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Abstract: We show thatirreducible unitary representations of nilpotent super Lie groups
can be obtained by induction from a distinguished class of sub super Lie groups. These
sub super Lie groups are natural analogues of polarizing subgroups that appear in clas-
sical Kirillov theory. We obtain a concrete geometric parametrization of irreducible
unitary representations by nonnegative definite coadjoint orbits. As an application, we
prove an analytic generalization of the Stone-von Neumann theorem for Heisenberg-
Clifford super Lie groups.

1. Introduction

1.1. Background. One of the most elegant results in the theory of unitary representations
is the Stone-von Neumann theorem, which yields a classification of irreducible unitary
representations of the Heisenberg group. It is the starting point in the study of unitary
representations of nilpotent Lie groups, in which it plays an essential role as well.

Kirillov’s seminal work on unitary representations of nilpotent Lie groups showed
that unitary representations can be obtained in a simple fashion, namely as induced
representations from one-dimensional representations of certain subgroups which are
called polarizing subgroups. From this, Kirillov deduced a well-behaved correspon-
dence between irreducible unitary representations and coadjoint orbits.

Physicists are interested in unitary representations of Lie superalgebras and super
Lie groups' and their applications, e.g. in the classification of free relativistic super par-
ticles in SUSY quantum mechanics (see [SaSt] and [FSZ]). Extensions of the Stone-von

* This research is partially supported by an NSERC Discovery Grant.

1 We follow [DeMo] and [CCTV] in using the terms super Lie group and sub super Lie group. Nevertheless,
instead of Deligne and Morgan’s super Lie algebra we use the term Lie superalgebra merely because the latter
is used in the literature more frequently.
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Neumann theorem to the Heisenberg-Clifford super Lie group, and the oscillator repre-
sentation to the orthosymplectic case, have been studied widely by physicists as well as
mathematicians (see [Ni,Lo, and BaGu]).

Nevertheless, much of the work done on infinite-dimensional unitary representations
of super Lie groups treats representations algebraically, without addressing the analytic
aspects. When the even part of the Lie superalgebra is a reductive Lie algebra (e.g., for
classical simple Lie superalgebras) the space of the representation can be identified with
the space of K-finite analytic vectors of a unitary representation of the even part on a
Hilbert space. This approach has been pursued in [FuNi]. However, this method is not
applicable to more general super Lie groups, e.g., the nilpotent ones.

Motivated by establishing a rigorous formalism for Mackey-Wigner’s little group
method in the super setting, the authors of [CCTV] establish analytic foundations of the
theory of unitary representations of super Lie groups. The key observation is that for
infinite-dimensional representations, the action of the odd part of the Lie superalgebra
is by unbounded operators, and thus one should consider densely defined operators. As
shown in [CCTV], it turns out that the correct space to realize the action of the odd part
is the (dense) subspace of smooth vectors (in the sense of [Kn, p. 52]) for the even part.

1.2. Our main results. The main goal of this work is to show that irreducible unitary
representations (in the sense of [CCTV]) of nilpotent super Lie groups can be described
in a way which is very similar to the classical work of Kirillov. More specifically, our
results are as follows.

(a) We generalize the notion of polarizing subalgebras of nilpotent Lie algebras to what
we call polarizing systems in nilpotent super Lie groups. Let (Ng, n) be a nilpotent
super Lie group. A polarizing system of (Ny, n) is a 6-tuple

(MO’ m? Q’ CO’ c’ A‘)’

where (Mo, m) is a sub super Lie group of (Ng,n), ® : (Mo, m) — (Cp,c) is a
homomorphism onto a super Lie group of Clifford type, and A € nf. (There are
extra conditions which are stated in Definition 6.1.1.) We show that every irreduc-
ible unitary representation of a nilpotent super Lie group is induced from a special
Clifford module associated to a polarizing system (see part (a) of Theorem 6.1.1).
The latter module is said to be consistent with the polarizing system. Conversely, we
prove that induction from a consistent representation of a polarizing system always
results in an irreducible unitary representation (see Theorem 6.2.1). In other words,
we show that induction yields the following surjective map:

Ordered pairs of polarizing Irreducible unitary
systems of (N, n) and their ¢ — { representations of (Ny, n)
consistent representations up to unitary equivalence

(b) Givena A € njj, we obtain a simple necessary and sufficient condition for the exis-
tence of a polarizing system (Mg, m, ®, Cp, ¢, A) with a consistent representation.
For every A € ng, consider the symmetric bilinear form

B,:npxn — R

defined by B, (X, Y) = A([X, Y]). In Sect. 6.4 we prove that such a polarizing sys-
tem with a consistent representation exists if and only if B, is nonnegative definite.
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(c) We obtain a concrete geometric parametrization of irreducible unitary representa-
tions of (Ng, n). Let

n = {1 € nj | B, is nonnegative definite }.

It is easily checked that nf is a union of coadjoint orbits. In Theorem 6.6.1 we
prove that the inducing construction outlined above yields the following bijective
correspondence:

Irreducible unitary representations of
{No-orbits in ng} <« (No, n) up to unitary equivalence
and parity change

(d) As asimple application of our results, we obtain a proof of an analytic formulation
of the Stone-von Neumann theorem for Heisenberg-Clifford super Lie groups (see
Sect. 5.2). We believe that this analytic formulation is new. We would like to mention
that in [Ro], the author studies a generalization of the Stone-von Neumann theorem
to the super case. Our approach has the advantage that it yields a concrete statement
based on a rigorous and more general notion of unitary representation for super Lie
groups, and avoids the assumption that the odd part have even dimension.

(e) A consequence of part (b) of Theorem 6.1.1 is a numerical invariant of irreducible
unitary representations of nilpotent super Lie groups. The value of the invariant is a
positive integer, and is equal to one if and only if up to parity change the represen-
tation is purely even, i.e., in its Zp-grading the odd summand is trivial.

In conclusion, this work is yet another justification for fruitfulness of the approach
pursued in [CCTV] to define and study unitary representations of super Lie groups
rigorously.

1.3. Organization of the paper. This paper is organized as follows. Section 2 is devoted
to recalling some basic definitions and facts about super Lie groups and their unitary
representations. In Sect. 3 we recall the notion of induction of unitary representations
from special sub super Lie groups which was introduced in [CCTV], and prove that
it can be done in stages (see Proposition 3.2.1). Section 4 is devoted to studying the
structure of nilpotent super Lie groups, proving a version of Kirillov’s Lemma, and clas-
sification of representations of super Lie groups of Clifford type. Section 5.1 contains
a technical but important result. In this section we prove that under certain conditions
a unitary representation is induced from a sub super Lie group of codimension one.
Although this result is analogous to one of Kirillov’s original results, there are several
delicate issues involving unbounded operators which need to be dealt with. Using the
main result of Sect. 5.1, in Sect. 5.2 we obtain a proof of an analytic formulation of the
Stone-von Neumann theorem for Heisenberg-Clifford super Lie groups. In Sect. 6.1 we
define polarizing systems, prove the surjectivity of the map from induced representations
to irreducible representations, and show that if two polarizing systems yield the same
representation then they correspond to the same coadjoint orbit. In Sect. 6.3 we prove
the existence of a special kind of polarizing Lie subalgebra of ng. This section is fairly
technical and contains several lemmas, but the main point is to prove Lemma 6.3.4. In
Sect. 6.4 we state and prove our main result on parametrization of representations by
coadjoint orbits (see Theorem 6.6.1).
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2. Preliminaries

2.1. Notation and basic definitions. Recall that a densely defined operator T on a
Hilbert space I is called symmetric if for every v, w € D(T) we have (Tv, w) =
(v, Tw), where D(T) denotes the domain of T.

By a Z,-graded Hilbert space we mean a Hilbert space H with an orthogonal decom-
position

H=Hyd H;.

A densely defined linear operator 7" on I is called even (respectively, odd) if its domain
D(T) is Z»-graded, i.e.,

D(T) = D(T)o ® D(T)1,

where for every i € {0, 1} we have D(T); = D(T) N H;, and for every v € D(T); we
have Tv € J(; (respectively, Tv € H;_;).

For basic definitions and facts about Lie superalgebras, we refer the reader to [DeMo]
and [Ka]. Unless explicitly stated otherwise, in this paper all Lie algebras and Lie su-
peralgebras are over R.

If g is a Lie superalgebra, its centre and universal enveloping algebra are denoted by
Z(g) and U(g). Similarly, the centre of a Lie group G is denoted by Z(G). If a Lie group
G acts on a vector space V, then the action of an element g € G on a vector v € V is
denoted by g - v.

Following [DeMo], our definition of a super Lie group is based on the notion of a
Harish-Chandra pair. One can define a super Lie group concretely as follows.

Definition 2.1.1. A super Lie group is a pair (Gg, g) with the following properties:

(@) g=g0D g1 is aLie superalgebra over R.

(b) Gy is a connected real Lie group with Lie algebra go which acts on g smoothly via
R-linear automorphisms.

(¢) The action of G on go is the adjoint action. The adjoint action of gy on g is the
differential of the action of G on g.

A super Lie group (Hy, h) is called a sub super Lie group of a super Lie group (G, g)
if Hy is a Lie subgroup of Go and h = ho @ b is a subalgebra” of g such that by is the
Lie subagebra of gg corresponding to Hy and the action of Hy on § is the restriction of
the action of G on g.

Let (Go, g) and (G}, g’) be arbitrary super Lie groups. A homomorphism

@ : (Go, 9 — (G, 9)

consists of a Lie group homomorphism from Gy to G|, and a homomorphism of Lie
superalgebras from g to g’ which are compatible with each other. We say @ is surjective
if both of these homomorphisms are surjective in the usual sense.

If (7, ) is a unitary representation of a Lie group G on a Hilbert space J{(, then the
subspace of smooth vectors of H for the action of G is denoted by H{*°. The infinitesimal
action of the Lie algebra of G on H is denoted by 7°.

The definition of unitary representations of super Lie groups, which is given below,
is originally introduced in [CCTV].

2 In this paper, instead of the term sub super Lie algebra of [DeMo] we use the abbreviation subalgebra.
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Definition 2.1.2. A unitary representation of (G, @) is a triple (w, p™, H) such that
H is a Zyp-graded Hilbert space endowed with a unitary representation w of G, and
o7 g1 = Endc (H®) is an R-linear map with the following properties.

(a) Forevery g € Go, m(g) is an even operator on H.
(b) Forevery X € g1, p™ (X) is an odd linear operator. Moreover, p™ (X) is symmetric,
i.e., for every v, w € H, we have

(P (X)v, w) = (v, p" (X)w).
(¢c) Forevery X,Y € g1 and v € H*, we have
PT(X)p™ (V) + p™ (¥)p" (X)v = —/—17>([X, Y Dv.
(d) Forevery g € Goand X € g1, we have
P (g X) =m(@)p" (X)m(g™h).

Remark. 1. One can combine p” and 7 *° to obtain a representation of g in H{°°, where

anelement X+ X € go® g1 acts by 7> (Xg) +e%ﬁp” (X1). Consequently, from
[CCTV, Prop. 1] it follows that for every X € go, Y € g1, and v € H*> we have

P" (X, YDv =72 (X)p" (Y)v — p" (V)™ (X)v.

2. From the closed graph theorem for Fréchet spaces, it follows that for every X € gj,
p™(X) is a continuous operator on .

Given two unitary representations (7, p™, H) and (7', p™ LR ) of (Gg, g), by an
intertwining operator from (7, o™, H) to (’, p™ /, H’) we mean an even bounded lin-
ear transformation 7 : H — H’ such that for every g € Gg and X € g; we have
Tr(g) = 7' (g)T and Tp™ (X) = p™ (X)T. (Note that if T7w(g) = 7'(g)T for every
g € Go, then TH™® C H'™®)

Two unitary representations (7, o™, H) and (7’, p”/, H') of (G, g) are said to be
unitarily equivalent if there exists an isometry T’ : H{ — H’ which is also an intertwining
operator. Note that it follows that TH® = FH'*.

From now on, to indicate that two unitary representations (7, o™, 3) and (’, p™ /, H")
are unitarily equivalent, we write

(1, p7, H) = (', p™ , H).

A unitary representation (ir, o™, H) of (Go, g) is called irreducible if JH does not
have any proper (G, g)-invariant closed Z,-graded subspaces. By [CCTV, Lemma 5],
arepresentation (7, p , H) is irreducible if and only if every intertwining operator from
(r, p™, H) to itself is scalar.

From every unitary representation (i, p”, J{) we can obtain a new unitary repre-
sentation (77, p™, [1J), where IT is the parity change operator. The operator I1 can be
considered as a special case of the tensor product, namely tensoring (7, o™, H) with
a trivial (0]1)-dimensional representation. The unitary representations (7, o, H) and
(r, p7, TIH) are said to be the same up to parity change. Note that they are not neces-
sarily unitarily equivalent.

From now on, to indicate that two unitary representations (7, o™, H) and (', p™ LH )
are identical up to unitary equivalence and parity change, we write

(7, p7, H) = (', p™ , H).
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2.2. Stability of unitary representations. A remarkable feature of unitary representa-
tions as defined in Definition 2.1.2 is their stability, i.e. that one can replace the space
H®° with a variety of dense and invariant subspaces. Stability is needed even for jus-
tifying that the restriction of a unitary representation of a super Lie group (Go, g) to a
sub super Lie group (Hp, h) is well defined, i.e., that the restriction determines a unique
unitary representation up to unitary equivalence. The result that justifies the latter state-
ment is [CCTV, Prop. 2]. For the reader’s convenience, and for future reference in this
article, we would like to record a slightly simplified formulation of the statement of this
proposition.

Proposition 2.2.1. [CCTV, Prop. 2]. Let (Gg, g) be a super Lie group and (t, H) be
a unitary representation of Go. Suppose B is a dense, Z,-graded, and G-invariant
subspace of H, and {p(X)}xegq, is a family of densely defined linear operators on H
with the following properties:

(a) B C H.

(b) IfX € g1, then B < D(p(X)).

(©) p(X) is symmetric for every X € gj.

(d) Forevery X € gy andi € {0, 1} we have p(X)B; € H_;.

() IfX,Y egranda,b € Rthen p(aX +bY) = ap(X) +bp(Y).
(f) 7(@pX)m(g™") =p(g-X)forall g € Goand X € g.

(g) Forevery X,Y € g1 we have p(X)B € D(p(Y)).

(h) Forevery X,Y € g1 and v € B we have

p(X)p(Y)v+p(Y)p(X)v = = —=172([X, Y]v.
Then the following statements hold:

(i) For every X € g1, the operator p(X) is essentially self adjoint, and the closure

p(X) of p(X) satisfies 7 < D(p(X)). -

(i1) Suppose that for every X € g1 and v € H*, we set p™ (X)v = p(X)v.
Then for every X € g| we have p™ (X) € Endc (H®®). Moreover, (i, p™, H) is a
unitary representation of (Go, g).

(iii) Let (7', ,0”/, H) be a unitary representation of (G, @) in the same Z,-graded Hil-
bert space H. Suppose that for every g € Gowe have 7’ (g) = w(g), and for every
X egiandveB we have p™ (X)v = p™ (X)v. Then (zt', p™ , H) ~ (, p™, H),
and the intertwining isometry T : H — H yielding this unitary equivalence is
the identity map.

We conclude this section with a simple but useful lemma about polarizing subalge-
bras. Let g be a Lie algebra and fix A € g*. Recall that a Lie subalgebra m of g is called
a polarizing subalgebra corresponding to A if m is a maximal isotropic subspace of g for
the skew-symmetric bilinear form w; : g x g — R defined by w; (X, Y) = A([X, Y]).

Lemma 2.2.1. Let g be a nilpotent Lie algebra, ) € g*, and m C g be a Lie subalgebra.
If » # 0 and m is a polarizing subalgebra of g corresponding to X, then there exists an
X € m such that A(X) # 0.

Proof. Suppose, on the contrary, that m C ker A. Then from A # 0 it follows thatg 2 m.
If

Ng(m) ={Y € g|[Y,m] Cm},



Unitary Representations of Nilpotent Super Lie Groups 195

then Ng(m) is a Lie subalgebra of g and Ng(m) 2 m. Choose an X € Ng(m) such
that X ¢ m and set m’ = m @ RX. It is easy to check that [m’, m’] € m and thus
A([m’, m']) = {0} which contradicts maximality of dimension of m. O

3. Special Induction

3.1. Realization of the induced representation. Let (Gg, g) be a super Lie group and
(Ho, b) be a sub super Lie group of (Go, go), i.e., Hy € Go and h C g. Asin [CCTV,
§3.2], we assume that (Hy, §) is special, i.e., that h; = g;. For every unitary represen-
tation (o, p?, K) of (Hp, b), the representation of (Gy, g) induced from (o, p?, K) is
defined in [CCTV, §3]. We recall the definition of special induction only in a case which
we need in this paper, i.e., when the Lie groups Go and Hy are unimodular. In this case,
to define the representation (i, p™, H) of (G, g) induced from (o, p?, K), one fixes a
Go-invariant measure i on Hy\Gg and defines H{ as the space of measurable functions
f : Go — XK such that

(a) Forany g € Go and h € Hy, we have f(hg) = o (h) f(g).
®) S, I1F @11 dp < 0.

The action of every g € Gg on every f € JH is the usual right regular representation,
ie.,

if g, 8" € Go then (7(g)f) (g") = f(g).
Recall that H{ is the space of smooth vectors of (7, H). It is well-known that
H>® € C*(Go, X),

where C*°(Gy, X) denotes the space of smooth functions f : Gy — X (see [Po,
Th. 5.1] or [CG, Th. A.1.4]). Moreover, one can check that for every f € H°, we have
f(Gp) € X=.

Let J{°°¢ be the space consisting of functions f : Gg — X such that

feHNC®Go, X)

and Supp(f) is compact modulo Hy. It is shown in [CCTV, Prop. 4] that H°¢ C FH°,
the subspace > is dense in H, and for every X € go we have 7% (X)H>¢ C Hc,
The action of g is initially defined on H®¢. For every X € g; and f € H°¢, one
defines

(P"(X)f) (&) =0 (g X) (f(g)). 3.1

From Proposition 2.2.1 it follows that the domain of the closure of p” (X) contains >,
and consequently the induced representation (77, p™, H) is well-defined. We will denote
the latter representation by

(Go,9)
Ind(Ho,b) (0, 07, X).
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3.2. Special induction in stages. A basic but important property of special induction
is that it can be done in stages. The proof of this property is not difficult, but it is not
mentioned in [CCTV] explicitly. For the reader’s convenience, we would like to sketch
it below.

Proposition 3.2.1. Suppose that (Go, g) is a super Lie group, (Ko, £) is a special sub
super Lie group of (Go, @), and (Ho, ) is a special sub super Lie group of (Hy, ).
Assume that G, Ko, and Hy are unimodular, and let (o, p°, X) be a unitary represen-
tation of (Hy, ). Then

(Go.9) ~ T (GO ® 7 (Ko, ®)
Ind ;0 (0, p7, K) 2= Ind gy Ind (0, 07, K. (3.2)

Proof. Set
Go, Ko, €
(r, 0", 30 =Tnd( 0" (0, 07, K) . (1, 0", L) = Ind (3" (0, p°, K),

and

Go,
(0" V) = Ind((2°8 (n. ", £).

Thus H, L, and 'V are function spaces introduced in Sect. 3.1 which realize the corre-
sponding induced representations. Let H°*:¢ be the subspace of H defined in Sect. 3.1.
We define £°°:¢ and V¢ similarly. The intertwining map

T:(@,H)—> (v,V)

is given in [Ma, §4]. We recall the definition of 7. Given a function f : Go — X such
that f € HC, the function Tf : Gy — L is obtained as follows. For every g € Gy
and k € K,

(Tf(g) (k) = f(kg).

One can normalize the involved measures such that for every f € H%, we have

T = 1£11
Fix an f € H°“and a V € g;. Since f is a smooth vector for 7 = Indf,go and T
is an interwining isometry, 7 f is a smooth vector for

V= Indgglndi(lga.
By Proposition 2.2.1, to prove Proposition 3.2.1 it suffices to show that
forevery f € H®and V € g1, Tp"(V)f = p"(V)TY. (3.3)

Since Supp(f) is compact modulo Hy, it follows readily that Supp(T f) is compact
modulo K, and for every g € G the support of

Tf(g): Ko —> K

is compact modulo Hy. From [CCTV, Prop. 4] it follows that 7 f € V°¢ and for every
g € Gowehave T f(g) € L°¢. By the definition of special induction given in Sect. 3.1,
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the action of p”(V) on Tf is given by (3.1). For the same reason, the action of p(V)
on Tf(g) is given by (3.1). Thus for every g € Gy, and k € Ky,

(0" TS) (9)) (k) = (p"(g - VI (TF(g))) (k)
= p% (kg - V) ((Tf(g) (k)) = p° (kg - V) (f (kg)).
To finish the proof of (3.3) note that
((To™ (V) f) () k) = (" (V) f) (kg)
=p%(kg- V) (f(kg) = ((p"(NTF) (8)) (k).

4. Reduced Forms and Super Lie Groups of Clifford Type

4.1. The reduced form of a super Lie group. Contrary to the case of locally compact
groups, super Lie groups do not necessarily have faithful representations. The next
lemma presents a simple but key example of elements of the Lie superalgebra which lie
in the kernel of every unitary representation.

Lemma 4.1.1. Let (G, g) be a super Lie group and (i, p” , H) be a unitary represen-
tation of (Go, @). If X1, ..., Xm € g1 satisfy

m
D [Xi, Xi1=0
i=1

then p” (X;) = 0 forevery 1 <i <m.

Proof. We have

b4 N2 oo X Y — 00 . 1) —
2K == En (IXi, Xil) = = =7 (Y [Xi, Xi]) = 0.

i=1 i=1

Since every p™ (X;) is symmetric, for every v € H> we have

D (" (X, p" (X)) = (v, > p"(X)?v) =0.
i=1

i=1

Therefore for every 1 < i < m we have (p” (X;)v, p” (X;)v) = 0, which implies that
pn (XpHv=0. O

The proof of the following proposition is easy by induction.

Proposition 4.1.1. Let (G, g) be a super Lie group. Let a'V be the ideal of g gener-
ated by all X € g1 such that [X, X] = 0. For every m > 1, let a"™ be the ideal of
g generated by elements X € gy such that [X, X] € a"™~ V. Then for every unitary
representation (, p™, H) of (Go, g), the Zs-graded ideal | J;_, a™ acts trivially on

H,ie, pP"(X)=0ifX e g1 N U, a", and 7°(X) = 0if X € go N U5, a™.
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Note that a € a® C ... and the set a[g] = Us, a™ is a Z,-graded ideal of g.
Therefore we have a[g] = a[g]o @ a[g];. Let Ag be the normal subgroup of G with Lie
algebra a[g]o. Then (Ao, a[g]) is a sub super Lie group of (Gy, g). Moreover, setting
Go = Go/Ap and g = g/a[g] we obtain a nilpotent super Lie group (Go, §).

From now on, the super Lie group (Go, ) will be called the reduced form of (G, g).
Obviously, the categories of unitary representations of (G, g) and (G, g) are equiva-
lent.

If (Go, g) is a super Lie group with the property that a[g] = {0}, then the super Lie
group (Go, g) and the Lie superalgebra g are called reduced.

4.2. Heisenberg-Clifford super Lie groups. In this section we introduce an important
example of nilpotent super Lie groups which will be used in the rest of this paper.

Let (tv, w) be a super symplectic vector space, i.e., a Z,-graded vector space to =
vy @ 1] endowed with a nondegenerate bilinear form

w:xw—>R

with the following properties:

(@) w(wg, w1) = w(roy, wo) = {0}
(b) Restriction of w to tvg is a symplectic form.
(c) Restriction of w to tvy is a symmetric form.

Consider the Z;-graded vector space
n=mwoR,

where ng = 19 @ R and n; = ro;. We define a (super)bracket on n as follows. For every
P,Q ewanda,b € R, we set

[(P,a),(Q.b)] = (0, o(P, Q).

One can easily check that with this bracket n becomes a Lie superalgebra. The latter Lie
superalgebra is called a Heisenberg-Clifford Lie superalgebra. If Ny denotes the simply
connected nilpotent Lie group with Lie algebra ng, then the super Lie group (No, n) is
called a Heisenberg-Clifford super Lie group.

It may sometimes be more convenient to work with an explicit basis of the Heisenberg-
Clifford Lie superalgebra. One can always find a basis

{(Z, X1,.... Xm, Y1, ..., Y, Vi, ..., V) 4.1)

of n such that

(a) ng = Spang{Z, X1,..., Xn., Y1,..., Y} and ny = Spang{Vy, ..., V,,}.
(b) Forevery 1 <i <m we have [X;, Y;] = Z.
(c) Forevery 1 < j <n we have

[Vj, Vj] =CjZ, (4.2)

where ¢; € {1, —1}.
(d) Z e Zm).
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4.3. Nilpotent supergroups. Recall that a Lie superalgebra g is called nilpotent if g
appears in its own upper central series. (Equivalently, g is called nilpotent if its lower
central series has only finitely many nonzero terms.)

In this paper, a super Lie group (Np, n) is called nilpotent if it has the following
properties:

(a) nis anilpotent Lie superalgebra.
(b) Ny is a connected, simply connected, nilpotent Lie group.

It follows that the exponentional map exp : ngp — Ny is an analytic diffeomorphism
which results in a bijective correspondence between Lie subgroups and Lie subalgebras.

4.4. Structure of reduced forms. Our next task is to state and prove a generalization of
Kirillov’s lemma [CG, Lem. 1.1.12]. The proof of this generalization is a slight modifi-
cation of that of the original result. Recall that Z(n) denotes the centre of n.

Definition 4.4.1. A nilpotent Lie superalgebra n is said to be of Clifford type if one of

the following properties hold:

(a) n={0}.

(b) nisa Heisenberg-Clifford Lie superalgebra such that dim ng = 1 and the restriction
of w to ny is positive definite.

In other words, n is of Clifford type if either n = {0} or n satisfies both of the following
properties:

(a) dimng =1 and Z(n) = ny.

(b) There exists a basis

{(Z,Vi,....Vi} 4.3)

of n such that Z € Z(ng), Vi,...,V; € ny,and forevery 1 <i < j <[ we have

[Vi,Vil=46i;Z.
A nilpotent super Lie group (Np, n) is said to be of Clifford type whenever n is of
Clifford type.

Note that the zero-dimensional Lie superalgebra and the (unique) Lie superalgebra

n which satisfies dimn = dimng = 1 are also considered to be of Clifford type. Up
to parity change, irreducible unitary representations of their corresponding super Lie
groups are one-dimensional and purely even. Up to parity change, trivial representation
is the only such representation of the first case. For the second case, these representations
are unitary characters of the even part.

Proposition 4.4.1. Letn be a reduced nilpotent Lie superalgebra which satisfies dimn >
1 and dim Z(n) = 1. Then exactly one of the following two statements is true:

(a) There exist three nonzero elements X, Y, Z € ng such that
n=RX®RY ®RZ @ v,

where to = oo @ 101 is a Zo-graded subspace of v, [X, Y] = Z, and Z € Z(n).
Moreover, the vector space

W=RY®RZDw

is a subalgebra of n, and Y € Z(n).
(b) nis a Lie superalgebra of Clifford type.
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Proof. Obviously Z(n) C ng, since if X # 0 and X € n; N Z(n), then [X, X] =0
which contradicts the assumption that n is reduced.
Fix an arbitrary nonzero Z € Z(n). Since n is nilpotent, we have

Z(n/Z(n)) # {0}.

Let Z'(n) denote the Z,-graded ideal of n which corresponds to Z(n/Z(n)) via the
quotient map q : n — n/Z(n). Obviously Z'(n) D Z(n).

First assume that Z!(n) N ng Q Z(n). We show that statement (a) of the proposition
holds. Choose an arbitrary Y € Z1(n) N ng such that ¥ ¢ Z(n), and consider the map
ady : n— Z(n). Since Y € ng and Y ¢ Z(n), there exists an element X € ng such that
[X, Y] # 0. After an appropriate rescaling, we can assume that [X, Y] = Z. We can
now take 1o to be a Z,-graded complement of RY & RZ in n’, where

W={Ven|[V,Y]=0

Next assume that Z! (n) Nng € Z(n). We use induction on dim n to show that n is of
Clifford type. Choose an arbitrary nonzero Vi € Z!(n) Nny. Since n is reduced, after an
appropriate rescaling we can assume that [V, Vi] = £Z. If dim n = 2, then the proof
is complete. Next assume dim n > 2. Set

n’ = ker(ady,).

Obviously n’ is a subalgebra of n and n = n’ @ RV as vector spaces. It is easy to see
that n’ is reduced, Z@) = Z(w), and Z' W) = Z'(n) N n'. Therefore dim Z(n') = 1
and Z'(n) N nO C Z(n'). By induction hypothesis there exists a basis {Z', V», ..., V}}
for n’ such that Z’ € Z(n'), V; € n| for every [ > 1, and [V}, V;] = 8,jZ’ for
every | < i < j < L. After rescaling V| appropriately, we have [V}, V|] = +Z'.
If [V1, V1] = Z/, then the proof is complete. If [V}, V] = —Z’, then it follows that
[Vi + Va, Vi + V»] = 0, contradicting the assumption that n is reduced. O

4.5. Representations of super Lie groups of Clifford type. Throughout this section,
we assume that (Cp, ¢) is a super Lie group of Clifford type such that ¢ # {0}. Let
{Z, Vi,..., V;} be the basis of ¢ given in (4.3), and (77, o, H) be an irreducible unitary
representation of (Cy, ¢). By [CCTV, Lem. 5], the action of p” (Z) is via multiplication
by a scalar. It follows that H*° = X, i.e., for every 1 <i <[ we have

D(p™ (V;)) = 3. (4.4)
Fix 1 <i <. Since p” (V;) is symmetric, it is closable [Co, p. 316]. Thus (4.4) implies
that p™ (V;) is a closed operator. Consequently, by the closed graph theorem, p™ (V;) is
a bounded, self adjoint operator.

Since p™ (V1) is a self adjoint operator and 7°°(Z) = 2+/—1p" (V} )2, it follows that
for every v € JH{ we have

7%(Z)v = av/—1v,

where a > 0.
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If a = 0, then for every V € ¢ the symmetric operator p” (V) satisfies ,o”(V)2 =0,
and it follows immediately that p™ (V) = 0. Therefore (77, p”, H) is a trivial represen-
tation.

Next suppose a > 0. Let (Z — a) denote the two-sided ideal of U(c) generated by
Z —a. Wecan set p(V) = p”™ (V) for every V € ¢y, and then extend p to a homomor-
phism

p:U()/{Z —a) — Endc(H)

of associative (super)algebras. In this fashion, from a representation of (Cp, ¢) we obtain
a representation of U(c)/(Z — a) on a complex Z;-graded vector space.
Fix a nonzero vector v € Hyp and consider the subspace W < J defined by

W = Spanc{p(W)v | W e U(c)}.

Since U(c¢) is finite dimensional, W is finite dimensional as well, and hence it is a
closed subspace of JH. It is easily seen that W is a Z;-graded, c-invariant (and hence
(Co, ¢)-invariant) subspace of . Since (7, p™, H) isirreducible, it follows that W = J.
Therefore we have proved that every irreducible unitary representation of (Co, ¢) is finite
dimensional.

Next observe that U(c)/(Z — a) is isomorphic (as a Z-graded algebra) to a complex
Clifford algebra. It is a well-known result in the theory of Clifford modules that up to
parity change, a complex Clifford algebra has a unique nontrivial finite dimensional irre-
ducible Z,-graded representation. (See [LaMi, Chap. 5] or [CCTV, Lem. 11].) If dim ¢,
is odd, then the choice of Z;-grading does not matter, whereas if this dimension is even,
then parity change yields two non-isomorphic modules. Conversely, fixing an a > 0
and an irreducible Z;-graded module X for the complex Clifford algebra U(c)/(Z — a),
one can obtain an irreducible unitaury3 representation (o, p%*, X,,) of (Co, ¢), where
X, = K as avector space and i : ¢g — Ris an R-linear functional such that u(Z) = a
and

forevery W € coand v € Xy, o7 (W)v = pw(W)v/—1v. 4.5)

Note that the condition a > 0 implies that w([V, V]) > 0 for every V € c;.
In conclusion, if (o9, p?, o) denotes the (1]0)-dimensional trivial representation
of (Cp, ¢), then we have proved the following statement.*

Proposition 4.5.1. Let (Co, ¢) be a super Lie group of Clifford type. Suppose that
(r, p™, H) is an irreducible unitary representation of (Cy, ¢). Then there exists a unique
R-linear functional u : ¢co — R satisfying w([V, V1) > 0 for every V € ¢y such that

(77:’ 107[5 g{) ~ (Uua po-ua jc[l.)
The representation (7, p™, H) is trivial if and only if u = 0.

3 Unitarity of this module follows from standard constructions of Clifford modules. See [LaMi] or [CCTV,
Sect. 4.2].

4 Strictly speaking, there is ambiguity in the choice of (o, p7#, XK,) up to parity change. However, for
our purposes the choice of Z;-grading does not really matter, since special induction commutes with parity
change.

0’/1
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5. Realization as Induced Representations

5.1. Codimension-one induction. Throughout this section (Np, n) will be a reduced
nilpotent super Lie group such that dimn > 1 and dimZ(n) = 1. We assume that
(No, n) is not of Clifford type. Hence part (a) of Proposition 4.4.1 holds for n. Let
n =n, ®&nf, X,Y,and Z be as in part (a) of Proposition 4.4.1. Let (N, n’) be the sub
super Lie group of (Ny, n) corresponding to n’.

Let (7, o™, H) be an irreducible unitary representation of (N, n). By [CCTV, Lem.
5], there exists a real number b € R such that for every r € R and v € H, we have

m(exp(tZ))v = etbﬁv.
The main goal of this section is to prove the following.

Proposition 5.1.1. Suppose that the restriction of T to Z(n) is nontrivial, i.e., b % 0.
Then there exists an irreducible unitary representation (o, p° , K) of (NO’, n') such that

~ (No,m) o
T Ind(N(,)’n,)(o, 0%, XK).

The rest of this section is devoted to the proof of Proposition 5.1.1. The proof is inspired
by that of [CG, Prop. 2.3.4], but there are several crucial technical points that our proof
deviates from the argument given in [CG].

Set h = Spanp{X, Y, Z}. Clearly, b is a Heisenberg Lie subalgebra of ng, corre-
sponding to a Heisenberg Lie subgroup H of Nj.

Fix an i € {0, 1}. The space J{; is an Nyp-invariant subspace of J{, and we will
denote this representation of Ny by (7r;, J(;). Let G-C;?O be the space of smooth vectors of
(i, 3).

From the proof of [CG, Prop. 2.3.4] it follows that ; ~ Indea,-, where o; is a
unitary representation of Nj. For the reader’s convenience, we give an outline of the
argument. By the Stone-von Neumann theorem in the form stated in [CG, 2.2.9], there
exist a Hilbert space K; and a linear isometry

S+ H; — L*(R, X)) (5.1

such that S; intertwines the action of H, where the action of H on L?(R, ;) is given
as follows : forevery s,z € Rand f € LZ(R, X,

(i (exp(tX)) f) (s) = f(s +1),
(i (exp(tY)) f) (s) = V=T £ (s),
(i (exp(t2)) f) (5) = ™1 f(s).

Lemma 2.3.2 of [CG] is still valid, and Lemma 2.3.1 of [CG] implies that for every
g € Ny, there exists a family {7 ;},er of unitary operators from X; to X; such that for
every f € H{°, g € N),andt € R, we have

(i (@) f) (1) = Ty 1 (f(1)).

The rest of the argument, i.e., showing that the choice of

0i(8) = Ty.0 (5:2)
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defines a unitary representation of N on X;, and that 7r; ~ Ind%‘? o;, follows the proof
0
of [CG, Prop. 2.3.4] mutatis mutandis.
Since m; >~ Indx‘)al-, the Hilbert space H; can be realized as a space of functions

from Ny to K; (see Sect. 3.1). If we pick this realization of J{;, then the isometry S; of
(5.1) is given by a simple formula which we now describe. Let

Lo = {exp(tX) | t € R} (5.3)

be the one-parameter subgroup of Ny corresponding to X. Then after normalizing the
inner products, the map

St Hi — L (R, Ki) (5.4)
is given by
Si f(t) = f(exp(tX)).

Let %?o’c denote the subspace of J({ consisting of functions with compact support
modulo Njj. Let C™ (R, X;) and CI (R, K;) be the subspaces of L?(R, K;) defined by

CT(R,%K;) =8 H* and CI(R,K;) = S; H .
Let X = Ko @ K be the orthogonal direct sum of K¢ and X and the isometry
S H®C > LY(R, X)
be defined as S = Sy @ S1. We also set
CI(R,X)=SH* and C™(R,K) = SH*™.

As usual, let C*°(R) denote the space of complex valued smooth functions on R, and
CZ°(R) denote the subspace of C*°(IR) consisting of functions with compact support.

Lemma 5.1.1. Assume the above notation.

@) If¢p € C°[R)and f € CT (R, K;) then ¢ f € CF (R, K).
(b) If¢ € CX(R) and f € C™ (R, K;) then ¢ f € CF (R, K;).

Proof. Let L( be defined as in (5.3). Every element n € Ny can be written uniquely
as a product n = n’ - [ of an element n’ € N, and an element [ € Lg. Consider the
function ¢ : Ny — C defined by ¥ (n) = ¢(I). It is easily seen that v is smooth. To
prove part (a) it suffices to show that if h € F77°, then ¥ h € H:™, and the latter
inclusion follows from the description of smooth vectors for induced representations in
[Po, Th. 5.1] or [CG, Th. A.1.4]. The proof of part (b) is similar. O

Lemma 5.1.2. Let V e ni. If ¢ € C°(R) and f € C* (R, X) then

P (V)(pf) = ¢pp™ (V) f.
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Proof. Let My, : L*(R, X) — L*(R, X) be the operator of multiplication by g, i.e.,
forevery h € L*(R,K) andt € R, (M, h) (t) = xa(t)h(z),
where x,(t) = eV, By Lemma 5.1.1, for every i € {0, 1} we have
My, (CHH(R, X)) € CT(R, K).

From [Y, V] = 0 it follows that for every a € R,

P (VIMy, = My, p" (V). (5.5)
Choose a sequence {¢,};° , of elements of Spanc{ x, | a € R} such that
lim ¢, f =¢f and lim ¢,0" (V) f = ¢p" (V) f, (5.6)
n— o0 n—oQ

where the convergences are in L>(R, K). The sequence {¢,, }o2 ; can be found as follows.
By the Stone-Weierstrass theorem, for every positive integer n one can choose a function

¢n € Spang{ xu |a € R}

which is periodic with period 2n, and

1
max {[¢(1) —Pn(1)|} = —.
—n=<t<n n

Since elements of C” (R, XK) are smooth vectors for the action of the Heisenberg group
H, they are Schwartz functions from R to K. Suppose r is large enough such that

Supp(¢) C {x e R| —n <x <n}.

Now we have

(¢ — du) FII? 5/ ||(¢n(t)—<1>(t))f(t)||2dt+/| (@ (1) — ¢ (1)) f(1)]|*dt
t|>n

1 1 2
< — x 2n x max{|| £ ()|} + (— +max{|¢(r)|}) / 1 ()] [%dt.
n [t|<n n teR [t|>n

Since f € C™ (R, X), when n grows to infinity the last line above converges to zero.
Since p™ (V) f € CT (R, X), the same reasoning applies to p” (V) f instead of f as
well.

Since ¢, € Spanc{ x, |a € R}, it follows from (5.5) that

" Vnf = dnp™ (V) f.

The operator p™ (V) is symmetric, hence it is closable (see [Co, p. 316]). In particular,
from (5.6) and the fact that ¢ f € D(p™ (V)) it follows that

" (V)@ f)=¢p" (V).
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Consider the map W : Ny x R — N defined as
W', s) =n'-exp(sX). (5.7)

The map W is bijective and the Campbell-Baker-Hausdorff formula implies that it is
smooth. Moreover, for every x = (', 5) € Né x R, if by means of the left action of Ny
we identify the tangent spaces at x and W (x) with nj; @ R and np, then the derivative

DU (x) :ng @R — ng
of W at x is given by the following formula:
For every (Q,1) e ng ® R, DW(x)(Q, 1) = (exp(—sX) - O, 1).

Note that exp(—sX) - Q € n{) because N(’) is a normal subgroup of Ny (see [CG,
Lem. 1.1.8]).

From the formula for DW it follows immediately that DW (x) is invertible at every
x € N/ x R. Hence the inverse mapping theorem implies that W~ is smooth. Conse-
quently, a function f : No — X; is smooth if and only if f o W : Ny x R — X is
smooth.

Lemma 5.1.3. Let f : R — K; be a smooth function such that f(0) = 0. Set

0 #o0,
g(t) =
f'(0) otherwise.

£+ 0)

Then g is a smooth function as well, and g™ (0) = vy

Proof. Fort # 0, the lemma is trivial. We prove the lemma for + = 0 by induction on 7,

. . (n+1) . .

in each step proving that g (0) = %. For n = 0 the latter statement is obvious.
We will assume that the statement is true for some n, and prove it for n + 1. If r # 0,
then

n

g0 =" () Ve —ou et O,

k=0

Therefore
n n - k@ tn+1f(n+1)(0)
(7)o ta—prt P ) - ———
k

g —gmo) . \im n+l
hm _— = hm
1—0 t (=0 tn+2

which is a limit of the form

hy (1)
im ,
t—0 hy(1)

where i1 and A, are continuously differentiable functions and %41(0) = h>(0) = 0. It
follows that the above limit is equal to

(1)
m —
1—0 h5 (1)
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in case the latter limit exists. But we have

n k
0 =0 Y@

k=0

—1
(n'Z< DO )) " 0 0)

k=1
— tnf(n+l)(t) _ tnf(n+1)(0),

while 15 (1) = (n + 2)t"*!. In conclusion, we have

h/l @) i (tnf(n+1)(t) _ tnf(n+1)(0)) B f(n+2) 0)

lim —— =1 =
=0 k(1) 10 (n +2)t"+1 n+2
(n+2)
which implies that g*D (0) = %

Lemma 5.1.4. Let g be a positive integer and f : R? x R — XK; be a smooth function
such that for every x € R, we have f(x,0) = 0. Define

f(xJ) l:f[ 7& 0,
gx, 1) = )
f 7 (x, 0) otherwise.

Then g(x,t) is smooth, and indeed

n+]f
0)
g 31‘”“ (x,
—(x,0) = . 5.8
ar" (x. 0) n+1 (5-8)

Proof. That g(x, t) is smooth when ¢ # 0 is trivial. From Lemma 5.1.3 it follows that
for every integer n > 0 and every x € RY, ?Tf(x, 0) exists and equality (5.8) holds.

Every differential operator in x, ..., X4, f is a linear combination of operators D of
the form

AxM 9rb1 gx ™2 9rb2 ax% atbe’
i1 in ix

where i1, ..., iy € {1, ...,q}and ay, ..., ai, b1, ..., by € {0, 1}. (For example, if k = 3,
ap =a3=1,ay =0,by =by =1,b3 =0,i1 =3,i3 =2,and | <ip < g then
D= E%% ) In order to complete the proof of the lemma, it suffices to show that
for every such D and every x € RY, the partial derivative Dg(x, 0) exists.

Forevery 1 <i < g andn > 0 we have

) s, %(};’){1)@,;) ift #0,
A X, 1) = n+
dx; or" ﬁ ((’?tn_jl g—i) (x,0) otherwise.

Thus for every (x, t) € R? x R the partial derivative d d - (x t) exists and if we set

Bxl (x 1)

ifr #20,

~

g1(x, 1) =

O

31 a—f (x,0) otherwise,
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then we have

d d"g 3" g1
, 1) = ,1).
ox; o D = G D

Note that Lemma 5.1.3 implies that 8; 5,1 (x, t) exists for every n > 0.

By repeating the above argument one can show that Dg(x, ) exists and is equal to

ah1+~-bk
Wgz(x’ 1),

where

~|—

au|+-~~+ak i O
a_dlq_d) o _di , t )
8xia|18xia22-~-8x5ff(x ) it #

8a1+---+ak

g(x, 1) =

|

_— x,0) otherwise.
t E)xl.all E))cl.az2 e axfjf f )0

Q|

The existence of %gz (x, t) follows from Lemma 5.1.3. O

Lemma 5.1.5. Let f € C/' (R, X;) satisfy f(0) = 0. Then there exists a function
g€ CIF (R, K;) such that for everyt € R we have f(t) = tg(t).

Proof. Let f = S; h where S; is the operator defined in (5.4) and h € %?O’c. Seth; =
hoW,where W : Ny x R — Ny is the map defined in (5.7). For every (n’, 1) € Ny x R
we have

hi(n', 1) = thy(n', 1),
where /15 : Ny x R — K is defined as follows.
hy(n',t) .
hZ(n/,t) = 3h1t , ifs #0’
S50, 0) otherwise.

Lemma 5.1.4 implies that /5 is smooth. From the description of smooth vectors for
induced representations given in [Po, Th. 5.1] or [CG, Th. A.1.4] it follows that the
function #3 = hy o W~ ! belongs to ﬂ{fo’c. To complete the proof, we set g = S; hz. O

Lemma 5.1.6. Let V € ny. Suppose that f € C.' (R, K;) satisfies f(0) = 0. Then
(P™(V)f) (0) =0,

Proof. By Lemma 5.1.5 we have f(t) = ¢ g(¢), where g € CF (R, K;). Since g has
compact support, it is not hard to see that there exists a function ¢ € C2°(R) such that
Y (t) = 1fort € Supp(g) U{0}. It follows that f = ¥ f.Set 1 () =t ¥ (¢). By Lemma
5.1.2 we have

Tf=Tyf=TW1g) =y1Tg,
hence (T f)(0) = ¥1(0) ((T'g)(0)) = 0, which completes the proof. O
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Remark. 1. Let V € n; and suppose that f € CF (R, K;) satisfies f(t,) = 0 for some
t, € R. Then (7; (exp(t, X)) f) (0) = 0, hence by Lemma 5.1.6,

(p™ (V) f) (1) = (mi (exp(1oX))p™ (V) f) (0)
= (0™ (exp(tcX) - V) mi(exp(ts X)) f) (0) = 0. (5.9)
2. An immediate consequence of (5.9) is that p™ (V)CT (R, K) € CT (R, X).
For every V € n; we define a family of linear operators
Ty, : X @K — K° @K

as follows. For every i € {0, 1}, 1, € R, and v € X{°, choose an f € CH (R, X;) such
that f(t,) = v. For instance, one can fix ¢ € CZ°(R) such that ¢(f9) = 1, and take
f=Si(hoW¥™") where h : Nj x R — X is given by

h(n',t) = p(t)o; (n)v.
Now set
Ty.v = (p" (V) )(@).

Lemma 5.1.6 and the remark after this lemma imply that the operators Ty ; are well
defined. Since p” (V) is odd, it follows that the Ty ;’s are odd operators.

We now set 0 = oy ® o1, and for any W € nj define p® (W) : X® — K by
p® (W)v = Tw ov. Our next task is to verify that the triple (o, p?, K) satisfies the
conditions of Definition 2.1.2. Linearity of p° and condition (a) of Definition 2.1.2
are obvious. Next we prove that for every W € n; the operator p% (W) is symmetric.
Suppose, on the contrary, that p® (W) is not symmetric, and let v, w € K such that

(P (W), w) # (v, p° (Ww).
Choose ¢ € C°(R) such that ¢ (0) = 1, and consider two functions
fos fw i Ng xR —> K
defined by
fo',1) = p)o(n)v and  fi,(n', 1) = p()o (n)w.

The functions f, o W~! and f,, o ¥~! belong to H>. Let gy, gw € CT (R, X) be
defined by

go="5(fo¥ ) and gy =S(fuo¥ ).
It is readily seen that

(pn(W)gv) () = Texpex)-w,0 (gu(1)).

If {W, Wy, ..., W,.} is a basis containing W for ny, then

exp(tX) - W =y (OW + D yi(HWi, (5.10)

i=1
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where for every 0 < i < r the function y;(¢) : R — R is smooth. Moreover,

lim y9(f) = 1 and forevery 1 <i <r, lim y;(¢) = 0.
t—0 t—0

Now
(P”(W)gv) () = Texprx)-w,0(gv(?))
= () Tw.0(gu (1)) + D vi (1) Tw; 0(gu(1))
i=1
=0(1) (J/o(t)Tw,ov +> v (r)Tw,.,ov).
i=l1
But
th_% (J/o(t)Tw,ov + ; Yi (t)Twi,ov) = Twov = p° (W)v (5.11)
and
(D7 (W)gor gu) = / (0™ (W)ga) (1), gu (1) ) di

=/ w(t)z((yo(t)Tw,ov+Zyi(t)Tw,~,ov),w)dt. (5.12)

i=1

Similarly we have

.
lim (m(r)TW,ow +> v (t)TW,.,ow) = Tw.ow = p° (W)w (5.13)
i=1

and

(8vs T (W)guw) =/ (gu(0), (0" W)gw) (1)) dt

= / P (v, (Vo(l)TW,ow +> v (t)TW,-,ow) )dt. (5.14)
- i=1

From (5.11), (5.12), (5.13) and (5.14) it follows that if Supp(¢) is small enough, then

(pn(W)gva gw) # (8vs pn(W)gw>’

which contradicts the fact that p™ (W) is symmetric.
Condition (c) of Definition 2.1.2 can be verified as follows. Let V, W € g; and
v € K. Choose an f € CT (R, X) such that f(0) = v. We have
(07 (V)p” (W)+p” (V)p” (W) v = (o™ (V) (07 (W) f)) O+ (p™ (V) (p™ (W) f)) (0)
= V=1 (x®(V, WD f) (0).



210 H. Salmasian

Since [V, W] € ny, from (5.2) it follows that
(JTOO([V, W])) fO) =a>([V, W] (f(0) =o>(V, WD

which completes the proof of condition (c).
Finally, we prove condition (d) of Definition2.1.2. LetV e ny, g € N(’), andw € K.
Let f € CT (R, X) be such that f(0) = w. Using (5.2) we have

P78 VIw = (p"(g V) f) (0)

(70" (V7@ f) ©

@ ((r" ™)) ©)
@ (/") ((re™)r) ©))
@ (07 (o™ (F D))

=0(g)p° (V)o(g Hw.

To finish the proof of Proposition 5.1.1, note that the unitary representations (i, p”,
H) and

(No,m) o
Ind(N(/),ﬂ/) (05 ,O ’ jc)

are identical on JH°>¢. This follows from the fact that for every V € ny, ¢ € R, and

f e CI(R,X) we have

(P" (V) [)(@) = p° (exp(tX) - V) (f(1)).

Consequently, Proposition 2.2.1 implies that these representations are unitarily equiv-
alent. Since (7, p™, H) is assumed to be irreducible, it follows that (o, p?, K) is irre-
ducible as well.

5.2. Stone-von Neumann theorem for Heisenberg-Clifford supergroups. In this sec-
tion we show how to use Proposition 5.1.1 to prove a generalization of the Stone-von
Neumann theorem for Heisenberg-Clifford super Lie groups.

Let (No, n) be a Heisenberg-Clifford super Lie group (see Sect. 4.2). For every
P, O € ny, the value of the bracket [ P, QO] lies in nyp = R, and hence can be thought of
as a real number. Consider the symmetric bilinear form

B:nyxn - R

defined by B(P, Q) =[P, Q].
Let (i, p™, H) be an irreducible unitary representation of (Np, n). By [CCTV,
Lem. 5] the action of Z(Np) is via multiplication by a unitary character

x : Z(Ng) — C*.

When B is a definite form, we say that the character x agrees with B if there exists a
positive real number ¢ such that for every P € ny,

X(IP. P) = eBPPV=T
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If x is the trivial character, then it is easily seen that the sub super Lie group
(Z(No), [n1, n1] @ ny) of (Np, n) belongs to the kernel of (7, p”, ). Consequently,
(7, p7, H) yields an irreducible representation of the abelian Lie group No/Z(Np). It
follows that (7, p”, H) is a one-dimensional representation obtained from a unitary
character of Ny/Z(Np).

If x is not trivial, then we have the following result.

Theorem 5.2.1. Suppose that the unitary character x : Z(Ng) — C* is nontrivial.

(a) If B is an indefinite form, then there are no irreducible unitary representations of
(No, n) with central character .

(b) Suppose that B is a definite form. If x agrees with B, then up to unitary equiva-
lence and parity change there exists a unique irreducible unitary representation of
(No, n) with central character x. If x does not agree with B, then such a unitary
representation does not exist.

Proof. Part (a) follows from the fact that a[n] = [ny, n;] & n;. Part (b) is proved by
induction on the dimension of Ny as follows. Let

{Z:X17X27-'-»XmsYl,u«me,Vl,u«yVn}

be the basis of n given in (4.1), and (77, p™, H) be an irreducible unitary representation
of (Ny, n) with central character y. By Proposition 5.1.1 we have

No,
(. p7, 30 = Ind (D (0, 7. ).

where
n' = Spang{Z, X2, ..., Xm, Y1, oo, Yin, Vi, .., Vi)

Moreover, from the proof of Proposition 5.1.1 it follows that 0°°(Y;) = 0. Therefore
(o, p?, K) factors through a representation of a Heisenberg-Clifford super Lie group
(Ny,n"), where n” = n/v and v = Spang{Y1}. Since dim N < dim N, the proof is
completed by induction on dim Ny. Details are left to the reader. O

Remark. Suppose that x is nontrivial, B is definite, and y agrees with B. Then part (b)
of Theorem 5.2.1 can be refined slightly as follows. When dim n is even, there exist two
irreducible unitary representations which are not unitarily equivalent. However, when
dim n; is odd, we obtain a unique such representation up to unitary equivalence. Indeed
the restriction to (Z(Ny), [n1, n1] @ n) of such a representation is a countable direct
sum of modules for a complex Clifford algebra, and when dim n; is even there are two
nonisomorphic such modules [LaMi, Chap. 5]. The details are left to the reader.

6. Polarizing Systems and Main Theorems

6.1. Polarizing systems. Throughout this section (Ng, n) is a (not necessarily reduced)
nilpotent super Lie group.

Definition 6.1.1. A polarizing system of (Ng, n) is a 6-tuple (Mo, m, ®, Cy, ¢, A) where
(a) (Mo, m) is a special sub super Lie group of (Ng, n).
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(b) X :ng — Ris an R-linear functional and my is a polarizing subalgebra of ng
corresponding to A.

(¢) (Co, ) is a super Lie group of Clifford type and ® is a surjective homomorphism

o : (Mpy, m) — (Co, ¢).

(d) mgNker ® =mgNKkerA.

Let (Mg, m, @, Co, ¢, A) be a polarizing system of (No, n) and (o, 07, X,,) be the irre-

ducible unitary representation of (Co, ¢) associated to a linear functional © : ¢ — R

(see Sect. 4.5). One can compose (o, p°*, K,) with the map

. (Mp, m) — (Co, ¢)

and obtain an irreducible unitary representation (o, o @, po1e?® X of (Mp, m). The
representation (o, p°, K,,) is said to be consistent with the polarizing system if

forevery W € mg, A(W) = o ®&(W). 6.1)

We will see below that consistent representations play a special role in the classification
of irreducible unitary representations.

Theorem 6.1.1. Let (7, p”, H) be an irreducible unitary representation of a nilpotent
super Lie group (Np, n).

(a) There exists a polarizing system (Mg, m, ®, Co, ¢, 1) and an irreducible unitary
representation (o, p°*, X,) of (Co, ¢) which is consistent with

(Mg, m, @, Co, ¢, A)
such that
(m. p™. 30 = Ind(2") (0, 0 @, 7%, K). 6.2)
(b) Suppose that (My, w', &', Cy, ¢, }') is another polarizing system and
(o, P, :K://,’)
is a representation of (C, <) consistent with (My, w', &', Cy, ¢, 1) such that

(, p7, H) = IndEAN/[(z,)”z,)(aM/ o ®d, p%/ocb’ K.

Then there exists an n € Ny such that
A =Ad*(n)(L).

Moreover, the super Lie groups (Cy, ¢) and (C(’), ¢') are isomorphic.
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Proof. Part (a) is proved by induction on dim n. There are three cases to consider:

Case I. (Ny, n) is not reduced. In this case (7, p”, H) factors through the reduced form
(N, n) of (Ng, n), and dimn < dimn. Let us denote this representation of (N, 0, 1) by
(7, p™, H). By induction hypothesis, there exists a polarizing system (Mo, m, @, Co,
¢, A) of (Ng, ) and a representation (o, p*, X,,) of (Co, ¢) which is consistent with

(Mg, m, @, Co, €, 1) such that
(T[ p j—c) — Ind(NO ,n) (O';L q> ,OGH“Od) UCM)

Letq: (No,n) — (N, 1) be the quotient map and set
(Mo, m, ®, Co. ¢, 2) = (@' (Mo),q~' (@), ®oq, Co. T, A0Qq).

It is easily checked that (M, m, ®, Cp, ¢, A) is a polarizing system of (Ny, n), and
(o, p%, K,,) is consistent with (Mg, m, ®, Co, c, A).

Case II. (Ny, n) is reduced and dim Z(n) > 1. Since the action of Z(n) is via scalar
multiplication [CCTV, Lem. 5], it is easily seen that (7, p™, H) factors through a repre-
sentation of a quotient (N, n') of (Np, ), where the kernel of the quotient corresponds
to a subalgebra of codimension one in Z(n). Again dimn’ < dimn, and an argument
similar to Case I above applies.

Case III. (Ny, n) is reduced and dim Z(n) = 1. In this case one of the statements of
Proposition 4.4.1 must hold. If statement (b) of Proposition 4.4.1 holds, then by Propo-
sition 4.5.1 there is nothing left to prove. Next suppose that statement (a) of Proposition
4.4.1 holds. If the restriction of 7 to Z(n) is trivial, then an argument similar to Case II
above applies. If the restriction of 7 to Z(n) is not trivial, then from Proposition 5.1.1
it follows that there exists an irreducible unitary representation (o, p%, X) of (N}, n)
such that
(. p7. 90 = Ind(3"0 (0, p7 ).

Here (Njj, v') is the super Lie group identified by statement (a) of Proposition 4.4.1.

By induction hypothesis, there exists a polarizing system (M, m’, @', C;), ¢’, 1") of
(Ny, n') and an irreducible unitary representation (o, p%#, X,) of (Cj, ¢) which is
consistent with (Mg, m’, @, Cgj, ¢/, 1') such that

(Ng»

(0-7 pa’ g{) = Ind(M/ m/

(@ 0 @, p7o® 5.
By Proposition 3.2.1 we have

(T, p", H) = dEﬁ%“),)(o,LOd 70?0, 6.3)

Let A be an arbitrary R-linear extension of A’ to ng, and set
(Mo, m, ®, Co, ¢, 1) = (Mg, ', @', Cj, ¢, ).

To show that (Mg, m, ®, Co, ¢, A) is a polarizing system of (Ny, n), it suffices to check
that my is a polarizing subalgebra of ng corresponding to A. Let X, Y, Z € ng be chosen
as in part (a) of Proposition 4.4.1. From Z € Z(n)) and the fact that m is a polarizing
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subalgebra of ng corresponding to A’, it follows that Z € mg. Hence for every 7 € R and
velXy,,

(0 0 ® (exp(2))) v = V=T,

Using (6.3) and the realization of induced representations given in Sect. 3.1 it is easy to
check that for every r € Rand v €

w(exp(tZ))v = MOV,

Since the restriction of 77 *° to Z(n) is assumed to be nontrivial, it follows that A(Z) # 0.
Consider the skew-symmetric bilinear form

w) :ngxng— R

defined by w; (V, W) = A([V, W]), and let o} be the restriction of w; to nf, x n;. Since
mo is a maximal isotropic subspace of 1y, we have

1
dimmgy = z(dim ng +dims}),

where s/ is the radical of w} . To show that m is a maximal isotropic subspace of w;, it
suffices to prove that

. . /
dims; = dims), — 1,

where s, is the radical of w,. Let V € s;, and write V = aX + W, where a € R and
W e n. From [Y, nj] = {0} it follows that

o (V,Y)=A([V,Y]) =ar(Z2)

which implies that « = 0, i.e. V € nj,. Consequently, s; C s} . Moreover, [Y, nj] = {0}
implies that Y € s}, but A([X, Y']) # Oimplies that ¥ ¢ s;. Thus dim s; < dim s/, from
which it readily follows that dim s; = dim s} — 1. Finally, verifying that (o, o, X,)
is consistent with (Mg, m, ®, Co, ¢, A) is trivial.

Next we prove part (b) of Theorem 6.1.1. Suppose that x : Co — C* (respectively,
x'+ C) — C*)isthe central character of (o, p7*, X,,) (respectively, (o,,, P Ku).
Since my is a polarizing subalgebra of ny corresponding to A and (o, p%*, X,,) is con-
sistent with (M, m, @, Cy, ¢, 1), the representation Ind%% x o @ is irreducible. Since
= Ind% o, o @, it follows that the unitary representation (;r, ) of the nilpotent Lie
group Ny is a direct sum of dim X, copies of Indm x o ®. With a similar argument,
one can see that (;r, H) is a direct sum of dim X, copies of the irreducible unitary
representation Indiv/lo, x' o ®. Consequently, dim X, = dim X/, which immediately

0

implies that (Co, ¢) and (Cy, ¢’) are isomorphic. Moreover, we have
N( N ’
Indjp x o @ =~ IndM(z,)X’ od
and Kirillov theory for nilpotent Lie groups (e.g., [CG, Th. 2.2.4]) implies that
N =Ad*(n)(L)

for somen € Ny. 0O
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Corollary 6.1.1. Let (1, p™, H) be an irreducible unitary representation of a nilpotent
Lie supergroup (No, w), and (v, H) be the unitary representation of Ny obtained as a
restriction of (7, p™, H) to the even part. Then there exists an irreducible unitary rep-
resentation (o, K) of Ny such that (7, H) is a direct sum of 2! copies of (o, K), where
| is a nonnegative integer.

Proof. Since special induction commutes with restriction to the even part, this follows
immediately from part (a) of Theorem 6.1.1 and the fact that dim X, = 2! for some
[>0. O

Remark. Suppose that an irreducible unitary representation (7, o, H) is given by (6.2).
If we set k (77, p”, H) = dim ¢, then by part (b) of Theorem 6.1.1 the positive integer
Kk (m, p™, H) does not depend on the choice of the polarizing system and hence is an
invariant of (7, p™, H). In fact using Corollary 6.1.1 one can see that « (7, o™, H) can
be obtained as follows. Consider the representation (77, ) of the Lie group Ny obtained
by restriction of (i, o™, H) to the even part of (Ny, n). The representation (7, H) is
always a direct sum of 2" copies of an irreducible unitary representation (;r’, H') of Np,
where r is a nonnegative integer. In the latter case, we have

T — 2}" if(n',p”,f}{):(n,p”,l‘[f}{),
(m, p*, 30 = [2r +1 otherwise.

In particular, when r = 0 the representation (7, p™, H) is purely even and therefore
k(T p", H) = 1.

6.2. Irreducibility of codimension-one induction. In this section we prove that induction
from a polarizing system always yields an irreducible unitary representation.

Theorem 6.2.1. Let (Mg, m, ®, Co, ¢, L) be a polarizing system of (No,n). Suppose
that (o, p°*, K,,) is the representation of (Co, ¢) consistent with this polarizing sys-
tem. Then the unitary representation
No,
(7[7 ;Ona j_() = IndEM% n))(U/L’ paﬂﬂ jcp.)

,m

is irreducible.

Proof. We prove the theorem by induction on dimn. If A = 0, then m = n and ker & D>
no, which implies that ¢ = {0} and therefore (i, p™, H) is the trivial representation.
Without loss of generality, from now on we assume that A # 0. There are three cases to
consider.

Casel. (Ny, n) is not reduced. Recall that a[n] is a Z,-graded ideal of n. Since a[n] # {0},
we have Z(n) N a[n] # {0}. Indeed let ¢©® = q[n] and for any positive integer j, set
eU+D = [n, ¢()]. Let Jjo =min{ j | ) = {0} }. Then eUo=D C a[n] N Z(n).

Let W € Z(n) N a[n]. Since Z(n) N a[n] is Z,-graded, we can choose W suitably
such that W € ng or W € ny. If W € n; then obviously W € my, and if W € ng, then
W € myg because otherwise mj = mg + RW is a Lie subalgebra of ny with the property
that A([m(, my]) = {0}, and the latter implies that (Mo, m, @, Co, ¢, 1) does not satisfy
part (b) of Definition 6.1.1. Therefore we have shown that Z(n) N a[n] € m.

Our next task is to show that ®(W) = 0 for every W € Z(n) N a[n]. Without loss of
generality, we can assume W € ng or W € ny. If W € ny, then we have [W, W] =0
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which implies that [® (W), ®(W)] = 0. Since (Cy, ¢) is reduced, we have & (W) = 0.
If W € ny, then for every v € X, we have

(62 0 ®(W))v=po@W)v—1u.

Since A # 0, by Lemma 2.2.1 and surjectivity of ® it follows that & # 0. From the
realization of induced representations given in Sect. 3.1 and the fact that W € Z(n) it is
easily seen that for every v € I,

AP (W)v = A(W)vV—=1v = o ®(W)v/—1v.

If ®(W) # 0, then u o ®(W) # 0 from which it follows that 7°°(W) # 0, which
contradicts the fact that by Proposition 4.1.1 we have 7°°(W) = 0.

Set s = Z(n) N a[n] and consider the super Lie group (N}, n’), where n’ = n/s.
(Thus Ny = No/So, where So = { exp(tV) | V € 50 }.) Obviously (7, p™, H) factors
through (N}, n'). We denote this representation of (N(’), n') by (7, o7, H). Moreover,

Zm)Na[n] € Z(n) Cm.

Since ker ® N my = ker A N my we have Z(n) N a[n] N ng C ker A. Therefore the
polarizing system (M, m, ®, Cy, ¢, A) corresponds via the quotient map q : n — n’
to a polarizing system (M, m’, ®’, Co, ¢, 1) of (N], n’). Moreover, (0, p7*, K,,) is
consistent with (M), m’, ®’, Cy, ¢, A"). We can express (T, o7, H) as

. . (N/ )n/)
7@, p", H) = Ind(A/I‘z,)’m,)(oM 0@, p% o @, K,).
Since dimn’ < dim n, by the induction hypothesis it follows that (77, p™, H) (and hence

(7, p™, H)) is irreducible.

Case I1. (Ny, n) is reduced and Z(n) Nker A # {0}. In this case Z(n) Nker A is an ideal
of n, and the fact that mg is a polarizing subalgebra of ng corresponding to A implies
that Z(n) € mo. The representation (7, o™, J() factors through (N], n’), where

n =n/Zm) Nker A,

and the polarizing system (Mo, m, ®, Cp, ¢, ) corresponds via the quotient map q :
n — n' to a polarizing system (M), m’, &', Co, ¢, 1) of (Ny, n’). The rest of the argu-
ment is similar to Case L.

Case IIl. (Ny, n) is reduced and Z(n) Nker A = {0}. It follows that dim Z(n) = 1, hence
one of the statements of Proposition 4.4.1 should hold. If statement (b) of Proposition
4.4.1 holds, then there is essentially nothing left to prove. From now on we assume
that statement (a) of Proposition 4.4.1 holds. Let X, ¥, Z, v, and to be as in part (a) of
Proposition 4.4.1.

Our first task is to show that without loss of generality, we can assume that A.(Y) = 0
and A(Z) # 0. Indeed one can modify the choice of the polarizing system as follows.
Since my is a polarizing Lie subalgebra of ny corresponding to A, we should have Z € my,
and since Z(n) N ker A = {0}, we should have L(Z) # 0. For every n € Ny, we have a
polarizing system

(nMon~"', Ad(n)(m), ® o Ad(n™"), Co, ¢, Ad*(n) (1))
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in (Ng, n) and one can see that

(T, p*, H) =~ IndNo-W o ®oAd(n~l), pne®Adh) g

(nMon~1, Ad(m)(m) (O
In particular, if we set n = exp(t, X), where , = %, then

x oy = M
(Ad*(m)(1)) (Y) = A(Y 2 Z)=0.

The condition Z(n) N ker (Ad*(n)(A)) = {0} is easy to check as well.

From now on we assume that .(Y) = 0 and A(Z) # 0. Our next task is to prove that
without loss of generality we can also assume that m C n'. Suppose, on the contrary, that
m ¢ n'. In this case we show that (7, o™, H) is unitarily equivalent to a representation

(7[/9 pﬂ/a :H:/) = IndEAN/[(:/):t:l/) (GM o qD/s p(TMO(D/’ jc/t)a

where (0, p7, X,,) is consistent with a polarizing system (M, w’, ®’, Co, ¢, 1) which
satisfiesm’ C n'. To this end, first note that in part (a) of Proposition 4.4.1, we can choose
X such that A(X) = 0 and

m=RX ®RZ & wj P ny,

where tv;, is a subspace of nj, such that A(ro()) = 0. Indeed sincem ¢ n’, we can choose X
such that X € mg. If A(X) # 0, then since Z € m and A(Z) # 0 we can substitute X by

X — % Z.In a similar fashion we can choose a complement v, to RZ in m Nn’ which

is included in ker A. Next note that Y ¢ mg because otherwise A([X, Y]) = A(Z) # 0
which contradicts the fact that mg is a polarizing subalgebra of ng corresponding to X.
Consider the subalgebra m’ of n’ defined by

m' =RY ®RZ & ;@ ny.
To show that m’ is a subalgebra of n’, note that
[my, my] C [1og, o] € mp Ny € my (6.4)

and

[n1, 0] S np Nmg C my,.
Let M), be the Lie subgroup of Ny corresponding to my,. We define

@ (M), m") — (Co, ©)
as follows. For every W € RZ @ o @ nj and W’ € RY we set

D'(W+ W) =dW).

We now prove that (M), m’, ®’, Cy, ¢, 1) is a polarizing system and (o, P, Ky is
consistent with it. From a calculation similar to (6.4) it follows that

A([mg, myl) € A(Img, mp]) = {0}.
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Moreover, Y ¢ mg because otherwise we have Z € [mg, mg] and A(Z) # 0 which
contradicts the fact that my is a polarizing subalgebra of ny corresponding to A. There-
fore we have dim m(, = dim mg, which implies that my, is a polarizing subalgebra of n.
Using [Y, n'] = {0} it is easy to check that part (¢) of Definition 6.1.1 holds. Part (d) of
Definition 6.1.1 follows from A(X) = A(Y) = 0 and A(Z) # 0. Finally, one can check
that (o, p%*, X,,) is consistent with (M, m’, ®’, Co, ¢, ).

To prove that (7, o™, H) >~ (7, o™, H'), it suffices to show that

(Mg,

M// 1 !
Tnd o™ (M(),m’)) (0p 0@ p7°% %), (6.5)

e (@ 0 @, p7°, K, = Ind

where Mj = MoM/, and m" = m +m’, ie.,
m”" =RX ®RY @ RZ @ o, @ ny.

Since m” is Z-graded, we can express it as m” = mg @ m}. Observe that the vector
space vy, is in fact an ideal of myj. To prove the latter statement, note that since mgp and
my, are polarizing subalgebras of ng corresponding to A, we should have

[mo, mo] € RX @ 1oj and [mg, my] € RY & oy,
which imply that RX @ w( and RY @ 1o, are Lie subalgebras of ng. Since
g = (RX @ wp) N (RY @ o),

the vector space tv;, is in fact a Lie subalgebra of both of RX @ w( and RY @ rj,. But
in a nilpotent Lie algebra, any Lie subalgebra of codimension one is an ideal. Therefore
to;, is an ideal in both RX @ w(, and RY @ wj,. It follows that tv, is an ideal in the Lie
algebra generated by RX @ v, and RY @ wy, i.e.,inmg = RX @ RY @ RZ & ).

Next we obtain the unitary equivalence of (6.5). Let Eg = {exp(tZ) | t € R } and
Xx : Eo — C* be the unitary character given by

x(exp(t2)) = PCANESY

If (rp, ™%, Hp) denotes the representation on the left hand side of (6.5), then we can
realize H; as L*(R, % ,.) such that the action of (M, m”) is given as follows. For every
y.t € R, W e wj,and f € L>(R, K,,), we have

(rr(exp(t X)) f) (y) = x @) f(y),
(rlexpY) ) () = fy+1),
(L (exp(t2)) f) (y) = x (@) f(y),
(L lexp(W') f) (v) = f(¥).

Moreover, if f € L*(R, X, is in the Schwartz space then from [Y, n1] = {0} it follows
that for every W € nj and y € R we have

(P W) (y) = @ (exp(yY) - W) (f () = (W) (f (¥)).
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Similarly, if (g, p™&, Hg) denotes the representation on the right-hand side of (6.5),
then (g, R, Hp) can also be realized on L?(R, X.) as follows. For every x, t € R,
W' ewg,and f € LR, K,.), we have

(mr(exp(tX)) f) (x) = f(x +1),
(mr(exp(Y)) f) (x) = x(=1x) f(x),
(r(exp(t2)) f) (x) = x (1) f (x),
(Tr(exp(W) f) (x) = f(x).

Moreover, if f € LR, X,.) is indeed in the Schwartz space, then for every W € ny
and x € R we have

(P"R(W))(x) = ' (exp(xX) - W) (f(x)) = P(W) (f (x)),

where the last equality follows from the fact that ®(X) = 0 and thus
O’ (exp(xX) - W) = &' (W +[X, W]+ %[X, (X, Wil+---)
= O(W +[X, W]+%[X, (X, Wil +---)
= QW) +[P(X), P(W)] + %[¢(X), [D(X), D(W)]]+---

= d(W).

Itisnow easy to check that theisometry 7 : H; — Hp whichintertwines (., p™t, Hr)
and (g, p™k, Hg) is given by the Fourier transform, i.e.,

Tf(x) = / X3 f G)dy.

We now complete the proof of Case III. The proof closely follows an argument that is
given in [CG, p. 63]. Recall that as shown above, we can assume that m C n'. It follows
that (Mg, m, ®, Co, ¢, A) is a polarizing system in (N}, n’). Since dimn’ < dimn, by
induction hypothesis the representation
(Ng.m)

(7_[//, pn , g_c//) — Ind(MO,m)

(0 0 ®, p7°%, K,,) (6.6)

is irreducible. Since Z € Z(n'), by [CCTV, Lem. 5] there exists a real number b € R
such that for every t € R and v € H” we have

7 (exp(tZ))v = V1,

Recall that A(Z) # 0 and A(Y) = 0. Since Z € Z(n) Nny S mg, from (6.6) and the
realization of the induced representation (see Sect. 3.1) it follows that

7" (exp(tZ))v = e’)‘(z)ﬁv,
and therefore b # 0. Next observe that

N N 4
(m, p", ) = IndENZ,E?) (", p™ H),
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and by Sect. 3.1 we can assume H = LZ(R, H'"), where for every f € LZ(R, H,
s € R,t € R,and n € Nj we have

(w(exp(t X)) f) (s) = f(s+1) (6.7
and
(m(n) f)(s) = 7" (exp(s X)n exp(—s X)) (f(s)).

In particular, since Spanp{X, Y, Z} is a Heisenberg Lie algebra, we have

(T (exp(tY)) f) (s) = &PV £ (s).

Moreover, if f € L*(R, H”) is a smooth vector for the action of 7 and has compact
support, then for every W € n; and s € R we have

(0" (W) f) (s) = p™ (exp(sX) - W) (f(s)).

Let T : L>(R, H") — L?*(R,H") be a bounded even linear operator which inter-
twines (7, p”, H) with itself. To complete the proof of Case III, it suffices to show that
T is a scalar multiple of the identity. From [CG, Lem. 2.3.3], [CG, Lem. 2.3.2] and
[CG, Lem. 2.3.1] it follows that there exists a family {7;},cr of even linear operators
T; : H” — H” such that ||T;|| < ||T|| for every ¢ € R, and for every f € L>(R, H")
we have Tf (t) = T;(f(¢)). One can check that 7; intertwines the action of the repre-
sentation (77;’, o™ H") of (N, n') which is defined by

7/'(n) = 7" (exp(tX)nexp(—t X)) and p™ (W) = p" (exp(tX) W).

But (], p”t//, H") is irreducible, and from [CG, Lem. 5] it follows that for every 7 € R,
the operator 7; is multiplication by a scalar y (¢). From (6.7) it follows that y (¢) does
not depend on ¢, i.e., T is a scalar multiple of identity. O

6.3. Existence of suitable polarizing subalgebras. In this section n = ng @ n; will be

a nilpotent Lie superalgebra. In this section we prove the existence of a special kind of

polarizing subalgebras in ng. The main goal of this section is to prove Lemma 6.3.4.
For every A € njj we consider the symmetric bilinear form

By,:nyxn - R
defined by B, (X, Y) = A([X, Y']). We denote the radical of B;, by ;.

Lemma 6.3.1. Suppose A € n and B, is nonnegative definite. If X € n is an isotropic
vector, i.e., it satisfies By (X, X) =0, then X € ;.

Proof. Suppose, on the contrary, that there exists anelement Y e nj suchthatB, (X, Y) #
0. Then for every s € R we have

By(X +5Y, X +5Y) = B, (X, X) +25By(X, ¥) + s2B,(Y, Y).

Since B; (X, X) = 0, one can find an s € R such that B, (X +sY, X +sY) < 0, which
contradicts the fact that B, is nonnegative definite. O
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Lemma 6.3.2. For every B, C, D € ny, we have [B, [C, D]] € v,.

Proof. Let n® > n® > ... bethelowercentral series of n, which is defined by D =pn
and n*) = [n, n] forevery i > 1. Note that n = {0} fori > 0. We use a backward
induction, assuming that the statement of the lemma holds for every B, C, D such that
[B, [C, D]] € n*D and proving it for every B, C, D such that [B, [C, D]] € n".
Fix B, C, D € ny such that [B, [C, D]] € n®) and set X = [B, [C, D]]. By Lemma
6.3.1, to prove the lemma it suffices to show that A([X, X]) = 0.
By the Jacobi identity we have

A(X, X1 — (B, [[C, D], X]D) + A([[C, D], [X, B]]) = 0.
To complete the proof of the lemma, we show that A([ B, [[C, D], X]])=0and A([[C, D],
[X’Ti]e])f:;a(l)lity M([B, [[C, D], X]]) = 0 follows from the induction hypothesis, since
X € njand [X,[C, D]] € [n®), n] = n0*D,
To show that A([[C, D], [X, B]]) = 0, note that by the Jacobi identity
A(LX, B, [C, DID + A(IC, [D, [X, B]]) — A([D, [[X, B], C]) =0,
and the induction hypothesis applies to [D, [X, B]] and [C, [X, B]]. O
Lemma 6.3.3. We have A([[ny, ny], [y, n1]]) = {0}.
Proof. Let A, B, C, D € nj be arbitrarily chosen. By the Jacobi identity,
A([A, B, [C, DID + A(IC, [D, [A, B]]D) — A(D, [[A, B], C]]) = 0.

The equality A([[A, B], [C, D]]) = 0 follows from the fact that by Lemma 6.3.2 we
have [D,[A, B]l € ¢, and [C,[A,B]l et,. 0O

Lemma 6.3.4. There exists a polarizing subalgebra mg of ng corresponding to A such
that mg 2 [ny, nq].

Proof. Since [n1, nq] is an ideal of ng, we can find a sequence of ideals of ny such as
no =i 5i® 5i® 5. 57D 54 = (0},

such that for every 1 < j < r we have dim iU~ = dimi/) + 1 and moreover for some
1 <s <rwehave [n,n] = i®) For every 1 < j <r,let

wij) SV X i) SR

be the skew-symmetric bilinear form defined by a)ij ) (X,Y) =A([X, Y] and let q(j ) be
the radical of a)y ).
By a result of M. Vergne (see [CG, Th. 1.3.5]) the vector space

UING

is indeed a polarizing Lie subalgebra of ng corresponding to 1. Lemma 6.3.3 implies

that a)gf) is zero, hence ) = [ny, ny]. O
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6.4. Existence of polarizing systems. Throughout this section (Np, m) will be a
nilpotent super Lie group. Let (Mg, m, ®, Co, ¢, A) be a polarizing system in (Np, n)
and (o, pZ, X,.) be arepresentation of (Cp, ¢) which is consistent with this polarizing
system. Let B, denote the bilinear form on n; defined in Sect. 6.3.

Obviously, for every X € n; we have

B, (X, X) = A([X, X]) = po ©([X, X]) = n([®(X), P(X)]) = 0.

Consequently, B, is nonnegative definite.

Conversely, let A € nj be such that B, is nonnegative definite. From Lemma 6.3.4
it follows that there exists a sub super Lie group (Mg, m) of (Nyp, n) such that m; = n;
and mg is a polarizing Lie subalgebra of ngy corresponding to . Let

B ={Xem|r2(X)=0}
and setj =€, D ;.
Lemma 6.4.1. The vector space j is an ideal in m.

Proof. Since A([mg, mp]) = 0, we have [mg, mp] C ¢, and therefore [mg, €,] C €.
Next we prove that [£,, mj] C t,. To this end, first note that by the Jacobi identity
forevery A € ¥, B € v), and C € n; we have

—[[A, B], C] = [[B. C], A] +[[C, A], B] = 0,
and therefore
—A([[A, B], C]) — A([[B, C], AD + A([[C, A], B]) = 0.
But A([[B, C], A]) = 0 because [B, C] € [ny, n1] € mp, and
A(IC, AL, B)) =0

because B € t;. Consequently, for every A € ¢; and B € v we have adaB € vy. It
follows that ad 4 descends to a linear transformation ad4 : ny/t) — np/v;. The bilinear
form B, induces a positive definite bilinear form

B; :ny/ty x ny/ty — R.
Next observe that for every A € £, and every V, W € n; we have
=AW, [A, VID + A([A, [V, WID + A([V, [W, A]]) = 0.

Moreover, A([A, [V, W]]) = Osince [A, [V, W]] € [mg, mg] C &,. Therefore for every
v, w € ny/t; we have

B;(adav, w) = =B (v, adgw).

In other words, ad,4 is skew-symmetric. Since ady is also nilpotent, it follows that
ad4 = 0. Therefore [&, n;] C t;.

Next we prove that [mg, t,] € t,. To this end, first note that by the Jacobi identity,
for every A € mg, B € v), and C € n; we have

—([[A, B], CD) — A([[B, C], AD + A([[C, A], B]) = 0.
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But A([[B, C], A]) = O because [[B, C], A] € [mgp, mp] < &, and
A(IC, AL, B]) =0

because B € t,. It follows that A([[A, B], C]) = 0, and consequently, as C € nj is
arbitrary, we have [A, B] € ).
Finally, the inclusion [my, t)] C &, follows from the definition of ¢,. O

Lemma 6.4.2. The quotient Lie superalgebra m/j is reduced.

Proof. 1t suffices to prove that for every X € nj such that [X, X] € ¢, wehave X € ;.
But this follows immediately from Lemma 6.3.1. O

Proposition 6.4.1. Let (Mg, m) be a sub super Lie group of (No, n) such that mq is a
polarizing subalgebra of ny corresponding to A. Then there exists a polarizing system
(Mo, m, ®, Co, ¢, A) and a representation (o, p°*, K,) of (Co, ¢) which is consistent
with this polarizing system. Moreover, up to unitary equivalence and parity change the
representation (0, o ®, pono®, Kuw) of (Mo, m) is unique.

Proof. By Lemma 2.2.1 the quotient Lie superalgebra m/j is either zero or has a one
dimensional even part. Moreover, m/j is zero if and only if A = 0. Since the case A = 0
can be easily dealt with, from now on we assume that A # 0, and consequently m/j is
nonzero.

Since m/j is reduced and nilpotent, we have Z(m/j) = mg/f, and hence
dim Z(m/j) = 1. Therefore from Proposition 4.4.1 it follows that m/j is of Clifford
type. (Note that one may have dimm/j = 1.)

Let K, be a closed subgroup of My with Lie algebra £, and

D : (Mo, m) — (My/K;, m/j)

be the natural quotient map. Then (Mg, m, D, M, /K;,m/%,, A) is a polarizing system.
Moreover, up to unitary equivalence and parity change, there exists a unique irreduc-
ible unitary representation (o7, 0%, Ky7) of (Mo/K;,, m/j) which is consistent with this
polarizing system.

Next we prove the uniqueness claim of Proposition 6.4.1. Without loss of generality,
we can assume A # 0. Consider another polarizing system

(Mo, m, @, Co, ¢, 1)

and a consistent irreducible unitary representation (o, p°*, X,) of (Cp, ¢). Observe
that

j C ker ®. (6.8)

Indeed for every X € €, we have ;o ®(X) = A(X) = 0 which implies that & (X) = 0.
Similarly, for every X € t; we have u o ®([X, X]) = A([X, X]) = 0, which implies
that [®(X), ®(X)] = O ([X, X]) = 0. But since ¢ is reduced, it follows that ®(X) = 0.
This completes the proof of (6.8).

From (6.8) it follows that there exists an epimorphism

W (My/Ky, m/j) — (Co, ),

which satisfies W o ® = ®. However, any epimorphism between super Lie groups of
Clifford type is indeed an isomorphism. From Proposition 4.5.1 it follows that

(oo D, p”ﬁoq), Kz) = (o oW¥o P, p”ﬂc’%@, Ku) ~ (o, 0D, ,o““c’q), X,

which completes the proof. O
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Let (My, m, ®, Cp, ¢, ) be a polarizing system with a consistent representation
(o, p%, K1) From now on, (i, o™, H) will denote the induced unitary representation

(. ™. ) = Ind{0") (0, 0 @, p7°%, K,). (6.9)

Recall the definition of a[n] from Sect. 4.1. Since m is an ideal of n, we have

m 2 a[n] (6.10)
because m contains all of the generators of a[n].
Lemma 6.4.3. a[n]p N Z(n) C ker A

Proof. The proof of this lemma is essentially given throughout the proof of Case I of
Theorem 6.2.1, and therefore here we only give a sketch of the proof. Let (7, o™, H)
be as in (6.9), and assume X € a[n]p N Z(n) and A(X) # 0. Using the definition of
the induced representation, it is not difficult to see that 7°°(X) # 0, which contradicts
Proposition 4.1.1. O

6.5. Relation between (m, p, H) and A. Let A € nf; be such that B, is nonnegative
definite. By Proposition 6.4.1 there exists a polarizing system (My, m, ®, Co, ¢, A), and
by Theorem 6.2.1 the representation obtained by induction from a consistent represen-
tation of the polarizing system is irreducible. Our next task is to show that if we choose
different polarizing systems, we always obtain the same representation.

Proposition 6.5.1. Up fo unitary equivalence and parity change, the representation
(, o7, H) is uniquely determined by A.

Proof. We prove the proposition by induction on dim n. The argument is similar to the
proof of Theorem 6.2.1.

Let (Mo, m, ®, Co, ¢, 1) (respectively, (M), m’, @', C}), ¢/, 1)) be apolarizing system
with a consistent representation (o, 0, X,) (respectively, (o, p X.)). (Note
that the two polarizing systems are associated to the same A.) Suppose that (7, o™, H)
(respectively, (z/, p™ § H")) is the induced representation defined as in (6.9). Our main
goal is to prove that

(o, p", H) = (', p™ , H). 6.11)

There are three cases to consider.

Case I. (Ny, n) is not reduced. As in the proof of Case I in Theorem 6.2.1, we can show
that

a[n] N Z(n) # {0}.

Moreover, a[n] N Z(n) € m N m’, and using Lemma 6.4.3 we can see that for every
W € a[n] N Z(n) we have ®(W) = 0 and ®' (W) = 0.

Set s = a[n] N Z(n) and consider the corresponding sub super Lie group (So, s) of
(Np, n). Since s is an ideal of n, we have a quotient homomorphism

q: (No,n) — (No/So, n/s).



Unitary Representations of Nilpotent Super Lie Groups 225

The polarizing system (Mg, m, ®, Co, ¢, A) corresponds via q to a polarizing system
(Mo/So, m/s, Pq, Co, ¢, Aq)
in (No/So, n/s), where Aq € (n/s)* satisfies Lq o q = A. If we set

No/S o
(g 0™, Hg) = Ind(y? 02 (0, 0 Dy, p°%0, K,

then (, o™, H) = (mqoq, p™1°9, Hy). From the other polarizing system and its consis-
tent representation one can obtain another representation (rr(/l, p”‘;, 9{:1) of (No/So, n/s)
which is defined in a similar way. Since dim n/s < dim n, induction hypothesis implies
that

(77:(]7 pnqv :Hq) ~ (7[(/1’ pn[l’ g-ql)
from which (6.11) follows immediately.
Case Il. (Ng, n) is reduced and Z(n) Nker A # {0}. In this case Z(n) Nker A is an ideal of
nand Z(n) Nker A € mNm’. Set s = Z(n) Nker A and let (Sp, 5) be the corresponding
sub super Lie group of (Np, n). As in Case I above, using the quotient map

q : (No,n) = (No/So, n/s)

we can obtain new polarizing systems and consistent representations for
(No/So, n/s).
The rest of the argument is similar to that of Case I above.

Case III. (N, n) is reduced and Z(n) Nker A = {0}. In this case the proof is very similar
to that of Case III in Theorem 6.2.1. Without loss of generality we can assume that n is
not of Clifford type. From Z(n) Nker A = {0} it follows that dim Z(n) = 1. Let X, Y, Z,
and n’ be as in part (a) of Proposition 4.4.1. As shown in the proof of Case IIT in Theorem
6.2.1, we can choose X, Y, Z suitably such that there exist polarizing systems

(Mo, @, @, Co, ¢, %) and (Mg, W, @, Cj, ¢, %) (6.12)
in (Ng, n) with the following properties:

(a) A= Ad*(n)(») for some n € Np.
(b) MCnandm Cv'. o B B
() (o, p%,XK,) is consistent with (Mo, m, @, Cp, ¢, ).

) (o, p, K,) is consistent with (M, @, @, C}, ¢, 1).
(e) If (7, p™, 3) = Ind 1 ‘E) (04 0 ®, p7°® K,,) then

@ p". 30 =~ (1. p" . H).
— 7 ar (Ng,n) o 10D
) If(n,p”,ﬂ{)—lnd 7(0/0613 P T K,v) then

(ﬁ’, P ) = (!, p™ ).
Let (Ny, n’) be the sub super Lie group of (No, n) corresponding to n’. Since dimn’ <
dim n, by induction hypothesis we have

(N(’) n) (Ng.n')

Ind 7 (0 0 @, p%°% K, ~ In Y 0@, p7W°® K,

and (6.11) follows by Proposition 3.2.1. O
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6.6. Geometric parametrization of representations. Let (7, p”, H) be an irreducible
unitary representation of a nilpotent super Lie group (Np,n). One can associate a
coadjoint orbit O C ng to (7, o™, H) as follows. Let (;r, H) denote the restriction
of (m, p™, H) to Ng. From Corollary 6.1.1 it follows that (;r, H) is a direct sum of
finitely many copies of an irreducible unitary representation (o, X) of Ny. By classical
Kirillov theory [CG], the representation (o, K) is associated to a coadjoint orbit O C né.
Theorem 6.1.1 shows that (T, o™, H) is induced from a consistent representation of a
polarizing system (Mg, m, ®, Co, ¢, A), where 1 € O.

Our last theorem puts together the results in this paper to obtain a geometric param-
etrization of irreducible unitary representations of (Ng, n) by coadjoint orbits. Recall
that

ng = {1 € njj | B, is nonnegative definite }.

Theorem 6.6.1. For a nilpotent super Lie group (No, n), the process of associating a
coadjoint orbit O C ng to an irreducible unitary representation (7w, p” , H) of (No, n)
vields a bijection between equivalence classes of irreducible unitary representations (up
to unitary equivalence and parity change) and No-orbits in ng.

Proof. By part (a) of Theorem 6.1.1, any irreducible unitary representation (rr, p™, H)
of (Np, n) is induced from a consistent representation of a polarizing system

(Mo, m, @, Co, ¢, A),

and as shown in Sect. 6.4, it follows that A € ng.
By part (b) of Theorem 6.1.1, if (7, p™, H) is induced from a consistent representa-
tion of another polarizing system,

(M(/)7 m/a q>/’ C(l)5 C/7 )\'/)a
then A and )\’ are in the same Ny-orbit. Moreover, once we fix a A € ng, by Proposition
6.4.1 there always exists an associated polarizing system and a consistent representation,

and by Proposition 6.5.1, up to unitary equivalence and parity change all such polarizing
systems yield the same irreducible unitary representation of (Ng, n). O

Remark. One can actually prove that for every irreducible unitary representation (7, p”,
H) of (Ng, n), the space [ny, [ny, ni]] acts trivially, i.e.,

p"(X) =0 forevery X € [ny, [ng, ni]]. (6.13)

Indeedif A € ng then from Lemma 6.3.3, Lemma 6.3.4, and Lemma 6.4.1 it follows that
[ny, [ng, n1]] € ;. Consequently, when (i, p”, H) is induced from a consistent rep-
resentation of a polarizing system (Mg, m, ®, Cy, ¢, A), we have ®([ny, [n, n1]]) = 0.
Statement (6.13) now follows from the realization of the induced representation given
in Sect. 3.1 and the fact that [ng, [ny, ny]] is Np-invariant.

Another more direct way to prove (6.13) is to use the method of proof of Proposition
6.5.1. Statement (6.13) can be used to obtain slightly different proofs for the main results
of this paper. We thank the referee for suggesting this statement and the second method
of proof.
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