [19] gives insight into the overall form of the relations coming from the
twisting map.

Theorem 5.1. ([19], Corollary 8.11) For each of the three families, the following inclusions hold
for the quantum Weyl algebra &Py

dupTes — qsaf+5ac+5bf+sbex€fdab _ qfsef SacObf € Z C(q)xer prdary
(e’,f",a’b")>(e,f,a,b)
or all a,b,e, f € {1,...,rank where
g

e a<bande< f in Type Al
e a<bande< fin Type AIl
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e a<n<bande<n<f in diagonal type
and (¢, f',a’,b') > (e, f,a,b) if and only if ¢ > e, f' > f,a’ > a,b/ > b and at least one of these

inequalities is strict.

It is also helpful for arguments later in the paper to express these relations in special cases. We
do this in the next lemma.

Lemma 5.2. In Type Al and for a < n, we have
(1) danTen = ¢* 0 2endan — dae Za raa d @0 (g2 — D grndarn + Sae where e < n,.
(i) dunxes = @Onstoney, fdnn +q~ ﬁféneénf where e < f.
In Type All and for a < 2n,e < 2n, we have
(111) da,2n$e,2n = q1+5ae$e,2nda,2n - 6ae Za’>a q2+5“"2" (q_2 - 1)$a’,2nda’,2n + 5(16'
Proof Consider Type Al Using the explicit formulas for the entries of R (see Section[B]) (R'2)% =
un £ () implies that n = [ and u = v. Similarly, (R'2)% # 0 implies that n = v = u = . Moreover,
1f v < n, then (R'2)%" = 1 while if v = n, then (th)zz =q.

Suppose that @ and e are both strictly less than n. By the above information about the entries
for R, we get

danTen = (R e (R )ha(R™)ea (R™2) (R endan
dae D (R (R (R (R armdarm + dac
a’>a
(16) = q1+6acxendan — Oge Z q2+6aln (q72 - l)xa/nda’n + bae-
a’>a
This proves (i).
Using ([[4) and the above information about the entries for R, we see that
dnnxef - (th)fn (th)en (th)fn (th)enxefdnn + q Ef 6n65nf
(17) _ q26"f+26"e$efdnn +q ef(s’ne(s’ﬂf
for e < f. This proves (ii).
The argument for (iii) is the same as for (i) with n replaced by 2n everywhere. O

We can define a degree function and related filtration on & %y that is compatible with the degree
functions on &y and Zy (see SectionB.2). In particular, the degree function for the quantum Weyl
algebra # %y is degd;; = degx;; = 1 for all ¢,j. We use the same notation, namely 7, to denote
the filtration on &%y defined by this degree function.

Recall that multiplication induces an isomorphism from %y ® %y to ¥ Pp. Inductively define
subspaces of 2%y by Jo = C(q) and

Z TJu(P6) T (D).
utv=r
Since the map defined by multiplication from & ® 2 to &%y is a vector space isomorphism, we

see that J._1 is a proper subspace of 7, for all 7 > 0. We get a filtration on &%y by setting
Jr(gge) = er(QQG)

u<r
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Note that the filtration J is preserved by the action of U,(g). Moreover, it agrees with the filtrations
on Py and P, defined via degree as presented in Section B2l Since 2%y is a PBW deformation of
a twisted tensor product of &y and %y, the associated graded algebra defined by J is simply this
twisted tensor product.

5.2. Action on polynomials. Let £ be the left ideal of 2%y generated by the elements d;; for
1<i<j< N where N =mnin Type Al and N = 2n in the other two cases. Note that &%y admits
a direct sum decomposition %y = Py & L. Define an action of Z?ZPy on Py via this projection.
In other words a - b = ¢ where c is the unique element of %y such that ab — ¢ € L.

Recall (Section B.2) that &) equal to the homogeneous space of degree r with respect to the
degree filtration . Note that &) = C(q) and so & = C(q) & Y_,., P4. This decomposition can
be used to define a projection of &y onto the scalars. Define a bilinear form (-, ) from %y x Py to

C(q) by
(18) (d,p) = (d-Po
where (a)g denotes the image of a in C(g) via this projection.
Lemma 5.3. The bilinear form (-,-) on Dy x Py satisfies
> (uqy - dyugz) - p) = e(u)(d, p)
for allu € Uy(g), d € Do and p € Py and hence is (left) Uy(g) invariant.
Proof. Write dp = (d, p) + a where a € )~ _, P. Since £ Py is a left U,(g)-module, we have
w- (dp) =Y (ug) - d)(uez) - p) = u- (dp).
On the other hand
w-(dp) =u-({d,p) +a) =u-((d,p)) +u-a=e(){d,p) +u-a

since (d,p) is a scalar. Since the action of U,(g) on Py preserves degree, y
module. Thus, u-a € Y

502 is a Uy(g)-
;. Hence putting together the two formulas for u - (dp) yields

r>0
D () d) - () ) € (w){dop) + 3 P4
r>0
which implies the desired property. Thus (-, -) is (left) U,(g) invariant. O

The action of ZZ%y on Py can be viewed as a map of algebras, say ¢, from Z Py into End .
(Here we write End % for Endc(q) &% which are endomorphisms over the scalars. The field C(q) is
dropped since it can be understood from context.) Given a € & Py we frequently write ¢, for ¢(a)
in order to make the exposition below clearer. Since % is a left U,(g)-module, End &% inherits
the structure of a U, (g)-bimodule in the standard way. Thus End & is an (ad U,(g))-module via

((ad a) - b)(p) = (Z a(l)bS(a(z))) (p) =Y awb (S(a)(p))
for all a € Uy(g), b € End Py and p € Hy.

Proposition 5.4. The map ¢ is a Uy(g)-module map with respect to the left action on PPy and
the left adjoint action on End Py and so

(19) ¢u-a = (a'd u) ’ (ba
for alla € PPg and u € Uy(g). Thus the image of P under ¢ is an (ad Uy(g))-submodule of
End 9‘9.
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Proof. Consider a € %9, b € Py, and ¢ € Py such that ab —c € L and so ¢,(b) =a-b=c. We
prove the proposition by showing that (I9) holds for all generators of U,(g) playing the role of .
Given K in the Cartan part of U,(g), we have

((ad K) - ¢a) (K -b) = (K - d0 - K~ 1)(K - b) = (K - ¢a)(b) = K - ¢a (D).
Since ¢q(b) = ¢, it follows that K - (¢4(b)) — K - (ab) € L. On the other hand, K - £L = £ and
K - (ab) = (K -a)(K - b). Hence
((ad K) - 6,) (K ) — (K -a)(K -b) € £
for all b € Uy(g). Since (K - a)(K -b) — ¢pr.o(K - b) € L, it follows that
(a0 ) - 6a) (K ) — GrcalK ) € £

for all b € U,(g). Replacing b with K ~!-b in the above expression shows that ¢, and (ad K) - ¢,
agree on all b € Py. Thus ¢dk., = (ad K) - ¢, for all a € P Dy.

Now fix ¢ and consider the action of E; on a and ¢,. Recall the description of (ad E;) from
Section 23] Since &Py is a left Uy(g)- module algebra, using the form of A(E;) from Section 2.2
we have E; - ab= (E; - a)b+ (K; - a)(E; - b) for all a,b € &?Py. Hence, for all b € Py we have

((ad B:) - ¢a) (0) = (Ei - 6a)(b) = (Ki - da - K Ei)(b) = Ei - ¢a(b) — Ki - (da(K; ' E; b))
€Ei-ab—(K; ¢ - K;)E;-b)+L

Hence (ad E;) - ¢o = ¢(E,.a)- A similar arguent holds for E; replaced by Fj. O

5.3. Orthogonality conditions. As explained in Section 5.1l as an algebra, &%y is isomorphic
to #2,(Mat,,) in the diagonal case. Thus, the second assertion of the next result is a generalization
of [3], Proposition 1 to include the other two families.

Proposition 5.5. For each r and s with r # s, 9§ is equal to the vector space dual of 2y and Dy
is orthogonal to &2 with respect to the bilinear form defined by (I8). Moreover, Py is a faithful
P Do-module with respect to the action defined above.

Proof. Note that the relation between the bilinear form and the action ensures that the moreover
part of the proposition is an immediate consequence of the main assertion. Hence, we focus on
proving the duality result.

By Theorem [G.1]

G pyC > Pigythand gyt L w2yt gy
s>k>0 s>k>0
for all » > 0 and s > 0. It follows that (d-p)o =0 for d € Zj,p € P with r # s.
By Lemma [3.3] the set of monomials of the form

mq ma Moy
I I DRI I
e1,f1" ez, f2 er,fr

form a PBW basis for &2 where m = mq + --- +m, and (e1, f1) > (e2, f2) > --- > (er, fr). As
explained preceding Lemma [3.3] the analogous result holds for %, with each x;; replaced by d;;.
Moreover, by Lemma [3.3] we can switch the ordering of the subscripts and still get a PBW basis.
We do this below for Zy. Consider a sequence of ordered pairs (e1, f1), ..., (e, f) satisfying

(avb) 2 (elvfl) > (627f2) > > (evaT)
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where here “ > 7 is the standard lexicographic ordering (from left to right). It follows from Theorem

[Tl that

mi mo m mi1—1_mo Moy m—1 m
dab:v%h%%h e x g €C 5,1)6161,)]01.’[:61_](1 A Z, + E Py d oy
(a’,b)>(a,b)

where m = mj + --- +m, and c is a nonzero scalar. Hence given h € @;”_1, we have

(hdab - 2y, ey, - Te g, Jo # 0

e1,f17e2

implies that (a,b) = (e, f1). Using induction, we obtain
(dii,bk dtsliilhbk71 o dillﬁbl ' ‘TZ:}J"l ‘ng?fz o ZCZiffr)o #0
with
(ak,br) < (ak—1,bk—1) < -+ < (a1,b1)

if and only if r = k,s; = m;,e; = a;, and f; = b; for ¢ = 1,...,r. This proves the desired duality
result. (]

5.4. Action on highest weight terms. By Proposition 3] the highest weight vector Ho,,, u =
> mif; is homogeneous of degree ) m,r. Note that this degree is just the size of p viewed as
a partition. In other words, > m,r = Y p, = |u| where p is expressed as >, u;€e;, a linear
combination in terms of the orthonormal basis in the restricted root setting. Moreover, the action
of U,(g) preserves the degree. Thus, for each p € A, the module (ad U,(g)) - Ha,, sits inside the
homogeneous component 27" of degree m = |u|. Recall the definition of the augmentation ideals

Ul and U given in Section 22

Proposition 5.6. For all u and v in AY, with p # v, the space Uy(g) - Ha,, is equal to the U,(g)-
module dual of Uy(g) - H3,, and orthogonal to U,(g) - H., with respect to the bilinear form defined
by ([I8). Moreover,

<H;H7 H2#> 7£ O
whereas
(E - Hj,, Hyy) = 0= (Hj,, F - Ha)
foral E€ Ul and F e U .

Proof. Let u € AY; and set m = |u|. Since the left action of U,(g) preserves degree, both 25" and
25" are left U,(g)- modules. By Lemma 53] the dualities of vector spaces in Proposition 5.5 are
actually dualities of left U, (g)-modules.

Note that there is only one way to express a weight ;1 € AJ as a linear combination of the
7. This means that Uy(g) - Ha, is the unique simple module with highest weight 24 inside the
decomposition of &, and thus inside of Z". Similarly, Uy(g) - H3,, is the unique simple module
with lowest weight —24 inside the decomposition of %y, and thus inside of Z;". Hence, by the
previous paragraph, Uy(g) - Ha, is equal to the U,(g)-module dual of U,(g) - H3,, with respect to
bilinear form defined by (I8]).

Since Hj, is a lowest weight generating vector for U,(g) - H3,,, it follows that

The fact that Hy, is a highest weight vector combined with the U,(g) invariance of the bilinear
form (-,-) (Lemma B.3) ensures that Hs, is perpendicular to U] - 5. The argument showing
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H3, is perpendicular to U - & follows in a similar fashion. This completes the proof of the
proposition. 0

Note that by the above proposition, the action of H3, on Hz, is nonzero. In the next result, we
obtain more information as to when such an action (and related ones) are possibly nonzero.

Lemma 5.7. Given p and vy in AS; such that |y| > |u| and p # ~, we have (u - Hy )Hs, € L and
so (u- Hy ) Hay =0 for any u € UT.

Proof. Consider u € U" and note that u — e(u) is in U} . Moreover, it follows from the form the
coproduct takes on the generators F; of U that

Alu—e(u) eu®l+Uy(g) @ UL,

Since Hjy, is a highest weight vector, it is annihilated by elements of Ui. Hence

(20) u- (H;,YHQ#) = (u- H3,)Hay + e(u)Hs Hay,.
Assume that
(21) H3 Hs, € L.

Since L is a left Uy(g)-module, It follows that w - (H3, Ha,) € £ for any u € UT. Hence by (20),
the same holds true for (u - H3,)Ha,. Thus it is sufficient to prove (ZI) given the assumptions on
v and pu.

Recall that H3, has degree |y| and Hay, has degree [u|. It follows from the defining relations of
P Dy that when we move the d;; terms to the right pass the z;; terms in the expression of the left
hand side of (2I) we end up an expression of the form 3 u;v; where each v; is in 2,’ and each
uj is in 27 and r; —w; = |y| — |p|. In other words, the relations cancel out the same number of
Tij and dij terms.

If |y| is strictly greater than |u|, then each v; has degree at least 1 and so we end up with
an element in >, ; #%Pgd;; = L. Now assume that |y[ = [u[. In this case, we end up with
degv; = degu; each j and so

H;,YHQH e C(q) + L.

Note that this scalar term must be (H3., Hz,). By Proposition[5.6 this term is zero for v # p. O

6. ACTION OF CARTAN ELEMENTS

6.1. Special Cartan elements. We turn our attention to understanding the action of the various
elements of the Cartan subalgebra on the generators of &%y and then identifying them with elements
of the appropriate quantum Weyl algebra.

Lemma 6.1. Let N =n in Type AI, N = 2n in Type AIl and N € {n,2n} in the diagonal type.
The element Koy, — 1 acts the same on Py as the element X in PPy where

(¢® = D((¢* + @)xnndnn + ZZ;l ZTandan) in Type Al
(¢* - 1)(257;;1 Za2nda,2n) in Type AIl

(¢* = 1) 30| %q2nda 2n in diagonal type (N = n)

(q2 - 1) ZZ:I xn,a-{-ndn,a-l-n in diagonal type (N = 2”)
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Proof. Consider first Type AL It follows from Lemma B2l and the relations (Bl) and (@) satisfied by
the z;; that for any scalars cq,..., ¢y,

€

E CaZTanlanTen = CeTenlenTen + E CaZTanlanTen

a=1 a<e

—Gen 24258 } : 2+26en E ’
=q CeTen + q + Cexenxenden + gzedan + q + CaZlen Iandan
a>e a<e

and so
[
2 _ =9 2 2426
E CaZandanTy, = q " Ceo, + @ " CeTenTendenTen
a=1

+ Z fgzédan + QQHJ”‘ ‘Tgn Z Caxandan

a>e a<e
_—Oen(,2420en 2 44+46en 3
=4q (q + 1)Ce‘ren + q Ce‘renden

+ Z Podan + q4+4‘5€”x§n Z CaZanlan-

a>e a<e
By induction, we have
€ (2428en)s _ 1
— q
a=1 q a>e a<e

Now consider ¢,, = ¢ + g and ¢, = 1 for a < n. We have

n 4sn 1

s Sn—1 s1 (q B ) s Sn—1 S1
E Caxandanxn%wnfl,n AT (q2 — 1) xn%xnfl,n AT
a=1

n—1
4s s z : Sn—1 s1 Sn—1 S1
+ q nanz Cal'andan ‘/I‘.nnfl,n AT + '@dnn‘rnnfl,n BEESTE
a=1

For the final term, we can move dy, to the right, past all the x;;, yielding an element of Pgd,,,,.
The penultimate term equals

n—2

25—
45, (q ol — 1) Sn S1 48, +28n 1,50 ,.Sn—1 Sn—2 s1
q (qg _ 1) Lpn " Lin + q Innxnfl,n Caxa"dan 'rn72,n T
a=1

+ (ngGdn—l,n + L@ed’ﬂn) ‘szn—i,zn o xiil

Noting that this final term is in Pyd,—_1., + Podny, (here, we can once again move the d terms all
the way to the right), and summing up the above two expressions yields

n

d Sp Sn—1 0 S1 __ (q45n+25n—1 _1) Sn Sn—1 .81

CaLan an‘rnnxn—l,n Ty = (q2 . 1) xnnxn—l,n Lip
a=1

nn*n—1n n—2,n

n—2
48y +285, n Sn— z : Sn—
+q snt2s 1xS x," ! Caxandan x," ;o (Ei; + gZGdn—l,n + yednn
a=1
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Using induction, we get
(q45n+25n71+”'251 _ 1)
S1 s Sn—
§ CaTand anxnn n— 1 m Ty = (q2 — 1) Ty T 1 n’ ‘rln + E Podan.

By Theoremm You Podantes €Y, Podar, for all e, f strictly less than n. Hence

n

n—1 S1
E :Ca'randanxnnxn 1,n """ TinTer,f1 " Ler, fr
a=1
(q45n+25n71+"'251 _ 1)

. Sn .Sn—1 S1 . .
B (q2 _ 1) LonTp—1n """ TinTer, f1 Te,,f, + E Podan.-
a

for all (e1, fi) > --- > (er, fr) with e; < f; < n each j. It follows from the definition of £ that
Podan, C L. Thus, we get

n
s Sn—1 S1 .
(E Caxanda") ’ In?zxn—l,n o TipTer,fr 0 Lep, fr
a=1

(q4sn+2sn71+---251 _ 1)

Sn .Sn—1 S1
2 1 xnnxn—l,n T ‘Tln‘relvfl T x€T7fT
(¢>—1)
for all (e;, f;),4 = 1,...,r as described above. In other words, Y .'_; ¢,Zandan acts the same as

(Kae, —1)/(¢* — 1) on a basis for &y, and thus on P, as desired. The argument in Type Al is
exactly the same where we omit any terms involving d.,,, and x,, and replace n with 2n everywhere.

Now consider the diagonal case. Using the relations for &%y, which in this case is the same
as that for #92,[Mat,] with t;; replaced by z; j1, and Oy, replaced by dy vin (see (I3 and [19],
Sections 6.3 and 8.3), gives us

xa,2nda,2nx€7f+n € Z yda’,?n
a’>a
whenever f < n or e < a. Hence, by induction,
xa,QndaQnIel,flJrn Te,, frdn S Z geda’Qn
a’>a
for any choice of (e, f1),- -, (er, fr) with (e;, f;) < (a,n) each i. On the other hand,
2 2 2

Z xa,?nda,ane,Zn =q xe,2nde,2n + Te,2n + q Te2n Zxa,2nda,2n + Z f@@da’ﬂn-

a<e a<e a’'>e
By induction, we have
(¢ —1)

mxaﬂn + q2s$212n Z xa,2nda,2n + Z f@@da’n-

a<e a’>a

s _ 252
xa;2nda;2n‘ra,2n =q xa,Qnda72n +

Hence

n

} : Sn Sn—1 S1 . L .
Ia,2nda,2n$n72n$n7112n T x1,2n:17817f1+n Le,,fr+n
a=1
(q2sn+2sn71+-~251 _ 1) s
Sn n—1 51
(q2 _ 1) LponTn—1,2n"""T12nLer,fr+n " Le, frtn + E yedaﬂn
a
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and so

n
Sn Sn—1 S1
(E :xa;2nda;2n> “TponTn_1.2n" " L1 2nLer,fi+n " Le,, frtn
a=1

25p+28p—1++281 _
U D .

(q2 — 1) xn,2nxf1n7711,2n T x?znzel,fﬁrn © ey, frtn
for any sequence (e1, f1), ..., (e, fr) with f; < n for each i. Thus >_"_, 24 2nda.2n acts on Py the
a=1 ) s
same way as (Ko, —1)/(g? —1). This proves the first assertion in the diagonal case. The proof for
n g
the second case is the same with the order of the subscripts switched. 0

6.2. Relationships between Cartan elements. In the next lemma, we write Koc 4...42¢, in
terms of elements in the U, (g)-module generated by Kac , 4...42c, and Ko, where N is either n
or 2n depending on g. This is the crucial step in showing that Ko, 1...12., acts the same as an
element in Z%y on HPy.

The proof of this lemma is very similar to the proof of [I§], Proposition 4.2.1. However, in [18],
the coproduct used is the opposite of the one used here which in turn impacts the formulas for the
adjoint action. We include a proof here so that the reader will not need to adjust the proof of [I§]
with respect to subtle differences between the setups in the two papers.

Lemma 6.2. The element Koc +...42.y can be expressed as a linear combination of the following
three terms, each with nonzero coefficient

® ((ad Er,«Er,«Jrl s EN,1> . KQEN) ((ad FNfl s FT) . K2€T+1+...+25N)
L4 ((ad FNfl e Fr) . K257~+1+~~~+26N) ((ad E’I"ETJrl o EN71> . K2€N)
hd K25r+1+"'+25NK2€N

where N =n, r = 1,...,n in Type A, N = 2n and r = 1,...,2n for Type AIl, and N = n,
r=1,....nand N =2n,r=n+1,...,2n in the diagonal case.

Proof. Set B, = a + -+ + an—1. Straightforward calculations show that
(ad En—1) - Koey = (1 — ¢ ?)En_1Kaey
and
(ad Ej) - Xg, \ Kocy = (EjXp,_, — qXp;_, Ej) Koy
where X is a sum of monomials in the F; of weight 3;_;. It follows that
(ad B, Epy1 - EN—2ENn_1) - Koey, = (1 — ¢ %) Ep, Koy,

where Ejg, is the root vector associated to the root 3, (see [10], Section 7.3.1 or [19], Section 3.3).
We have a similar result for the F]’ s. In particular, we have

(ad F}) - Ko, 14 t2en = (1- QQ)FTK26T+1+W+26N
and
(ad F}) - Yy Ky Koe, oy r2en = (FjYy — a7 Y Fy) Ky Koe,yy4otaey

where Y is a sum of monomials in the F; of weight ay_1 + -+ + a;_1. By induction, we produce
the ¢~ commutator [Fy_1,[Fy_2, -, [Frs1, Frlg-1]4-1] -+ -];—1 which is just a (nonzero) scalar
multiple of the root vector Fj, ([L0], Section 7.3.1). Hence

(ad Fy_q1--- FT) : K25r+1+"'+25N = (1 - qz)’yFﬁrKﬁrK2€r+l+"'+25N
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for some nonzero scalar ~.
Since Ej, and Fg, are root vectors under one of Lusztig’s automorphisms ([10], Section 7.3.1),
it follows that [Ep,, Fp,] = (Kg, — K5 ')(q —q*). Hence

q_2(EBT‘ K2€N)(FBT KﬂT K25r+1+"'+25N) - (FﬂT KBT‘ K25T+1+"'+25N)(Eﬂ7“ K25N)
= (EﬂTFBT‘ - FBT‘EBT‘)KﬂTK2€r+1+'”+2€NK2€N
= (q - q71>71(K5T - 1)K2€r+1+“'+26NK2€N'

Note that 25, = 2¢,, — 2e. Thus the above simplifies to

(q - qil)il(K26r+2€r+1+“'+2€N - K25r+1+"'+2€NK2€N)'

Therefore, Ko, ... 42¢, can be written as a linear combination of the elements Ko, ... y2¢ 5 Kocy
(EﬂT K25N)(Fﬂ7“ KBT‘ K25T+1 +ot2en )7 and (FﬂT KBT‘ K25T+1 ++25N)(Eﬂ7“ K25N) Wlth ea'Ch term appear-
ing with nonzero coeflicient. 0

6.3. Acting as quantum Weyl Algebra elements. Let ¢ denote the map from U, (g) to End #
that agrees with the action of U,(g) on &?y. We show that ¢ (Ko, 1...42¢,,) agrees with the image
under ¢ of an element of &?%y. Moreover, we determine a bound on the degree of these elements
using the degree function defined in Section .11

Proposition 6.3. The image V(Kae,+...42¢5 ) 0f Ko, ... p2¢y inside End Py is equal to the image
Ga, for some a, € P Dy where

e N=n,r=1,...,nin Type AI
e N=2nandr=1,...,2n for Type AIl

e N=n,r=1,....nand N =2n,r=n+1,...,2n in the diagonal case.

Moreover, dega, <2(N —r+1).

Proof. By Lemmal[6] ¢(Kacy) = ¢a, for an appropriate element ay € & %y. Moreover, one sees
from the formulas for 1)(Ks2c, ) given in this lemma that degay =2 = 2(N — N + 1). Now assume
that for some r» < N, 9(Kae, ,,4...42ex) = Pa,, for an element a,,; of degree at most 2(N —r)
where N = n in Type Al, N = 2n in Type AIl, and N = n or N = 2n in the diagonal case with
N-n<r<N-1.

By Lemma [62] K, ...t2.y 18 a linear combination of products of the form xy where z €
(ad Uq(g)) - Kaey and y € (ad Ug(g)) - Ko, 14..42ey- Since ¢(FPPy) is a subalgebra and, by
Proposition 5.4 an (ad Uy(g))-submodule of End P, it follows that ¢ (Kae, 4. 2¢5) € O(P Do),
and so the main assertion of the lemma follows by induction.

We now turn our attention to understanding the degree assertion at the conclusion of the lemma.
As explained above, degay = 2. Now assume that dega,1 = 2(N — (r + 1) + 1). It follows that
deg(art1an) < deg(ar41)+deglay) =2(N—(r+1)+1)+2=2(N —r+1). Since the filtration J
is preserved by the action of U,(g), we also have deg(Eg, Kac,) < 2 and deg(Fg, Kac, ,\4...42en) <
2(N —r). Therefore

deg(Ep, F, — FBrEﬂT)KBTK26T+1+~'+26NK2€N <2(N—-r+1)

and so dega, < 2(N —r+ 1).. The final assertion of the proposition now follows by induction. O
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7. THE LOCALLY FINITE SUBALGEBRA

7.1. The locally finite subalgebra for U,(gly). In [6] and [7], a complete description of the
locally finite subalgebra of Uy(sly) as a direct sum of (ad Uy(sly))-modules is given. This result is
then generalized to the simply connected quantized enveloping algebra (see Section 2:2) in [7] (see
also [5], 7.1). In particular, we have

(22) F(Uy(sly) = @D (ad Uy(sly)) - Kox.
Ae—P+

Note that —P*T = {-=A| A € Pt} = {woA| A € P*}. Thus, —P7 is the N linear combination
of the wow;,i = 1,..., N — 1. As explained in Section 2] the fundamental weight w; is equal to
W; = €1 + - -+ + ¢ plus a scalar multiple of Wy = €1 + -+ + ey. We see from () that this scalar is
i/N which is not an integer and so, the simply connected quantized enveloping algebra ﬁq (sly) is
not a subalgebra of U,(gly). However, the two algebras are closely related. For instance, we can
extend U,(gly) in a similar manner to the construction of U,(s[x) so that the resulting algebra
contains both U, (slx) and U,(gly). To do this,define an algebra U,(gly) generated by U,(gly)

and the Laurent polynomial ring C(q)[K i\ll /N] subject to the additional relations

o (Koyn)™ = Kay )

e K;,/n commutes with all elements of U,(gly) and thus is in the center of U,(gly).
The algebra Uq(g[N) can be given a Hopf structure by insisting that K, v satisfies the same
formulas for coproduct, counit, and antipode as an element K € Uy(gly) (as given in Section [22]).
By (), it follows that U, (slx) can be identified with a subalgebra of U, (gly). Though much of the
discussion below focuses on either U, (sly) or U,(gly), it will sometimes be useful to pass to the
larger algebra U, (gly ).

Since Ky, is in the center of Uy(gly), and, similarly, K /n is in the center of U,(aly), we have
(23) (ad Uy(sly)) - uK, = [(ad Uy(sty)) - ul K3
for any s with N's € Z and any u € Uy(gly). Consider A = — >, Aiw; and X = — . \;@;, we have
the following U, (sl )-module isomorphism
(24) (ad Uq(.S[N)) : Kg)\ = (ad Uq(SIN)) : Kg)\/

via the map sending (ad a) - Koy to (ad a) - Koy for all a € Uy(sly).
Note that woA} is equal to the N linear combination of the weights wow; = eny—_;41 + -+ + €n,
i=1,...,N—1. Tt follows from (22) and 24]) that

FUstn) = P (ad Uy(sin)) - Kon € €D (ad Uy(sly)) - Kaxyran € F(Uy(aly))-

)\GwoA; )\GwoA;,TGZ

N

Note that the above equalities, isomorphisms, and inequalities all hold when (ad Uy (sly)) is replaced
by (ad U,(gly)), (ad Uy(sly)) or (ad U,(gly)). This is because the adjoint action of additional
elements of the form K, in these Hopf algebras is semisimple with the same eigenspaces as that
of the original Cartan subalgebra of U, (slx). Thus the action of these extra elements preserve the
decomposition into (ad Uy(sly))-modules.

Recall [7] that U,(sly) admits an (ad U,(sly)) filtration G defined by the degree function
degg(K;) = —1, degg(F;) = 1, and degg(E;) = 0 for i = 1,...,N — 1. Moreover this extends
to a filtration on ﬁq(slN) by setting degg Kg = m where 8 = mja; + -+ + my_1ay_1 and
m = my+---+my_1. This filtration can also be extended to Uy (gly ) by setting degg K, = N —i.
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Indeed, this extension restricts to the desired degree function on U, (sly) since K; = KEiK;il and
degg K¢, —degg K., ., = N —i— (N —i+1) = —1. Note that on passage to the graded setting,

the relations stay the same except for the ones relating E; and F;. Indeed, we have
E,F,— FE, = (q¢— qil)*lKj1 + lower degree terms.

Let G~ be the subalgebra of U,(sly) generated by the F;K;,i = 1,...,N — 1. Note that all
elements of U™ and all elements of G~ have degree 0 with respect to G. As in [7] and Chapter 7 of
Bl grgUTG™ Kp is an (ad Uy(sly))-submodule of grg(Uq(sly)) (vesp. grgUq(gly)) for all g € Pt
(resp. B € Zi\;l Ze;). Moreover,

grgU+G7Kﬁ n grgU+G7Kﬁ/ =0

for 5 # (. Hence both grg(Uq(sly)) and grgU,(gly) can be written as a direct sum of modules
with respect to the adjoint action of the form groU*TG™ Kg.
Write Z,qq for the set of odd integers.

Theorem 7.1. The locally finite subalgebra of U,(gly) admits the following decomposition into a
direct sum of (ad Uy (gly))- modules

(25) F(U(aly) = P  (ad Uy(stn)) - Koxssonw = B (ad Uylaly)) - KarlKS, .
Newo A, ,sEL NewoA Y ,5€Z0aa

Similarly, the locally finite subalgebra of Uy(gly @ gly) can be written as

F(Uy(gly @ gly)) = T (ad Uy(gly @ oly)) - Kortson+sonn
Aewo ALy xwoAf; 5,5 €L
(26) = ) [(ad Uy(aly @ aly)) - Koa] K5 K2, -

)\GwoA; XwoAx,s,s/GZodd

Moreover, the above equalities all hold with (ad Ug(gly)) replaced by (ad Uy(sln)) and (ad Uy(gly &
gly)) replaced by (ad Uy (sly & sln)).

Proof. Note that the second equality of ([28]) follows from ([23). Also, ([26) follows directly from
[5) and the final assertion follows from the discussion preceding the theorem. Hence, we focus on
proving the first equality of (23]).

By [6], Lemma 6.1, K3 admits a locally finite action if and only if (5, ;) is a nonpositive even
integer for i = 1,..., N — 1. (Here, we are taking into account the slightly different definition of
the quantized enveloping algebra used in [6].) Hence

Ky € F(Uy(gly))

if and only if 8 = 2v 4 swy for some v € wOA} and s € Z. The same result holds upon passage to
the graded setting. Set

An = {2wol + sion| A € A, s € Z}.
It follows as in [5], Section 7, that the intersection of the locally finite part of grgU,(gly) with
grgUr G~ Kg is (ad Uy(gly))ergKs if B € Ay and equal to 0 otherwise. Moreover, for 3 € Ax, we
have (ad Ugy(gly))grgKp = (ad Uy(gly))Ks.
Note that by the definition of the degree function corresponding to the filtration G that degg (K3) >
0 for B € Ay. Hence, if grg(u) is in the locally finite part of grgU,(gly), then deggu > 0. Now
suppose that u € F(Uy(gly)) with deggu = m. We can write u = Y ;_, u; Kg,+ lower degree
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terms where u; € G-U™ and degg K3, = m for each i = 1,...,s. By the decomposition of G into
a direct sum of adjoint modules of the form grsU ™G~ K, we must have that for each 4, grou; K,
generates a finite dimensional module. Hence, for each i, there exists a v; € Uy(gly)) such that
grou; K, = (ad v;)grgKpg,. It follows that u — ), (ad v;) K, s an element in F(Uy(gly)) of degree
strictly less than m. The theorem now follows by reverse induction on m. O

7.2. A special subalgebra. Let F2(U,(gly)) be the subspace of F(U,(gly)) equal to
Fa2(Uq(aly)) = @ (ad Ug(gly)) - Kox
AEwo AL
and let Fo(U,(gly @ gly)) be the subspace of F(U,(gly @ gly)) equal to
By ooy)= B (ad Uy &gly)) - Ko,
AewoAf; xwoA

Let UZ(gly) denote the subalgebra of U, (gly) generated by E;, F;K;, K7, i=1,...,N —1 and
Kowe, for j =1,...,N. Recall (Section 2.T)) that Q" is the N linear combination of the positive
simple roots. Note that E;F;K; — ¢ *F; K;E; is a scalar multiple of (K? —1). Hence UZ(gly) N U°
is the Laurent polynomial ring

C(QIK?, Kowos, |, i=1,...,N—=1,j=1,....N] = C(q)[Kx, A € Q" + woA}].
It further follows that
(27) U(gly) = T UrG™ K.

AE2QH +2wo A,

One checks from the formulas for the adjoint action that UZ(gly) is an (ad Uy(gly))-submodule of
Uq(gln)-
Lemma 7.2. The space F2(Uq(gly)) equals the intersection UZ (gly )NF (Uq(aly)). Hence Fa(Uy(gly))
is a subalgebra of F(Uq(gly)).

Proof. Suppose that —\ + ey is in 2Q* + 2woA}; for some dominant integral weight A € P* and
scalar c. We can express —\ + cwy as a linear combination, say

N
(28) Aty = 2ciwobn
i=1
of the wown. Since a; = wow; — wow;y1 for eachi =1,...,N —1 and —\ + cony € 2QT + 2w0A]J(,,
each ¢;,i = 1,..., N must be an even integer. Moreover, the fact that —\ € P forces ¢; > 0 for
i=1,...,N—1. Since —\ + cony € 2Q" + 2w0A}, we can also express —\ + cwy as a sum of the
following form:
N—-1 N
(29) “Atchn =Y 2o + Y 2djwod;
i=1 i=1
for nonnegative integers dy_1,d},...,dy and an integer cy. Note that as sums in terms of the
orthonormal basis €1, ..., €y, the only places that e€; appears are a; and wy. Thus, the coefficient

of €1 in the right hand side of ([29) is 2d; + 2dy, which is a nonnegative even integer. The coefficient
of €1 in the right hand side of ([28]) is cy. Hence, ¢y = 2d; + 2dy, and so cy is a nonnegative even



THE CAPELLI EIGENVALUE PROBLEM FOR QUANTUM GROUPS 32

integer. Thus ¢y, ...,cyn are all even nonnegative integers. This forces —\ + cny to be an element
of QAX,. Thus, we have

(=P 4+ Qan) N (2QF + 2woA L) = 2woA .

Because of the relationship between elements in P and those in A}, we have 2w0A} + Zwn C
—PT + Qwy. Hence
(30) (QwoAL + Zan) N (2QT + 2woAL) = 2woA S,
where here inclusion follows from the previous equality and, moreover, we get an equality because
2w0A]J(, is a subset of both 2w0A}t, + Zon and (2QT + 2w0A]J(,).

By the definition of Ug (gly) and the previous paragraph, if Kg € Ug (gly) and B € 2woAf+Zan,
then 8 = 2\ for some A\ € woAL. Thus, the first assertion follows from (Z5), the definition of

Fa(Uq(gly)), and the fact that UZ(gly) is an (ad Uy(gly))-module. The second assertion follows
from the fact that the intersection under consideration is an intersection of algebras. ]

7.3. Mapping to the quantum Weyl algebra. Define Uq2 (gly @ gly) as the subalgebra of
Uqy(gly @ gly) generated by Ei,E,Kinlj fori=1,....N—1,N+1,....2N—1and j=1,...,2N.
Note that U7 (gly @ gly) can be identified with U?(gly) ® UZ(gly). Using this identification, Lemma
ensures that analogous results holds for U (gly @ gly).

Set Uy equal to UZ(gl,) in Type AL U,(gl,,) in Type AII, and UZ(gl, ® gl,,) in the diagonal
case. Similarly, set F2(Uy(g)) = F2(Uy(gly)) for N = n in type Al and N = 2n in Type AII and set
Fao(Uq(g)) = Fa(Uq(gl, ® gl,)) in the diagonal setting. By Lemma [(2] and subsequent discussion,
we have that F(Uy(g)) N U? = Fa(Uy(g)).

Theorem 7.3. The image (F2(Uy(g)) in End Py is an (ad Uy(g))-submodule algebra of p(P Py).

Proof. By Lemmal6.2] Y(K) € ¢(FPy) for K = Ko, 1...p2¢y fori=1,...N where N = n in Type
AT and N = 2n in Type AIL For the diagonal case, Y(K) € ¢(PZyp) for K = Koc,y...12., and
K = Ky, 4+ 42e, for i = 1,...n. The proof now follows from the fact that for each of the three
families, F2(U,(g)) is an (ad Uy(g))-module generated by these elements, F2(Uy(g)) is an algebra
(this is just Lemma [T2), that ¢ is an (ad Uy(g))-module algebra map, and that, by Proposition
B4 ¢(£ ) is an (ad U,(g))- submodule algebra of End . O

By Proposition 5.5, &7 is a faithful & Zy-module. It follows that ¢ is an injective algebra map
and so as algebras, &% is isomorphic to ¢(ZPy). This allows us to define an algebra map directly
from Fo(Uy(g) to ¢(FPg) that is compatible with the action on &?y. Thus we have the following
consequence of the previous theorem.

Corollary 7.4. There is a unique Uy(g)-module algebra homomorphism Y from Fa(Uy(g)) to
(P Pyg) such that

6(X(a) = ¥(a) and T((ad u)-a) = u-Y(a)
for all a € Fo(Uqy(g)) and u € Uy(g).

8. THE CENTER OF U,(g)

8.1. Basis for the Center. We recall here basic properties of U, (g) and its center (a good reference
is [3]). Note that these properties are mostly stated and proved in terms of the semisimple case,
(i.e. Uy(sly,) instead of Uy(gl,)); we make the necessary translations here.
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By Section 7.1 of ([A]), the (ad U,(sln))-modules (ad Uy(sly)) - Ko, for 4 € —P* contains a
unique (up to nonzero scalar multiple) central element which we denote by zs,. Moreover, the set
{22, 4 € —P*} forms a basis for the center Z(U,(slx)) of Uy(slx).

The arguments in [5] also apply to the (ad U, (slx))-modules of the form (ad Uy(sly)) - Kopteon
where p € woA}; and ¢ € Z. In particular, the (ad Uy(sly))-module (ad Uy(sly)) - Kopteoy for
1 € woA}; and ¢ € Z contains a unique (up to nonzero scalar multiple) central element of U, (gly)
which we denote by 22,4ce,. Moreover, it follows from (23) that

C
Zoxtcan = 222 K5,

for all A € woAE and ¢ € Z. Hence, the decomposition of the locally finite subalgebra in Theorem
[T ensures that the set {222 K§ | A € woAJ, ¢ € Z} forms a basis for the center, Z(Uy(gly)), of
Uq(aly)-

We can view both sets {zo,| p € —P*} and {200 K¢ | A € woAY,c € Z} as elements in the
algebra Uq(g[N). Given 4 € —P™, we can find p/ € woA} and a rational number s € %Z such that
21 =2 + swy. It follows from ([23)) that zo, = 2o G

Note that the results described so far in this section extend in a straightforward manner to the
center of Uy(gly @ gly) with PT replaced by P x P, woA} replaced by woAj x woAY;, s replaced
by a pair of rational numbers s and s’, and K3, replaced by KF Kj;N

The description of the basis for the center of U,(gly) combined with Lemma and the sub-
sequent discussion implies that Z(Us) = Y, C(g)z2x where A runs over elements in woA;l in Type
AT and woAj3,, in Type AIl and woA;} x woA;l in the diagonal setting.

8.2. Harish-Chandra Maps. The Harish-Chandra map is the projection ¢y of U,(g) onto U°
defined by the direct sum decomposition

Uqlg) = U @ (U3 Uy(g) + Uy(a)U).

where U°, U, Ujrr are defined in Section2.21 Note that the above direct sum decomposition restricts
to a direct sum decomposition on Us with U? replaced with UY and (U} Uy(g) + U,y (g)U) replaced
with (UJ: Us + UQU_-;"’__). Hence the restriction of pgc to Us yields a projection onto Ug.

Let A be the group generated by

+1 .
K s,i=1,...,n

Recall that eiE = ¢; in Type Al, eiE = €9;_1 = €9; in Type AlI, and eiE = €, = €, in the diagonal
case. Hence A can also be viewed as the group generated by the
Kog,i=1,...,N

for N =n in Type Al and N = 2n in Type AII and the diagonal type.

Set Uy = By N UY. Note that Uy is C(q) in Type Al, equal to the C(gq) algebra generated by
K*i=1,3,...,2n—1in Type AIL and the C(g) algebra generated by (KEI.K;@L)il,i =1,...,n
in the diagonal case. In each case, we get a sub-Hopf algebra of U,(g). Set (U§)4+ equal to the
augmentation ideal of UJ.

Lemma 8.1. For all three families, there is an inclusion

(31) C(q)[K e, - -+ Koy ] € C)[A] @ (Ug)+C(a)[A]-
Moreover, in Type AL (U$)4+ =0 and (C(q)[KQiei, . KQiE}V] = C(g)[A].
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Proof. Tt is straightforward to see that C(q)[A] ® (Ug)+C(g)[A] is closed under multiplication and
hence is a subalgebra of U°. Thus, all we need to show is that Kil is in this subalgebra for each
choice of i.

In Type Al, Ug = C(¢) and so its augmentation ideal is 0. This proves the lemma in Type
Al Now consider Type AIIL. Using the description of the restricted root system in Section [2.5]
we have 2¢F = 26y = €21 + €2; and so C(q)[A] is the Laurent polynomial ring generated by
Ke,, K, for i =1,...,n. On the other hand, U is the Laurent polynomial ring generated by
Ko 1=K K lfori=1,---,n. It follows that

€2i—11Y ey,
K252'L—1 = K€2i—1K€2i + (K K_»l - 1)K€2171K62¢

€2i—11Yeq;

with the first summand on the right hand side contained in C(g)[A] and the second in (U)+C(q)[AJ.
Similarly,

K2€2i = K62i71K62'L + (K_l K€2i - 1)K62'L71K€2i

€2i—1

where the right hand side is again contained in C(g)[A] & (UJ)+C(g)[A]. Replacing each K term
with its inverse in the above two expressions shows that both K2_€li—1 and K{; are also elements
of C(q)[A] & (Ug)+C(q)[A]. This proves the lemma in Type AIL

The argument in the diagonal case is similar to that of Type AIIL. Here, we have C(q)[.A] is the
Laurent polynomial ring generated by K, K, , fori=1,...,n and U} is the Laurent polynomial
ring generated by K, K_' fori=1,---,n. Hence

K2€i = K€¢K€n+z‘ + (Kéz'K_l - 1)K€iK5n+i € (C(q)[A] @ (Ug)-‘r(c(Q)['A]

€En+ti

Similar equalities hold for Ko, ,,, K5.' and K{; O

€

Using (), we define a projection map of US onto C(q)[A]. Note that this projection map can
be described in the following alternative way:

(32) Z Ky — Z cuKp
1 1

where p are elements in ), Ze;, the ¢, are scalars and fi is the restricted weight defined by p. Note
that this projection map extends to U° using either [BZ) directly or enlarging A and Uy so as to
create a direct sum along the lines of [BI)) that contains U°.

By definition, U9 = U, N U is a subalgebra of the Laurent polynomial ring generated by K3:'
for all 7. Hence by the above lemma, we have

(33) Us € C(g)lA] & (U)+C ()] Al.

Let ¢ ¢ denote the projection of Uz onto C(q)[A] defined by taking the composition of the Harish-
Chandra map ¢gc with this projection. It should be noted that the decomposition (31]) is similar
to (3.5) of [I7] and @pzc corresponds to P o P of this reference. The map P is the Harish-Chandra
map for the simply connected quantized enveloping algebra (i.e. using the semisimple Lie algebra
related to g) and P is defined using B2)) with u in the weight lattice. To make the exposition easier
below, we also refer to P o P as pgc and call this map the restricted Harish-Chandra map.

It should also be noted that a more general restricted Harish-Chandra map is defined in [I7]
using a quantum analog of the Iwasawa decomposition. Upon restriction to the center, this more
general restricted Harish-Chandra map agrees with ¢pc. Since we are only worried about the
image of central elements under the restricted Harish-Chandra map, we just use pgc and do not
consider the more general version. (See [I7], Section 6 for more details.)
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When g = gly (i.e. in Types Al and AII), it is possible to lift this entire story to Uq(g[N) in
such a way that all these maps are compatible. In particular, we have

(34) euc(22u) = Prc (22 ) KE = @rc (220 ) Kj )l

where 1 € =P+, i/ € woA}; with 2u = 2u' 4+ sOn, @ = (Wn — 0(@n)) /2 is the restricted weight for
wn, m=11in Type Al and m = 2 for Type All, and the final equality replacing @ with 7y follows
from Section

Similar results holds in the diagonal setting. In particular, we have

(35) prc(za) = Pro(zop ) KEKE, = @ro(zaw )KL
where p € =Pt x P, 1/ € woAL, x woA}; with 2p = 24/ + 5@y, + 8’0y, @ = (Wn — 6(@n))/2 and

@' = (Wan, — O(Wap)/2 are the restricted weights for @,, and ws, respectively, and the final equality
uses @ = &' = 17, as explained in Section

Note that for z € Z(U,(g)) we actually have 2 € U@U_U°U] and so z-v = pyc(z)-v whenever
v is a highest weight vector. Now consider a highest weight generating vector vz for the simple
module L(23) where 3 € AJ. Since 3 is a restricted weight, it follows that Ko, - vag = Kj - vog for

all weights p. Hence
z-v2p = pr0(2) - v2p = Pre(2) - vap

for all z € Z(U,(g)). Since Hopg € Py is a highest weight vector of weight 23 that generates a
U,(g)-module isomorphic to L(2/), we also have

(36) Z'HQB ZQBHC(Z)'HQB.

Since central elements act as scalars on all finite-dimensional simple U, (g)-modules, it follows that
the restricted Harish-Chandra map can be used to determine the eigenvalues with respect to the
action of Z(Uy(g)) on Py:

8.3. Dotted Weyl Group Invariance. By [I7], the image of the center of Uq (sl,) in Type Al,
ﬁq(s[m) in Type AII, and ﬁq(sln @ sl,) in the diagonal case under @gc equals the invariants
C(q)[7(27)| v € PEW=* of C(q)[7(27)| v € Ps¥] with respect to the dotted action of the restricted
Weyl group Wy. The dotted action of Wy is defined by

(37) we q(/372v)K2V — q(ﬁ72wv)K2m

for all w € Wy andvEPg.

Recall that 71, ...,7,-1 denote the fundamental weights for the restricted root system and that
1, . .., 7n are the corresponding fundamental partitions (see Section[Z3]). Note that C(q)[r(27v)| v €
Pg ]W=* is a polynomial ring with generators

0,2wWon; ;o
Mawen; = E w e ql? Onl)ngom fori=1,...,n—-1
weWs

where here wy denotes the longest element of Wx. Moreover, up to a nonzero scalar,

M2won; = q(ﬁ72wm)K2w0m + Z a“,éK2B'
B=won;
Here, we are using the standard Bruhat ordering on the restricted root system . In particular,
B > B’ provided B — B’ can be expressed as a linear combination of the positive simple roots

at,...,as with all non-negative integer coefficients.
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We can translate these results to the setting of U,(g) where sl is replaced by gl everywhere
as follows. First, recall that 7, is orthogonal to all the simple restricted roots. Hence, 7}, is
invariant under the action of the restricted Weyl group. It follows from (34), (B5]), and B7) that
©rc(Z(Uq(g))) is invariant with respect to dotted action of Wyx. Note that

M2wei; = E we q(P’Qw“’“)ngoﬁi fori=1,...,n—1 and sz;ln
weWs

form a set of generators for C(q)[A]""=*.

Set A> equal to the submonoid of A generated by Ky >, ..., Koz and set C(g)[A>] equal to the
polynomial algebra generated by these elements. Note that since the restricted root system is of
Type A, _1, the restricted Weyl group Wy acts as permutations on the set {K2e§7 ey KQ&E}' Hence

the dotted action of Wy, on C(q)[A] restricts to an action on C(q)[A>]. Moreover, C(g)[A>]"=* is
the polynomial ring with generators

0,2woM; s _
Mawen; = E weql? Onl)ngoﬁi fori=1,...,n—=1 and Kowp, = Ko2p,-
weWs

Lemma 8.2. The image of Z(Us) under the restricted Harish-Chandra map @pc is a subalgebra
of C(q)[Ax]">".

Proof. By B3), ¢nc(Z(Usz)) € C(q)[A] and by the discussion preceding the lemma, this image of
Z(Us) is invariant under the dotted action of Wiy.

Consider first Type Al with N = n and Type AIl with N = 2n. Recall (Section B1]) that Z(Us)
has a basis consisting of central elements z5) where A runs over elements 2w0A]J(,. Recall also that
the central element 2oy is in (ad Uy(g)) - Kax. It follows from the formulas for the adjoint action

(Section 2.3) for Uy(g) that
prc(z2a) € ((ad Ug(g)) - K2x) € > Clq)Kaxray
yeQt
where pgc is the ordinary Harish-Chandra map as defined in Section B2l It follows that
prc(za) € ((ad Uy(9)) - Kaz) € D C(a)Koz, o5
veEQT

Using the description of the restricted root systems in Section 28] we see that A € 2w0A} ensures
that A € 2wpAY. Arguing as in the proof of Lemma [[2 and, in particular, translating relation (30)
to the restricted root setting yields

(’woAg + @ﬁn) n (2w0A§ + 2@;) = 2w0A§.
It follows that
Wse

S C@)Kpsper | C Cla)lAs]"=".

vEQT

The lemma now follows from the fact that @gc(z2)) is invariant with respect to the dotted action
of WE. [l
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8.4. Central generators. Let z;,...,z, be the elements of Z(U,(g)) defined by
(1) 2zi = 22(cpi1_s4-te,) fori=1,...,nin Type Al and in the diagonal setting.
(1) 2i = Z2(con i1 it tesn) for i =1,...,n in Type AIl

Note that these elements are contained in Uy and hence are in Z(Us).

Theorem 8.3. The algebra ppc(Z(Us)) equals C(q)[A>]"V=* and is the polynomial ring on the n
generators Guc (1), - - prc(zn)

Proof. By Lemma[82lit is sufficient to show that the subalgebra generated by opc(2;),i=1,...,n
contains the generators for C(q)[A>]">* as described right before Lemma B2].

Consider Type Al and the diagonal case. By the discussion in Section [Z0l (€,4i—1+ -+ €,) =
wo7;, the image of the i*" fundamental partition under the longest element in Wx. This assertion is
just the fact that the restriction of the fundamental partition w; equals 7); fori =1, ..., n. Moreover,
as explained in[2.8] the restriction @; of the fundamental weight w; equals the fundamental restricted
weight n; for ¢ = 1,...,n — 1. Recall that 25, is the unique up to nonzero scalar central element
in (ad Uq(g))K2u. When p = @, for the two families Type Al and diagonal under consideration,
the element Koy is already a central element, so in this case, we have za;, = Koay,. Hence
Orc (220, ) = Ko, . Thus the algebra generated by ¢rc(z:), i =1,...,n contains Ko, .

Since the restricted root system is of Type A,_1, the fundamental weights 7,...,n,_1 are
minuscule. In other words, n; % 7 for any pair j, k and, in addition, n; # 0 for any j where
the inequalities are defined via the Bruhat order with respect to the restricted root system. As
discussed in Section above, it follows from [I7], Section 6, that the map Pg of [I7] agrees with
pgc upon restriction to the center. Moreover, up to a nonzero constant multiple

(38) @HC (Z2wowi) = M2wgn;
fori=1,...,n—1. Thus by (34) and (B3], the same result holds for w; and 7; replaced by @; and
n; for each i. Thus the algebra generated by ¢rc(2), ¢ = 1,...,n contains mawys,,7 = 1,...,n—1.

We already showed this algebra contains K»;,. Hence the theorem holds in Type Al and the
diagonal setting.

Type AII is more complicated. As in [I7], Chapter 8, we set 1o = 0, = 1 = weng = wonn
and note that mawyny, = Mawen, = |Wsx|, a nonzero scalar. By [I7] Theorem 8.9 and its proof

Ouc(Z(Uy(slay)) is generated by @pc(z2wew;) for i = 1,...,n. Moreover, by [I7], Theorem 8.9,

Orc(Z(Uq(slayn)) equals the dotted Wy invariants of C(q)[K2, | € Ps] where recall Section 2] that
Ps is the weight lattice for 3. Hence, by [I7] Lemma 8.8, prc(Z(U,(sl2,)) is a polynomial ring of
rank n — 1 generated by ®pc(22ww,) for i = 1,...,n— 1. In [I7], it is shown that @rc(22wew, ) =
Mawen, - Lhe same reasoning applies to the fundamental partitions w; and ;. Indeed, as explained
in Section 25 the restricted weight for wowy is wef);. Since in addition w; is a minuscule weight, we
must have @pc(22wewr ) = Mawes; UP to some nonzero scalar. Hence maw,s, € @rc(Z(Uq(glyy,)).

Taking into account differences in notation from [I7], Section 8, we have that may,y, can be
written as a linear combination of elements in the set

{@HC(ZQ’LUOUJk)?m2w0n5m2w0nk—s| 1<s< k}

for k = 2,...,n. We recall here some facts about restricted weights from Section[2.5l The restriction
to X of the longest element wy of the Weyl group for the root system of g agrees with the longest
element of W,. Moreover, wow; = wow; — (j/2n)@2,, won; = wor; — (j/n)fy, for j =1,...,n. Note
that the second equality in the 7 = n case follows from the fact that n, = 1 and wg7,, = 7,,. Hence

SHC (22wowy,) = PHO(22w0w ) K (—k/n)ian
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for each j = 1,...,n. As explained in Section 25 27, = @s,. Thus we also have
M2wen; = M2wen, K(*j/n)2f72n = M2wgi; K(*J’/")G&n
for each j =1,...,n and so

M2wens M2won,—s = m2w0ﬁsm2w0ﬁkfsK(*S/n)&lan((*kJrs)/n)@%
= M2wois m2wof7k73K(—k/n)@)2n

for each k and each s with 1 < s < k. Thus a relation of the form
k—1

(39) Mowen, = W0PHC(Z2wpwr) + D G M2won, M2wn, _,
s=1

becomes
k—1

M2wgiy, = agPHC (Z2woc2)k) + Z A5 M2w0 7 T2wo s -

s=1

by multiplying both sides by K /n)a,, - Hence may,q, can be written as a linear combination of
elements in the set

{@HC(22WO(—:’I¢)7m2w0ﬁsm2w0ﬁk75| I1<s< k}

for k =2,...,n. Then arguing by induction yields the algebra generated by ¢rc(zi), i =1,...,n
contains the elements m2y,4,, j = 1,...,n. The theorem follows from the facts that wof), = 7,
Koy, is invariant with respect to the dotted action of Wy and, thus, maou,s, is a nonzero scalar
multiple of Ko, . O

Let Z denote the subring of Z(Us) generated by these elements. By the previous theorem, Theo-
rem B3] the image under the restricted Harish-Chandra map @ggc of the 21, ..., 2, is a polynomial
ring of rank n. Hence, since Z is commutative, z1, ..., z, must also generate a polynomial ring of
rank n. We see that the same is true for the image of Z with respect to T of Corollary [[4]

Corollary 8.4. The algebra Y(Z) is a polynomial subring of End Py with n generators Y(z;),i =
1,...,n. Moreover, each Y(z,) is an element in PPy of degree less than or equal to 2r.

Proof. Just as in the definition of the mag.»,, we set may = Ewewz q(ﬁvQW)ngA for each \ € A;.
Note that 4 € Q* for all v € QF. Hence, given A € A{ and w € Wy, we have wA € A — Q*. Since
(p,7) is a positive integer for v € QT so is (5,7) = (p,7). Hence, for each A € AJ, we have

max € PPV Koy + Z g7V 72Clg ) Kax oy
7€Qt

Let vag be a highest weight generating vector for L(23) where 8 € A‘EL. It follows that
(40) Moy - V2 € (q(’3+2'8’2)‘)(1 + q—zc[q—z])) v28.

Note that any a € C(q)[A>]"=* can be expressed as a linear combination ajmay, + -+ + asmax,
where each \s € A‘EL. We argue that there exists g € Ag so that a - v2g3 # 0. Reordering and
multiplying by a nonzero element of C[qg| if necessary, we may assume that [A;| > |\;| for each
2 <j<s, a; € Clg for each 1 < i < s, and a; = ¢%+ terms of lower degree in ¢. It is
straightforward to check that there exists £; € AY such that (A1, 81) > (A, B1) for all A # A
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satisfying |A| < |\1]. Thus, by (@), for a large enough positive integer r, a-vy,5 = ¢@+(P+H2rfu230) 4
terms of degree strictly less than d + (p + 2rB1,2XM1). Thus a - veg # 0 for 8 = 3.

Recall that Hog is a highest weight vector in the U,(g)-module 27 for each 8 € AJ. By (B8],
z- Hopg = @uc(z) - Hap for all z € Z(Uy(g)). By Theorem B3] @¢rc defines an isomorphism from
Z onto C(g)[A>]"=*. Hence, by the previous paragraph, given z € Z, we can find 8 € AJ so that
Quc(z) - Heg # 0. It follows that z - Hog # 0. By Corollary [ Y(z) - Hogp = z - Hop and so
Y(z) # 0. In other words, T is injective upon restriction to Z. This proves the first assertion of
this corollary.

For the second assertion, note that z, is in the (ad U,(g))-module generated by Kocy |, +...42¢ex
where N = n in Type Al and the diagonal case and N = 2n in Type AIIL. Hence, by Lemma [6.2]
Y (z,) has degree less than or equal to 2r. (]

9. QUANTUM CAPELLI OPERATORS

9.1. Definition and description. The decompositions Section [£.4] combined together yields the
following module decomposition and related isomorphisms of left U, (g)-modules:

PP = @ (Uyle) Hy) @ (Uyle) - Hze) = €D L(2p) ® L*(2)

n.EEAT; mEEAT;

where L*(2¢) is a left U,(g)- module dual of L(2¢). This last isomorphism can be made concrete by
sending Ho,, to a pre-chosen highest weight generating vector vo, of L(2u) and Hj, to (Hgf, H25>v§£
where v3, is the lowest weight generating vector for L(2£)* satisfying vje(va¢) = 1. Here, (-,-) is
the bilinear form defined by ([I8) in Section[5.2l Note that by Proposition [(5.6] <H2*£, Hye) # 0. The
choice of this nonzero scalar is so that U,(g) - Hs,, is the dual of U,(g) - H3,, via (-,-) in such a way
so that <H§w H2#> = <(<H5;u H2#>)v;;u v2#>'

Recall that there is a natural isomorphism from (L(2p) ® L*(2u)) to End L(2p) as left Uy(g)-
modules and so (L(2p) ® L*(2u))Y2(®) is the one-dimensional subspace consisting of the scalars.
Furthermore, (L(2u) ® L*(2€))V4(8) = 0 for p # ¢. Hence, the left U,(g)-module invariants of &2 %

satisfy
27;"0 = @ (Lew e L20)" = P (Lew) © L*(2n)".

pEEAT pneAd

Let Cy, be the basis vector for the space (Uy(g) - Hap) @ (Uq(g) -H;H)UQ(Q) corresponding to the
identity element in End L(2y) via the isomorphism between (U,(g) - Hau) ® (Uy(g) - H3,) and
L(2p) ® L*(2p) described above. We refer to the set {C),| 1 € A} as the Capelli operators. Note
that the Capelli operators form a basis for the U,(g) invariant subspace of &2 %,.
We can associate a 2r tuple (u1,us, ..., us,) to a monomial z;, j, ---x;, ;. of degree r in Fy so
that
(i) i <ug < -+ <y
(ii) {ulv U2, ... 7u2r} = {ilajl co 7i7‘7j7‘}
(iii) The number of times an integer k shows up in the sequence uq, ..., us, is the same as the
number of times k shows up in 1, j1, ..., &y, Jr
By @), the weight of x;, j, -+~ x4, j,. i8 p = vi€1 + - - - + v €, where v; equals the number of entries
in (uy,usg,...,uz) equal to i. Thus the 2r tuple (uj,us,...,us,) is completely and uniquely de-
termined by the weight u. We use the notation (i) to refer to this unique tuple (u1,ua, ..., us,.)
associated to x;, j, --- ;. ;. Note that the size |u| of the weight p equals vy + --- + v, which is
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also equal to r, the degree of the associated monomial x;, j, - - - z;, ;.. We can similarly associate a
2r tuple (u1,us,...,us,) to a monomial d;, j, - - - d,,. ;. of degree r in Zp that satisfies (i), (ii), and
(iii). In this case, (u1,us,...,us,) = (u) where —p is the weight of d;, j, - -~ d;, j,-

Given a pair of weights p, 1/ we write (p, ') for the tuple whose entries consist of those of (u)
followed by those of (u'). Write |(i, /)| = |(1)| + |(#")| and use the lexicographic order to give
tuples of the same size a partial ordering. Set (%), equal to the p weight space of %y and (%g)—,
for the —pu weight space of Zp.

Lemma 9.1. The Capelli operator C,, for pn € Ag satisfies

(41) Cu € (Hs,,, Ha,) ™' Hop H,, + Z (Z9)(Zo)—v-
(v,v)>(2p,2p)
[(v,v)|=](2p,2p) |

Moreover, Cy - Hay, =1 for X = p and C - Hyy,, = 0 for |p] < |A| and p # .

Proof. Recall that Hy,, is a highest weight vector of weight 2u and H3, is a lowest weight vector of
weight —2u. Hence

Cp € Uy(g) - (HauH3,) = (U™ - Hou)(UY - Hj).

It follows from the description of the action of U,(g) on Py and Zy (see for example 3.2 and [19)],
Lemma 5.4 ) that

Up -Hy € > (Po)y and Uf-Hj, € > (Zs)-0.
(V)>(2p) (V)>(2p)
|)]=I(2w)] ()=l
Note that (29),(Zp)—. is trivial with respect to the action of U if and only if v = /. Since C,,
is trivial with respect to the action of elements in U , it follows that () is true up to the scalar
in front of Hy, H3,.

To understand the coefficient of Hy, Hj, , recall that C), acts as the identity on Ugy(g) - Hz, via
the action of %y on &y. Hence C), - Hy,, = Hy,. Since Hy, is homogeneous of the same degree
as elements in Uy(g) - H3,, we have ab - Hy, = a(b, Hz,) for all a € Py and b € Uy(g) - H3,. In
particular, (Hz, Hy,) - Hoy = Hay, (Hs,,, Ha,). Hence

Cu - Hoy = (<H;y7H2M>_1H2MH;;L) - Hay = Hoy.

On the other hand, by Proposition 5.6, Ha,, is orthogonal to Ui - H3,, with respect to the bilinear
form (-,-). It follows that

Uy - Hop)(U - H3,) - Hay = 0.

This forces the coefficient of H3, Ha, to be (Hs,, Ha,) ™" which establishes (&)

We have already shown the first part of the final assertion. Now suppose that p satisfies |u] < |A|
and p # A. Our assumptions on p ensures that the degree of Hsy, is at most the degree of Hj,.
Hence, arguing as above, Proposition ensures that

(Uf - Hop)(UL - H3y) - Hay = 0.

Furthermore, Proposition [5.6 also implies that (HoxHj,) - Hz, = 0 under the assumptions relating
pand A. Thus C) - Hy, = 0 as desired. [l
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9.2. Realization as a polynomial ring. Define an ordering on tuples of the form (u, u’) by
(v, V") = ()

provided either |(v,v')| < |(u, p')| or both |(v,v)] = [(u, 1')| and (v,v') > (u,n'). Using this
ordering, define the filtration 7", which is a refinement of the filtration 7, on &%y by

T (P2De) = > (Pe)u(Do)-v
(v,v") 2 (e,
= Y (P @)t Y. TP
(v, ) > (1) r<|(p,p")]

[ ") =] (k1)

Let Gan denote the associated graded algebra of &2%2y defined by the filtration J fin - Note that
the relations for both &y and %y are homogeneous with respect to this filtration and hence we can
identify these algebras with subalgebras of G;,. Hence the only relation that is changed in the
graded algebra is the twisted tensor product. By Theorem Bl we have the following relations in
gﬁn

(42) Czabfz'ef _ q5af+5ae+5bf+5bcj.€fczab

for all choices of a,b, e, f where here we are representing the image of an element y in Gg, as ¥.
Note that xcrday € (P0)e.+e;(Do)c,+e,- Hence [@2) can be rewritten as

daba_?ef - q(€a+6b76€+6f)jefczab-

By a straightforward inductive argument, we have that
(43) ﬁ;ﬂﬁ% — q(2u72v)ﬁ27£]§#

for all pu,v € AJEF. This means that the subring of Gy;, generated by the Ha,, ng for p e AJEr is
g-commutative in the sense that all terms commute up to a power of q. Moreover, we can view
this as a g-commutative polynomial ring since by Proposition 3] the elements Ha,,, u € AJEr form
a basis for a polynomial ring in n generators and the same result holds for the H3,,, pn € AJEF. The
only additional relations involving both H3, and a Ha, terms takes the form of (43).

Proposition 9.2. The Capelli operators act semisimply on Py, the invariants f@@g"(g) form a
commutative subalgebra of & Zg isomorphic to a polynomial ring in the n generators Cy,,...,Cp, ,
and the degree of Cy, is 2i for each i =1,...,n.

Proof. The definition as Uy(g) invariants ensures that the subspace spanned by the Capelli oper-
ators forms a subalgebra of & %y. The semisimple action assertion follows from the fact that the
Capelli operators are U,(g) invariants and & is a multiplicity free U,(g)- module. Moreover, the
eigenspaces for the Capelli operators which are the finite-dimensional simple (left) U,(g)-modules,
are joint eigenspaces for the entire space of Capelli operators. This forces the image of invariant
subalgebra spanned by the Capelli operators inside End &2y to be commutative. Since the map-
ping into the endomorphism ring is faithful (Proposition (.5)), the invariant subalgebra must be
commutative as well.

Recall that H; = Hyy, for i = 1,...,n. By definition, Cj, is in the left U,(g)-module generated
by H;H}, By Proposition 3] H; has degree i. The same holds for H} since it is the image of H;
using the isomorphism Zp = Z,”. The fact that U,(g) action preserves degree ensures that Cj,
must have degree 2¢ for each choice of .
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Consider p =min1 + -+ mpfy, € AJZF. It follows from Lemma [0.T] that the image C_'gu of C, in
Grin is (H3,,, Ha, )~ Hy, Hs,. Hence, using (@3), Proposition L3l and its analog for the Hj,, terms,
we see that

~ ~ _ 7 IT* TT* _ r7 I7% _ ~
CouCopr = Cu HopHop Hy (Hy o = € Hopypop Hyy o) = e Coppop -
for some nonzero scalars ¢, ,» and e, . It follows that
o bt
M1 My,
02771 T 021% = C2(M1ﬁ1+---+mnﬁn)

and hence the image of 9@;}"(3) in G is a generated by the elements Cag, , - - - , Cay. . The algebraic
independence of these elements follows from the algebraic independence of the terms Haj,, ..., Hoj,
established in Proposition L3 and the analogous result for the Hj, . Thus the image of c@_@g"(g ) in
Gsn is isomorphic to a polynomial ring in the n generators Cgﬁl, cee Cgﬁn. This combined with the
fact that the Capelli operators are a commuting family of elements ensures that the space spanned
by the Capelli operators is a polynomial ring in the n variables Caj,,- -+, Cap,, - O

Note that the key idea in the above proof is that the image of the elements Cy,,...,Cj, in the
associated graded algebra define by the filtration 7" are algebraically independent. Since J5 is
a filtration that is a refinement of 7, the independence property for the associated graded algebra
must also hold upon replacing J%" by 7. Hence the top degree terms of the Ca,y..., Oy, with
respect to the degree function defining J are algebraically independent.

9.3. The Center and Capelli Operators. Recall the definition of the subring Z generated by
the central elements z1,..., 2, living inside Uy from Section B4l .The next theorem relates this
subalgebra Z of the center to the algebra of Capelli operators via the mapping Y of Corollary [7.4}

Theorem 9.3. The U,(g)-module algebra map Y defines an algebra isomorphism from the polyno-
mial subring Z of Z(Us) to the algebra generated by the Capelli operators.

Proof. Recall (Theorem [T4)) is U, (g)-module algebra map of F2(U,(g)) = F(Uy(g)) N Uz to PPy
where the module structure on the first algebra is given by the adjoint action and on the second
algebra via the left action. Note that z € Z(U,(g)) if and only if az = za all a € U,(g) if and only
if (ad a)z = €(a)z all a € Uy(g). Thus

2(U2) = Us U (0)" 19 = Fo(Uy(g))™ (0.
Hence
T(2(U2)) = T(Fa(Ugl@))™ @) € 27",

The last term is just the subalgebra of U,(g) equal to the subspace spanned by the Capelli oper-
ators. Hence T(Z(Uz2)) € >°, C(q)Cy. By Corollary B4 T(Z) is a polynomial ring generated by
Y(z1), -+, Y(z,) and deg(Y(z;)) < 2i for each i =1,...,n.

Set ¢, = Y(z,) for r =1,...,n. We argue by induction that

(44) Clg)ler, .., ¢i] = C(Q)[Chys - -, Oy

for j =0,1,...,n where j = 0 is true because it is simply the case where both the left and right
side of ([@4) are just the scalars. Now assume that ([@4]) is true for some ¢ satisfying i — 1 > 0.
Recall that degCy, = 2i for each ¢ and the top degree terms of the elements Cj,,...,Cyp, are
algebraically independent. It follows that any polynomial expression in these elements that includes
Cy,; for j > i has degree strictly greater than 2i. Since c¢; is of degree at most 2i, we must have
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¢i € C(q)[Cy,, ..., Cy,]. Hence, by induction, we must also have ¢; ¢ C(q)[Cy, ,...,C5,_,]. Since ¢;
is of degree at most 2¢ and Cj, has degree 2i, we get

¢ —aCy, € C(q)[Chys ..., Chy ] =Clg)[cn, - - ., ciz1]

for some nonzero scalar a. Assertion (@4 now holds for j = i and hence, by induction, is true for
7 = n. This proves the theorem. 0

Recall the discussion at the end of Section that the Cj, remain algebraically independent
upon passage to the associated graded algebra defined by the degree filtration J on & %g. Thus,
by the proof of Theorem [0.3] ¢; must have the same degree, namely 2i as Cj, for each ¢. In other
words the inequalities in the final assertion of Corollary [R4] are all equalities.

10. EIGENVALUES OF CAPELLI OPERATORS

10.1. Definition and degree. Let C € 3 C(q)C, = 9@3"(3) and z € Z such that C' = Y(2).
Set £(C) = $uc(z). By Theorem B3 £(C) is an element of C(q)[A>]"=* and determines the

eigenvalues of C' with respect to its action on Z. In particular, given Hg € Py, by ([B0]) and the
definitions of T and &£(C'), we have

C- Hglg =Z- Hgﬂ = @Hc(z) . HQB = 5(0) . Hglg.

It follows from Theorem B3] Corollary 8.4 and Theorem[.3] that £ defines an algebra isomorphism
from BZ@(SU"(Q) to C(q)[As]"=e.
Given \ € A, let £, be the polynomial in C(q)[z1,...,,] such that

EA(KQEIEa SER) K2e§) = g(c)\)

Note that it makes sense to talk about the degree of £, using the standard degree function for
C(q)[z1, ..., 2p] where dega; = Lforalli = 1,...,n. Alternatively, we can view Ex(Kyx, - . ., Kacz),
or more generally, any £(C) for C € 3 C(q)Cy, as a polynomial in C(q)[A<]. From this per-
spective, we can again talk about degree by insisting that deg K, .= = 1 for each 7. Note that
deg K4, =t and so the same is true for maoy,s, for each i =1,... ,In.

Lemma 10.1. For each A € AL, the degree of €y is |)|.

Proof. We first argue that the degree of &;, = [1};| =i for i = 1,...,n. Consider first &;, = £(Cy,).
In this case, C3, = aY(z1)+ b where a and b are scalars and a # 0. Hence &, = appc(z1)+b. As
explained in the proof of Theorem B3] ¢rrc(21) = Mawys, (up to a nonzero scalar multiple) and so
Ep, 18 a polynomial of degree 1. Now assume &, is a polynomial of degree j for all 1 < j < —1.
We argue that &, is a polynomial of degree 7 and so the lemma will then follow by induction.

Set ¢; = T(z) for i = 2,...,n. It follows from Theorem and its proof that for each i > 2,
Cy, can be expressed as a nonzero scalar multiple of ¢; + p;(Cy,,...,Cp,_,) for some polynomial
pi. As explained in Section @2} Cj,,...,C5,_, remain algebraically independent upon passage to
the graded algebra defined by the degree filtration J. Since Cj, and ¢; both have the same degree
2i, it follows that every monomial in p must have degree at most 2i. In particular, any monomial

summand of p such as C;"" -~ G must satisfy
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This inequality combined with the inductive hypothesis yields
deg E(C - O = deg E(CH) -+ g

i1 Ni—1
=deg&(CY) + -+ + degﬁ(Cgi’ll)
=mi+2me+---+ (1 —1)mi—y < i
Hence it suffices to show that £(¢;) = Pmc(z;) has degree i.
As explained in the proof of Theorem B3l ¢rc(2i) = maw,n, (up to a nonzero scalar multiple)

in Type AI and the diagonal case. Hence, £(c;) has degree i in these two cases. For Type AIl, the
proof of Theorem B3] shows that may,;, is a linear combination of elements in the set

{</~7HC(ZZ')7meoﬁstMOﬁFsu <s< Z}

Since the terms mowyn,,s = 1,...,% are algebraically independent, it follows that ¢rc (z;) can be
expressed as a linear combination of the elements in the set

(45) {mQWOﬁivaWOﬁstWOﬁFsH <s< Z}

Note that degmaw,s, = ¢ and deg Maw, s, Mawen;—. = deg Mowyn, + deg Mawyn,_. = S +1 — s =1 for
all 1 < s < i. Hence deg e (z;) < i and equality holds because the terms in [@3]) are algebraically
independent even upon passage to the graded setting. O

10.2. Vanishing and Non-Vanishing Properties. Consider Hy, € & for u € A;. We expand
p as a sum of the form y = (u1ef + -+ + pnes). Note that

> .
(Kzei:) - Hyy = g2 )H2u =q"" Ha,

where m = 4 in Type AI, and m = 2 in Types AIIl and the diagonal case. Here, we are using the
relationship between the inner product for the restricted root system and the inner product (-,-)
for the root system of g as explained in Section Given a polynomial P € C(q)[z1,...,z,], set
P(¢") = P(¢",...,q"). Note that

P(Kyep, ..., Kaez) - Hayy = P(¢"™")Hay.
Hence

Cx - Hay = E(C)) - Hay = Ex(q™) Hzy,
for each A and p in AY.

Proposition 10.2. For each A\, € AJEr , the eigenvalue function Ex satisfy
() Ex(@™) =1 for A= p.
(i) Ex(g™) =0 for u# A and ] < [N
where m = 4 in Type AL, and m = 2 in Types AII and the diagonal case.
Proof. Tt follows from the discussion preceding the proposition that E(¢™*)Hs, = C\ - Hy, for

all choices of A and p. Hence (i) and (ii) are equivalent to the analogous assertions with €y (¢"*)
replaced by C - Ha,. The proposition now follows from Lemma O
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10.3. Knop-Sahi Interpolation Polynomials. Let C(a,g)[z1,...,z,] be the polynomial in n
variables over the field C(a,g) where a and g are two independent parameters. Knop-Sahi inter-
polation polynomials introduced in [9] and [26], also called shifted Macdonald polynomials in the
later paper [24], are a family of polynomials Py (z;a,g) indexed by partitions A contained in this
polynomial ring that satisfy both an invariance condition and a vanishing condition. In particular,

the element P (x;a,g) in C(a, g)[z1,...,xy] is the unique (up to nonzero scalar) polynomial in the
x1,...,2, of degree |A| such that
e Pj(z;a,g) is symmetric viewed as a polynomial in the n terms z197 ", ..., 2,97"

e P(a*;a,g) = 0 for each partition u # A with |u| < |A| and P5(a*;a,g) # 0 where a* is
the n-tuple (a“1,...,a%").
Here, we are mainly following the Onkoukov’s aproach [24]. However, we are using the simpler
vanishing condition of Sahi [26] and Knop [9]. (The stronger vanishing property in [24] follows from
[9], Section 4). Also, the polynomials in Sahi’s paper are symmetric in the x1, ..., 2, and so these
are recovered from the one’s defined here by a change of variables.
The following explicit description of the dotted Weyl group invariance for the three families
under consideration will be used to determine the value of ¢ in identifying the Capelli eigenvalues
with interpolation polynomials.

Lemma 10.3. The algebra C(q)[A>]"V¢® is the same as the algebra of symmetric polynomials
inside of C(q)[q %" Kaz,,i = 1,...,n] in Type AI and the diagonal case and is equal to the algebra
of symmetric polynomials in C(q)[q~* Kaz,,,i = 1,...,n] for Type AIL

Proof. Recall that p is the half sum of the positive roots for the root system of gly. Note that the
set of roots « such that («, €;) # 0 can be partitioned into two sets {a; + -+ +a;—1]j <i—1} and
{a; + -+ a;| j >i}. For elements « in the first set (o, ¢;) = —1 and for elements « in the second
set, (a,€;) = 1. Since the first set has i — 1 elements and the second set has N — i elements, we
have that (p,€;) = (N — 2i — 1)/2. Now returning to the restricted root cases under consideration,
we set NV =n and for i = 1,...,n, we have

qP2 ) Koo, = P2 Koe, = ¢ Koe, = "7 Ko,
for Type Al,
q(ﬁ,Qéi)K2€i _ q(p,2€i)K2€i _ q(quéi)+(P27€i+n)K2€i _ qn72i71K2€i
in the diagonal case and

q(ﬁ72€2i)K2€2i - q(P72€2i)K2€2i - q(p762i71+€2i)K2~ = q2n74iK2€2i

€24
in Type AIIL. Thus, the dotted restricted Weyl group invariance translates to a simple restricted
Weyl group invariance property using ¢ Ko, instead of Ko, for u; = —2¢ in Type Al and the
diagonal case and u; = 44 in Type AIIl. The lemma now follows from the fact that the restricted
root system is of type A,,_1 and so the corresponding Weyl group is the symmetric group. O

Note that in [24], the initial formulation for the polynomials above is so that they are unique up
to nonzero scalar multiple. Later, a normalization is provided (Section 4 of [24], see equality (4.3))
so that these polynomials can be given precisely without worrying about a scalar factor. The papers
[26] and [8] normalize these polynomials in a different way. Namely, they assume that the symmetric
polynomial m) associated to the partition A appears in the polynomial at A with coefficient equal to
1. The normalization used here is again different from each of these earlier references. Here, we have
assumed that the eigenvalue functions &, arise from elements corresponding to the identity in the
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appropriate Uy, (g)-module. This choice is equivalent to the condition &£ \(¢™) = 1 of Proposition
10,2

Theorem 10.4. For each A, the polynomial Ex(x1,...,x,) evaluated at x; = K%iz is equal to
exPy(w;a,g) where ¢y = Py (a*;a,9)"! and

e (a,9) = (¢",¢°) in Type Al
o (a,9) = (¢ q*) in Type AIL, and
e (a,9) = (¢%,q°) in the diagonal type
Proof. Set g = ¢2 in Type Al and the diagonal case andset g = ¢* in Type AIlL By Theorem R3] and
Theorem @3] Ex(Kye», ..., Kaen) is in the dotted Weyl group invariants of C(g)[Ax]. Hence, by
Lemma[l0.3] &x(Kyez, .. ., Koex) is a symmetric polynomial in the variables g71K26321, s g K.
The same claim is true when we replace each KQE;S with z; and so Ex(z1,...,z,) satisfies the same
invariance property as Py (x;a,g) = Py (x1,...,Zn).

Now set a = ¢* in Type Al and a = ¢ in Type AIl and the diagonal case. By Proposition
(ii), Ex(a*) = 0 for each partition p # A with || < A. Hence &, satisfies the same vanishing
property as P5(z;a,g). By Lemma[I01] the degree of &y is |A|. Thus £, must be a nonzero scalar
multiple of Py (x;a, g) for each A. The fact that this nonzero scalar is ¢y follows from the fact that
Ex(a*) = 1 which is just Proposition 0.2 (i). O

Remark 10.5. Recall that Oy(SLy) can be obtained from Oy(Maty) by modding out by dety —1.
The space of zonal spherical functions H := Hy(s,),8, associated to the pair x(Bs),Bo and a Hopf
algebra automorphism x of Uqy(g) are the left x(Bg) invariants and right By invariants of O4[G]
where G = SL,, in Type AI, G = SLay, in Type AIl, and G = SL,, x SL,, in the diagonal cae (see
[15]). By [15] Theorem 4.2, there is a map from O4G] to functions on U° so that for the correct
choice of x, the image of H,(s,),B, s a subring of Wy, invariants. Moreover, for this choice of x,
a special basis px, X € PT(®) can be identified with a family of Macdonald polynomials Py(x;a, g)
where both a and g are powers of q (see [16], Appendiz A). The values of a and g for the three
families of this paper are

* (a,9) = (q*,¢%) in Type Al

o (a,9) = (¢, q¢*) in Type AIl, and

e (a,9) = (¢*,4%) in the diagonal type.
These are the same parameters that appear in the identification of the quantum Capelli eigenvalues
with interpolation polynomials as in Theorem [10.]} This connection between the realization of
zonal spherical functions as Macdonald polynomials and quantum Capelli operators and Knop-Sahi
interpolation polynomials mirrors the classical situation. Indeed, these parameters agree because in
terms of a particular natural grading, the top degree term of Knop-Sahi interpolation polynomials
are precisely Macdonald polynomials with the same parameters (see for example [26], Theorem 1.1).

11. ArPENDIX: COMMONLY USED NOTATION

We list here commonly used symbols and notation along with the first section (post the introduction)
in which each item appears.

Section 2.1: €, as, wi, PN, P, Q, PT, QT, A, ATV, Wi, wo, 8ly, sIn, (+,1), Y&

Section 2.2: e, fi, he,, Ke;, Ki, Kg, Ei, Fi, A, €, S, U%gly), Ul(aly @aly), U°, Ut (gly), U (gly @ gly),
U, U™, Ug(sly), U°, UL, Uy, L(N)

Section 2.3: (ad a), F(M), (ad E;), (ad F), (ad|K)
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Section 2.4: g,0,¢, By, J, Ry, R, B;, Type Al, Type All, diagonal case
Section 2.5: m, ®, 3, X, oF, 7, mi, 7, Ps, Py, AL, Ws, (-, )
Section 3.1: Maty, Oq(Matn), Oq(Matn )P, eij,rz, R tij, 1, tixn,j+N, Th, T, P, 9
Section 3.2: J, ., wij, dij, Po, Pg¥, Do, Tr, %, D§

Section 4.1: dety(T), dety(T"), H,

Section 4.2: g,, Us(gr), Z(9r), By, Po(9r), ©(1)ij, ¥rs

Section 4.3: H;, Hy,

Section 4.4: HJ,

Section 5.1: #%,(Matn), %o, Tr(PPs), ¢, da

Section 5.2: L, (-,-), (a)o

Section 6.3: ¥

Section 7.1: U,
Section 7.2: F:

9)

(
(Uq(aly)

2\Yq
Section 7.3:75(Uy(gly @ gly)), qu(g[N)v qu(g[N @®gly), U2, T

Section 8.1: z3,

Section 8.2: puc, A, Prc

Section 8.3: Wxe, we, mawyn,, Mawyi;s A>
Section 8.4: z;, Z

Section 9.1: Cy, (1), (p, '), (1, 1)
Section 10.1: &, &y, P(¢")

Section 10.3: Py (z;a,g)
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