QUANTIZED WEYL ALGEBRAS, THE DOUBLE CENTRALIZER PROPERTY,
AND A NEW FIRST FUNDAMENTAL THEOREM FOR U,(gl,)

GAIL LETZTER, SIDDHARTHA SAHI, AND HADI SALMASIAN

ABSTRACT. Let & := P, xn denote the quantized coordinate ring of the space of m X n matrices,
equipped with natural actions of the quantized enveloping algebras U,(gl,,,) and Ug(gl,,). Let £ and
Z denote the images of U,(gl,,) and Uy(gl,,) in End(2?), respectively. We define a g-analogue of the
algebra of polynomial-coefficient differential operators inside End(4?), henceforth denoted by £ 2, and
we prove that X N PP and #Z N PP are mutual centralizers inside &%. Using this, we establish a
new First Fundamental Theorem of invariant theory for U,(gl, ). We also compute explicit formulas in
terms of g-determinants for generators of the algebras %, N XY and ZyN X P, where 44 and %y denote
the images of the Cartan subalgebras of Ug(gl,,) and Uq(gl,,) in End(Z?), respectively. Our algebra
P2 and the algebra Pol(Mat, ), that is defined in [SSV04] are related by extension of scalars, but
we give a new construction of % using deformed twisted tensor products.

1. INTRODUCTION

The First Fundamental Theorem (FFT) is one of the pinnacles of invariant theory with a history
as old as Hermann Weyl’s influential book, The Classical Groups [Wy39|. In its original form, the
FFT for the group GL,, describes the generators of the subalgebra of GL,-invariants in the polynomial
algebra P(VE* @ (V*)®) where V := C" denotes the standard GL,-module.

It was pointed out by R. Howe [Ho95, Sec. 2.3] that the FFT has an equivalent formulation as a
double centralizer property, which we now recall. Let Mat,,x, denote the vector space of complex
m X n matrices. Then Mat,,«, has a natural GL,, x GL,-module structure by left and right matrix
multiplication. We equip the algebra P := P(Mat,,x,) of polynomials on Mat,,, and the algebra
PD := PD(Mat,xyn) of polynomial-coefficient differential operators on Mat,,x, with their canonical
GL,, x GLy-module structures. Recall that P is a PD-module. The (infinitesimal) actions of the Lie
algebras gl,, and gl, on P are given by certain differential operators of order one, which are usually
called polarization operators. It follows that there exists a homomorphism of algebras ¢ : Uy, ,, = PD,
where U, n, := U(gl,,) ® U(gl,,) is the tensor product of the universal enveloping algebras of gl,, and
gl,,, such that the diagram

U @ P — 22070 P
(1) /
zR@f—d(z)Rf Df—D-f
PD®P

commutes. The operator commutant version of the FFT, according to [Ho95, Thm 2.3.3], states
that the subalgebra PDYLm of GL,,-invariants in PD is generated by the image of U(gl,). Since
PDCELm — PDUEm) | the latter assertion is equivalent to the following: the images of U(gl,,) and
U(gl,) in PD are mutual centralizers.

In [LZZ11l, Sec. 6] the authors extend the original form of the FFT to the quantized enveloping
algebra U,(gl,,) by considering a g-analogue of P(V® @ (V*)!) that carries a U,(gl,,)-action, and then
describing the generators of the subalgebra of invariants. It is then natural to ask if the operator
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commutant version of the FFT also has a g-analogue. It turns out that in the quantized setting, the
situation for the operator commutant FFT is more subtle than in the classical case. One major issue
is how to quantize the Weyl algebra PD and, more importantly, the map ¢ : Up,,, — PD. Indeed
we provide some justification that the latter map cannot be fully quantized (see Proposition .
Nevertheless, our first main result (Theorem is a positive answer to the above question.

From now on let k := C(q) be the field of rational functions in a parameter ¢q. For the operator
commutant FFT in the quantized setting we need a quantized Weyl algebra % := PP ,xn. The
k-algebra &2 that we consider is closely related to the algebra Pol(Mat,, ,,), of [SSV04, BKV06] (see
Corollary . We give a different construction of 2% as the deformed twisted tensor product
of P := P,,«n, the quantized coordinate ring of Mat,,xn, and Z := ZDxn, the quantized algebra
of constant-coefficient differential operators on Mat,,«, (see Section [3| for precise definitions). The
construction of & and & is analogous to the FRT construction [KS97, Sec. 9.1]. Concretely, the
algebra &7 is generated by 2mn generators t; ; and 0;;, where 1 < i < m and 1 < j < n, modulo
the relations that are described in Section [3| (see Definition . From now on we set

Up = Uq(g[m) , Ur:= Uq(g[n) » ULr=UL®Ug.
Both & and #% are Upg-module algebras (the explicit formulas for the Urr-action on generators
are given in Remark [3.6.2)). Furthermore, & is naturally a &%-module. In particular, we have
homomorphisms of associative algebras

¢v :Urr — Endg (&) and ¢pp: 2 — Endg(2).
Since & is a faithful #%-module (see Proposition [3.11.4]), we can identify P2 with ¢pp(L2).
Using the latter identification, we set

&L = ¢U(UL & 1), X = qu(l & UR), Lo =L NDPYD, Re:=X%NLPD.

Note that in general we have £, C % and % C Z. In fact if m < n then the restriction of ¢y to
Ur, ® 1 yields an isomorphism Uy, & .Z but one can show that gb_l(.iﬂ.) is properly contained in the
10.2.2))

locally finite part of Uy, (see Proposition [3.14.3| and Example . Set
n m
(2) Li,j = Ztiﬂ»aj”r for 1 < i,j <m and Ri,j = Ztm-am- for 1 < i,j <n.
r=1 r=1

The L; ; and the R; j are natural analogues in &% of the polarization operators of the (non-quantized)
Weyl algebra PD. We have L; ; € Z, and R; j € Z, (see Corollary[6.1.6). Of course, similar inclusions
hold in the non-quantized case. However, the situation with the preimages of the L; ; and the R;; in
UL and Up is more complicated. For example, the root vector E., ., of UL (respectively, Ur), where
i < j, does not lie in the preimage of L;; (respectively, R; ;).

Henceforth we adopt the following notation: for subsets ), Z of an algebra X, we set
(3) V2 :={yecY :yz=zyforall zc Z}.
Our first main theorem is the following.

Theorem A. Let L, #, ZLs, and e be the subalgebras of Endy(Z?) defined above. We identify P9
with ppp(PP) C Endg(Z?). Then the following statements hold.
(i) PGP = PG¥ = &,. Furthermore, £, is generated by the Lij for1<i,j5 <m.
(ii) PGP = PDL = R. Furthermore, Re is generated by the Rij for1<i,j <n.
Let us elucidate the relation between Theorem [A] and the literature on Howe duality and the FFT

in the quantized setting. Quantized analogues of (gl,,, gl,,)-duality have been established in [Zh02]
and [NYMO93], but these works do not consider the double centralizer property inside a quantized
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Weyl algebra. To compare our results with those of Lehrer-Zhang—Zhang [LZZ11], we briefly explain
their formulation of the FFT for Uy(gl,). In [LZZI1, Sec. 6] the authors define a g-analogue of the
algebra P(VEF @ (V*)®!) which they call Ay (this algebra tacitly depends on n as well). The algebra
Ay, is isomorphic to a twisted tensor product of &y, and Zx,, but the twisting is only with respect
to the universal R-matrix of Uy(gl,). In particular, in the special case k = [ the relations on the
generators of Ay j, are not symmetric with respect to their indices. Because of this asymmetry, Ay
does not appear to be the desired object for proving a double centralizer statement. The twisting that
we consider to define &% uses the universal R-matrices of both Uy, and Ug. In addition, unlike A;;
whose relations are homogeneous, the relation (R6) of &% is not homogeneous. From this viewpoint,
P9 resembles the classical Weyl algebra more than Ay, j.

Our second main result (Theorem |B|below) is a new FEFT for U,(gl,,), in the spirit of the aforemen-
tioned result of [LZZ11], for a family of algebras <, , where k,I,n are positive integers. The latter
algebras generalize &% and indeed we have %, n = & Pinxn- An explicit presentation of @7 ; ,, by
generators and relations is given in Proposition [3.9.2] To state Theorem we need some notation.
For integers 1 < a <m and 1 < b < n there exists an embedding of associative algebras

(4) e=e"": PPy > P Dy

axb
that is defined as follows. We relabel the generators of #?Z,«p by setting
(5) Ez’] = ta+1—i,b+l—j and 51’] = 8a+1—i,b+l—j fOl" 1 S Z § a/7 1 S ] S b
We relabel the generators of #Z,,«, similarly, with a and b replaced by m and n respectively.
The map e of () is uniquely determined by the assignments e(t; ;) := #;; and e(9;;) = 0;; (see
Proposition [3.9.4). Concretely, the map e identifies the a x b matrices [t; ;] and [0; ;] formed by the
generators of &%, with the intersections of the lowest a rows and the rightmost b columns in the

analogous m x n matrices formed by the generators of & Z,,xn. Now fix integers k,l,n > 1 and set
m = max{k,l}. We define 2%, ;, to be the subalgebra of #%,,, that is generated by the ¢; ; and
the 51-/7]-, where 1 <i <k, 1<¢ <, and 1 < j < n. The Ug-action on &P, x,, leaves 4, ,, invariant
and thus 7, is a Ug-module algebra. The standard degree filtration of %, (corresponding to
setting deg fz-,j = deg 51-/,]' = 1) is Ug-stable, hence the associated graded algebra gr(;,) is also a
Ug-module algebra. Let er be the counit of Ur and denote the subalgebra of Ug-invariants in o7, ; ,,
by (,527]671771)(6}2), that iS,

(A1n)
We denote the subalgebra of Ug-invariants in gr(.7,;,) by (gr(&sz’lm))(m) as well. For 1 <¢ <k and

)= {De yp:x-D=ep(x)D for v € Ur}.

(er

1 < j < we define elements |:Z-,j € . 1.n by the formula

n n
(6) Lij = Z tirOjr = Z it Om— g1
r=1 r=1

By the same formula we can define analogous elements in gr(.% ). By a slight abuse of the symbol

gr(-), we denote these elements of gr(.#; ;) by gr(l:i,j).
Theorem B. The algebras (b‘Z{k,l,n)(eR) and (gr(;sz,lm))(q?) are generated by the L; j and the gr(L; ;)
respectively, for 1 <i <k and 1 <j <lI. '

It would be interesting to relate Theoremto the quantized FFT of [LZZ11, Thm 6.10] for example
by a deformation argument. However, we are unable to establish such a connection.

Our third main theorem (Theorem |C| below) explicitly describes the images in 92 = P Dyxn of
the Cartan subalgebras of Uy, and Ug. To state Theorem [C] we need to define certain elements of 229
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that are constructed using g-determinants. Let i := (i1,...,%,) and j := (j1,...,Jr) be r-tuples of
integers satisfying 1 < iy <--- <4 <mand 1 < j; <--- < j. <n. Define quantum minors M; e P

and Mj € 92 by
(7) Mji = Z(_Q)Z(U)tig(mdl .. 'tia(r)d}- and H‘; = Z(_qfl)f(cf)aig(l%jl . 8io‘(r)7j7'7

where the summations are over permutations in r letters, and ¢(o) denotes the length of o (in the
sense of Coxeter groups). For a,b,r > 1 define D(r,a,b) € PP ,xp by

8) D(r,a,b) =Y. > MM,
i
where the summation indices i := (i1,...,4,) and j := (j1,...,7,) satisfy 1 < i3 < -+ < i, < a
and 1 < j; < --- < j < b. We also set D(0,a,b) = 1. For 0 < r < mnand 1 < k < n we define
Dk,r S e@-@an by
Dy, :=el %" (D(r,m,k)).

mxk

Similarly, for 0 <r <m and 1 < k < m we define Dﬁw E P Dpxn Y
D;c,v" =€t (D(r k,n)).
Note that Dy, = D}, = 0 when r > min{k, m,n} and Dy =D} , = 1. Set

a b
9) R, = Z(q2 —1)"Dg, for1<a<n and L;:= z:(q2 —1)"Dy, for 1 <b<m.
r=0 r=0

Furthermore, let Uy 1, and Uy r denote the Cartan subalgebras of Uy, and Ug, respectively (see Sub-
section . We set

(10) iﬂh = ¢U<Uh,L &® 1) , .,2%7. = XP9 ﬁgh , ‘%h = ¢U(1 & Uh,R) , ‘%h# =P9 ﬁ%h.
Theorem C. The following statements hold.

(i) Hy.e is generated by Ry, ..., Ry,.
(i) %o is generated by Ly, ..., Ly,.

In the proofs of our theorems we borrow at least two key ideas from [LZZ11]. First, we use the
bialgebra structure of %,y to define a map I'y; ,, from &, onto the subalgebra of Ug-invariants in
gr( 1) (assuming n > max{k,[}). The map I';;,, given in Definition is similar to the map
introduced in [LZZ11, Lem. 6.11]. Second, we define a new product on ; such that the map I'y; ,
becomes an isomorphism of algebras (see Definition . This product is analogous to the one defined
in [LZZ11l Lem. 6.13]. However our product is given by a more complicated (and asymmetric) formula,
because it needs to be simutaneously compatible with two universal R-matrices. As a consequence,
establishing the desired properties of this product requires new ideas (see Section . Because of this,
and the fact that unlike [LZZ11] the generators L; ; (respectively, R; ;) or even their graded analogues
are not weight vectors for the Cartan subalgebras of the two copies of Uy, (respectively, Ur) that act
on 29, the proofs of Theorems [A] and [B] become substantially more complicated than the analogous
results of [LZZ11]. See Subsection [9.2] for more details.

The results of this paper were obtained as part of a project on Capelli operators for quantum
symmetric spaces. From this standpoint, it is natural to ask if one can define quantized Weyl algebras
in the latter setting and then realize the action of (a large subalgebra of) the quantized enveloping
algebra via elements of this Weyl algebra. We address this question and its connection to Capelli
operators in upcoming work [LSS22a), [LSS22D)].
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The structure of this paper is as follows. In Section [2| we review the required background material
on Hopf algebras and twisted tensor products. In Section [3| we construct and study the quantized
Weyl algebra &% and its variations, namely Z 2", 7, , and ,Q{kgllrn The main goal of Section (4| is
to prove that under ¢y the elements K, ,®1 and 1® K, ,, defined in , of the Cartan subalgebra
of Urr are mapped into #%. In Section [5| we compute explicit formulas for ¢y (K, , ® 1) and
ou(1® K )\R,b)' Section [6|is devoted to some general properties of the polarization operators L; ;, R; ;
and their variants. In Section |Z| we define the map I';; , and establish some of its properties. Section
defines the new product on Z,; and establishes its properties. Theorems [A] and [B] are proved in
Section [9] and Theorem [C]is proved in Section Finally, Section [T1]lists the commonly used notation
in the paper.

Acknowledgement. The research of S.S. was partially supported by NSF grants DMS-1939600,
DMS-2001537, and Simons Foundation grant 509766. The research of H.S. was partially supported by
an NSERC Discovery Grant (RGPIN-2018-04044).

2. HOPF ALGEBRAS AND DEFORMED TWISTED TENSOR PRODUCTS

Throughout this section K will denote an arbitrary field and H will be a Hopf algebra over K. We
denote the coproduct, counit, and antipode of H by A, ¢, and S. The opposite and co-opposite of
H are denoted by H°P and HP (we use the same notation for bialgebras as well). Throughout the
paper, our notation for specific Hopf algebras H will remain consistent with these choices.

If A is an associative algebra and V is an A-module, a subspace W C V is called A-stable if
A-W C W. Finally, an associative algebra A is called an H-module algebra if it is equipped by an
H-module structure such that the product of A yields an H-module homomorphism A ® A — A.

2.1. Local finiteness modulo an ideal. Given a two-sided ideal of H (considered as an associative
algebra), we set E(z,I) := {ady(z)+1 : y € H} for x € H, where ad,(z) := > y125(y2) is the left
adjoint action of H (we use the Sweedler notation A(y) = > y1 ® y2 for the coproduct). We set

(11) F(H,I):={rxe H : dimg E(z,I) < c0}.
For I = 0 this is the locally finite part of H (in the sense of [JL94]), which we will denote by .#(H).
We have E(z2’,I) C E(x,I)E(2,I) for z,a’ € H. Consequently, .#(H,I) is a subalgebra of H.

2.2. The finite dual of H. Given a finite dimensional left H-module V', by the right dual of V we
mean the dual space V* equipped with the H-action defined by (z-v*,v) := (v*, S~1(x)-v) for v* € V*
and v € V| where (-,-) : V*® V — K is the canonical pairing. The matriz coefficients of V are the
linear functionals m«, € H* defined by

My o(2) == (v, 2-v) forze H, veV, v'eV"

Indeed my-, € H°, where H° denotes the finite dual of H (for the definition of H° see [KS97, Sec.
1.2.8]). Recall that H® has a canonical Hopf algebra structure. The product of H® is given by

(12) Ap(x) = Z Mz1)p(ze) for \,p€ H° and z € H,
where A(z) = )" 21 ® x2. Given two finite dimensional H-modules V' and W, we have
My*@uw* v@w = My pMy+ for v,w € V and v*, w* € W.

Let A° denote the coproduct of H®, so that A°(\) = Y A ® A\g for A € H®, where Y A} ® Ay is
uniquely determined by

(13) N\, zy) = Z()\l,x><>\2,y> for z,y € H.
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If {vi}le is a basis of V' and {v} ?:1 is the dual basis of V*, then A°(my«,) = Zgzl My* g, @ Mys .
The following remark will be used in Section

Remark 2.2.1. Let H®* C H° be a sub-bialgebra. Then H® is an H-module algebra with respect to
right translation, where the action is defined by (x - A\, y) := (\,yz) for A € H® and z,y € H. If H is
equipped with a K-linear map = — 27 that yields an isomorphism of Hopf algebras H — H°P, then H®
has another H-module algebra structure defined by (z -\, y) := (X, z%y), which we call left translation.
Given any homomorphism of associative algebras 7 : H — H, we can define 7-twisted left and right
translation actions of H on H*®, given respectively by the formulas

<.’I,' ' )‘7y> = <)\7T(.%')hy> and <.’E : A7y> = </\7 y7($)>
When H* is equipped with either one of the two 7-twisted actions, the following statements hold.
(i) If 7: H — H is a homomorphism of coalgebras, then H® is an H-module algebra.

(ii) If 7 : H — H is an anti-homomorphism of coalgebras, then H® is an HP-module algebra.

2.3. The isotypic component of the trivial H-module. For any H-module V' we set
Vig={veV : h-v=ce(hv},

where as before e denotes the counit of H. Let ¢ : H — Endg(V) be the algebra homomorphism
corresponding to this module structure (hence h-v = ¢(h)v for h € H and v € V). We equip Endg (V)
with an H-module structure, defined by h - T := > ¢(h1)T¢(S(h2)) for h € H and T € Endg(V),
where A(h) =" hy ® ho.

Lemma 2.3.1. Endg (V) = Endg (V)Y | where the right hand side is defined as in @).

Proof. The inclusion D follows from
BT =3 w(h)TY(S(ha) =TS w(h)(S(ha)) = T (3 mS(ha) ) = ()T,
for T' € Endg (V). For the inclusion C note that if 7' € Endg (V) () then
V(T =Y w(h)e(ha)T = (ha)T(S(he))e(hs)
=3 elh)Twha) = To (3 e(h)ha) = Tus(h). O

2.4. Braided triples, twisted tensor products and their deformations. Let C be a full subcat-
egory of the category of H-modules that is closed under direct sums and tensor products. To ensure
that C is a monoidal category we assume that the trivial H-module (the one-dimensional vector space
K equipped with the action h — ¢(h) for h € H) belongs to Obj(C).

Assume that C is braided. The braiding R of C is a natural family of H-module isomorphisms

Ryw: VoW =WV for V,IW € Obj(C)

that satisfies the usual hexagon axioms (see for example [EGNO15| Def. 8.1.1]). Henceforth we call
(H,C, R) a braided triple.
Let A and B be two H-module algebras, with products m4 and mp. Assume that A, B € Obj(C).

Lemma 2.4.1. The map RB,A :B® A — A® B satisfies the following relations:
(i) Rea(l®a)=a®1 forac A and Rpa(b® 1) =1®0b forbc B.
(i) Rp.ao (idp ®@ma) = (ma ®idp)(ida ® Rp.a)(Rp.a ®ida).
(iii) Rp.ao(mp®ida) = (ida ® mp)(Rp.a ®idp)(ids @ Rp ).
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Proof. This is well known, but we supply a proof because we did not find a reference.
(i) Equip K with the canonical H-module structure induced by the counit € : H — K. It is well
known (see for example [EGNOI5| Exer. 8.1.6]) that one has a commuting triangle

Rk A

K® A A®K

N,

A

where the lower sides of the triangle are the canonical left and right unit isomorphisms. It follows
immediately that Rg 4(1 ® a) = a ® 1. Furthermore, by naturality of R the diagram

Rk A

KA ARK
lB®idAl lidA(@lB
R
BoA—2% L A®B

is commutative, hence Rp 4(1 ® a) = a ® 1. The other relation is proved similarly.
(ii) Consider the diagram of maps below:

Rp, a®ida idp®@m
_—

AR B®A BRA®A B® A
\ J/RB,A(@A lRB’A
ida®RB, A
AR A® B , A® B
mA®idp

The square is commutative by naturality of R (because my4 and mp are H-module homomorphisms)
and the triangle is commutative by the hexagon axiom. The assertion of (ii) follows from comparing
two maps B A® A — A® B in the diagram: one is obtained by composition of the top and the
right edges of the square, the other is obtained by the outer edges of the triangle and the bottom edge
of the square.

(iii) Similar to (ii). O
Definition 2.4.2. Let A, B € Obj(C) be H-module algebras. We denote the products of A and B by
m4 and mp, respectively. The R-twisted tensor product of A and B, denoted by A®p B, is the vector
space A ® B equipped with the binary operation

(14) (ma®@mp) o (ida ® Rp.a ®idp).

Proposition 2.4.3. A®p B is an associative algebra.

Proof. This is well known and proved for example in [VV94, Prop. 2.2]. O
From Lemma [2.4.1fi) it follows that for a,a’ € A and b, € B the product satisfies
(15) (a®1)(d @b)(1@V) = (ad’ @ bY).

Remark 2.4.4. The vector space A®p B = A® B carries two module structures: as the outer tensor
product over K of H-modules A and B, it is an H ® H-module. As the inner tensor product of A and
B, it is an H-module. Of course the latter H-module structure is obtained from the former one via
restriction along the coproduct map H - H ® H.

Proposition 2.4.5. A®p B is an H-module algebra with the H-module structure of Remark |2.4.4}
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Proof. Given a,a’ € A and b,V € B, if we write Rpa(b®d’) =3 a” ® V" then for x € H we have

z-((a@b)(d @V)) =2-Y ad’ @b"b="> (x1-(aa")) @ (2 - ('D)).
Since A and B are H-module algebras, from the latter equalities and it follows that

z- ((a@b)(a' @V)) = (21-a)(wz-a”) @ (w3 - V") (24 - D)
= S (@1 @) © D((22-a") @ (23 1"))(1® (4 -b)).
Since R A,B is an H-module isomorphism, from the latter equalities and we have
z- ((a®b)(d ®b)) = Z((m ca)®1)(Rp,a((z2-b) @ (23-d))) (1 ® (24 - V)
= ((x1-a) @ (z2-b))((x3-d') @ (24 - V) =D (21 (a®@ D)) (22 - (a ®V)).

Thus A®p B is an H-module algebra. (I

Let E4 C A and Ep C B be subspaces that generate A and B, respectively. Thus A 2 T(FE4)/14
and B = T(Ep)/Ip, where T'(X) denotes the tensor algebra on X, and I4 and Ip denote the corre-
sponding ideals of relations. We assume that F4 and Ep are H-stable.

Remark 2.4.6. The H-module structures on E4 and Ep equip T(E4) and T(Ep) with canonical H-
module algebra structures. It is straightforward to verify that the maps T(E4) — A and T(Ep) — B
are H-module homomorphisms. In particular, I4 and I are H-stable subspaces of T(E4) and T'(Ep),
respectively.

Consider the linear map
YaB:Ea®@Ep - T(EA® EB), yaB(a®Db) := ab.
Note that we can express v4 p as the composition

iAQip a®@b—sab

(16) Es®@Fp —5T(EA4® FE)T(Ey® Egp) ———— T(E4 @ Ep),

where iy : B4 — T(Eq4 ® Ep) and ip : Ep — T(E4 @ Ep) are canonical embeddings. For the
next lemma, recall that the H-module structure on E4 & Ep induces a canonical H-module algebra
structure on T'(E4 & EpR).

Lemma 2.4.7. v4 p is an H-module homomorphism.

Proof. Since ia, ip and the product of T(E4 @ Ep) are H-module homomorphisms, the assertion
follows from the description of y4 g in ([16]). O

By the universal property of tensor algebras the map E4 ® Ep — A ®p B given by the assignment
a®b—a®1l+1®0binduces a homomorphism of algebras

m:T(Exs® Ep) - A®p B.

Proposition 2.4.8. Let A, B, E4 and Ep be as above. Then m induces an isomorphism of algebras
T(Ea® EB)/Iap = A®p B,

where 14 g denotes the two-sided ideal of T(E4 & ER) generated by 14, Ip and the relations

(17) ba—'yA,BoRB,A(b@@a) forae Es, be Ep.



QUANTIZED WEYL ALGEBRAS, DOUBLE CENTRALIZERS, AND FFT FOR U,(gl,) 9

Proof. We have m(Es ® Ep) = E4p where Eqp := (E4® 1) ® (1 ® Ep). Furthermore, A ®3 B is
generated as an algebra by F4 g. Thus 7 is a surjection. Next we prove that 7 is an injection. From
the definition of the product of A ®p B it follows that 4 p C kerw. Thus, to complete the proof it
suffices to verify the reverse inclusion.

By the relations , every element of T(E4 & ER)/Ia p can be expressed as a linear combination
of products of elements of 4 and Eg in which elements of ¥4 occur before elements of Eg. Thus,

(18) T(Ea® Ep) =T(EA)T(EB) + a5

Now choose {aq}tacz, C T(Ea) and {bg}gez, C T(Ep) such that {Iax + an}acz, is a basis of
T(Ea)/Ia = A and {Ip + bg}pez, is a basis of T(Ep)/Ip = B. From it follows that the
elements I4 g + aqbg for a € I4 and 8 € Ip constitute a spanning set of T(E4 @ Eg)/IaB.

From it follows that m(aq) = @ ® 1 for some a, € A and 7(bg) = 1 ®bg for some bg € B. Also,
7(IaB + aabs) = Gy @ bs. The sets {@q tacz, and {bs}sez, are bases of A and B, respectively. Thus
7 maps a spanning set of T(E4 @ Ep)/Ia p bijectively onto the basis {aq @ bg : a € T4, € I} of
A®p B. It follows that kerm C I4 p. O

Let ¢ : Eg x E4 — K be an H-invariant bilinear form, that is
(19) Zw(xl b,z a) =€e(x)Y(b,a) fora€ Ey be Ep, x € H,

where as before € : H — K denotes the counit of H. Let I4 g,y denote the two-sided ideal of T(EA® ER)
that is generated by I4, Ip, and relations of the form

(20) ba —vapoRpa(b®a)—(ba) forac Ea, be Ep.

Definition 2.4.9. We call the algebra A ®p , B := T(Ea ® Ep)/Ia,py the y-deformed R-twisted
tensor product of A and B relative to F4 and Epg.

The H-module structure of E4 & Ep equips T(F4 @ Ep) with a canonical H-module algebra
structure. We have the following statement.

Proposition 2.4.10. The canonical H-module algebra structure on T(E4 & Ep) descends to an H -
module algebra structure on A Rpy B

Proof. It suffices to verify that I4 p is an H-stable subspace. By Remark [2.4.6| the subspaces I4 and
Ip of T(E4 @ ER) are H-stable. Thus it remains to show that the relations (20)) span an H-submodule
of T(EA ©® EB).

Any x € H acts on T°(E4 ® Eg) 2 K by e(z). Next let a € Eq, b € Eg and € H. By and
Lemma [2.4.7 we have

- (ba — a8 0 Rp.a(b®a) —(b,a))
= Z ((z1-b)(z2-a) —vapoRpa(®-b@xs-a) —P(z1 - b, 32 - a)),

which is a sum of relations of the form . O

By the universal property of tensor algebras the maps i4 and ip induce embeddings of associative
algebras iy : T(E4) — T(FaA @ Ep) and ip : T(Eg) — T(Es @ Ep). The latter maps induce
H-equivariant homomorphisms of associative algebras

A%T(EA)/IAJ——)A@RWB and B%T(EB)/IBL)A(@R#)B‘
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By tensoring the latter maps and then composing with the products of the algebras T(E4 @ Ep) and
A® ity B we obtain the following commutative diagram:

(21) T(E4) ® T(Ep) —222 . T(Ea® Ep) @ T(Ea ® Eg) "2 . T(E4 & Ep)
A®B s (A ®py B)® (A®g, B) Ly ®py B

In the above diagram the vertical maps are the canonical quotients.

Remark 2.4.11. From Remark it follows that i4 ® ig and iy ® ig are H ® H-module homo-
morphisms. Also, the products of T(Ex & Ep) and A®p,, B are H-module homomorphisms (see
Proposition [2.4.10). Thus the composition of the bottom horizontal maps in , which is given by

(22) A®B—>A®R7¢B,a®b»—>IA,B,¢+ab,

is an H-module homomorphism (recall that an H ® H-module homomorphism is also an H-module
homomorphism by restriction along the coproduct map H — H ® H).

2.5. Locally finite braided triples and their products. Given a braided triple (H,C, R) we set

(23) Ryw = ow,v © RV,W?
where

oy WV VW | wev—uvlw
is the standard flip map.

Definition 2.5.1. We say a braided triple (H,C, R) is locally finite if it satisfies the following condi-
tions.

(i) Every V € Obj(C) is a sum of its finite dimensional submodules that belong to Obj(C).
(ii) For finite dimensional modules V, W € Obj(C) there exist wy.w,wy,w € H ® H such that

Ryw(w®w)=wyy - (v@w) and R‘_/}W(U®w):wv7w-(v®w) forvoweV e W.

Let us briefly explain the idea behind Definition The braiding of the category of modules of
the Hopf algebra U,(gl,,) is given by a formal series that does not belong to U,(gl,) ® Uy(gl,,) (see
Subsection . Thus, in order to give a rigorous proof of Proposition below, we need to be able
to replace this formal series locally by a finite 2-tensor.

Lemma 2.5.2. Let (H,C, R) be a locally finite braided triple and let Vi, ..., V,,Wq,..., W, € Obj(C)
be finite dimensional modules. Let wyw,wy,w € H ® H be chosen as in Definition |2.5.1|(i1), where
V=@, Vi and W :=@;_, W;. Then

RV;-,W]- (’Ui ® wj) =wyw - ('Ui ® ’LUj) and R‘_/in (Ui ® Wj) =Wy,w - (Uz' ® wj),
for all v; € V; and w; € W; where 1 <14,j <.
Proof. This follows from naturality of R with respect to the canonical maps V; ® W;=VeoW. U

We need to work with the braided triples associated to tensor products of Hopf algebras Ugy(gl,,).
To this end, we need the following definition.
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Definition 2.5.3. Let (H,C,R) and (H’,C’, R') be locally finite braided triples. Set H" := H @ H’
and equip H” with the canonical tensor product Hopf algebra structure. Furthermore, let C” be the
full subcategory of the category of H”-modules whose objects are direct sums of modules of the form
V @ V! where V € Obj(C) and V' € Obj(C’). We define a braiding on C” as follows. First, for
V,W € Obj(C) and V', W' € Obj(C") we set

(24) Veviwew = (Ryw),s© (R/V’,W')24'

Here (Rﬁ/, W,>24 means that 12, ;, acts on the 2°¢ and the 4'® components of (V & V') @ (W @ W'),

resulting in a map

VeaVieWeaW)—=(VeW)e(WeV,
and (Ry,w),, is defined analogously. Next for Vi=@®,V,oV/ and W := P ; W; ® W] we define

L U
VW @ VeV \W,eW;

i’j
Proposition 2.5.4. Let H”, C" and R" be as in Definition . Then (H",C",R") is a locally finite
braided triple.

Proof. Tt is trivial to check that (H”,C", R") meets the condition of Definition (1) Next we show
that (H”,C",R") is a braided triple. It is straightforward to check that C” is closed with respect to
tensor products and arbitrary direct sums. The hexagon axioms for R” follow from those for R and
R'. Next we verify naturality of R”. Since R” is defined by expansion on direct sums of modules, it
suffices to prove commutativity of the diagram

RV@V’,W@W’
_—

VeV)e (We W) WeW)e (VeV)
fv®fwl ifw@fv

VeoV)eWeW) WeoW)e Vel

Rygv/ wew!

for all choices of V,W,V, W € Obj(C), VW' . V' W' € Obj(C"), fv € More/«(V @ V'V @ V') and
fw € Moren(W @ W/, W @ W'). The subtlety here is that we cannot assume that fi and fy
can be decomposed into tensor products of maps on the tensor components. Since C” satisfies the
condition of Definition (i), using naturality of R and R’ we can assume that all of the modules
in the commutative diagram are finite dimensional. Using Lemma for the triples (H,C, R) and
(H',C',R') it follows that Rygy wews and Rygys wep are given by the left action of the same
2-tensor in H” @ H”. Commutativity of the diagram follows immediately.

Finally, we show that the condition of Definition [2.5.1{(ii) holds. If Ry,w and Ry, y. are equal to
the actions of wy,y € H ® H and w{/,yw, € H' ® H' respectively, then R§§®V,7W®W, is equal to the
action of

(WV7W)13(W(//7W,)24 c H// ® H”,

This verifies Definition ii) for pairs of H”-modules in C” of the form V ® V/ and W @ W’. Using
Lemma for the triples (H,C, R) and (H',C’, R'), the claim follows for general H”-modules in C".

. . /!
A similar argument can be given for (RV®V/7W®W,) . 0
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2.6. A result on H”-stable subalgebras of A ®j;, B. We continue with the notation of Defini-
tion [2.5.3, Let A and B be two H”-module algebras such that A, B € Obj(C”). Recall from Re-
mark and Proposition that A®p, B is an H”-module algebra and also an H” ® H"”-module
(but not necessarily an H” @ H"”-module algebra). For w € H @ H let

T,:AQpy B — A®p, B
denote the linear endomorphism obtained by the action of wis. Here by definition (z ® y)i13 =

r®1®y®1 for z,y € H.

Lemma 2.6.1. Let (H,C,R) and (H',C',R') be locally finite braided triples and let (H",C", R") be
defined as in Definition . Let A, B € Obj(C") be H"-module algebras. Let V) C A and V}; C B
be finite dimensional H"-submodules such that V), V] € Obj(C"). We decompose V) and V}; as

Vi= @D Via®Via and Vi= (P V;p@ Vs,
1€Qn JEQB

where Vi 4,V g € Obj(C) and Vz‘/,Aij/,B € Obj(C’) fori e Q4 and j € Qp (here Q4 and Qp are index

sets). Let wyw,wy,w € H® H be chosen as in Definition |2.5.1|(ii) where
V= @ Via and W := @ V;.B-
1€EQ A JjEQR

For x,y € H let w,y € H® H be defined by wy, = wyw(y @ x)wyw. Then

D!/ -1 D! .
((RB,A) © Tx@y © RB,A) " 7" = Wz,y fO'r' 1 S ? S .
VIRV
Proof. By naturality of R” it follows that
R" =Y/ d 511 -1 Y -1
(R,4) vievy = fvgvy  an (R5,4) |VX®VE'; — \Mtvgvy

Thus from ([24)) it follows that
/! —1 ! ~ -1 <
(( B,A) o Thgy o RB,A) ‘\/]-,B®Vj/’B®Vi’A®Vi/7A = (R‘G,B,%,A)lg 0 Toy © (R‘G,B,Vi,A)m'
The relation and Lemma for the triple (H,C, R) imply the assertion of the lemma. ]

Proposition 2.6.2. Let (H,C, R) and (H',C', R") be locally finite braided triples and let (H",C", R")
be defined as in Definition [2.5.9 Let A,B € Obj(C") be H"-module algebras. Let £ be a subspace
of A®p, B and let A denote the subalgebra of A ®p, B that is generated by £. Finally, let H be a
sub-bialgebra of H.

(i) Assume that for every pair of finite dimensional modules V,W € ODbj(C), we can choose
wv.w,Wyw € H® H that satisfy Definition (ii). If € is stable under the action of the
subalgebra H@ 1@ H® 1 of H' @ H", then so is A.

(ii) Assume that for every pair of finite dimensional modules V,W € ODbj(C), we can choose
wy.w,wvw € H® H that satisfy Definition (u) If € is stable under the action of the
subalgebra H®1® H® 1 of H' @ H", then so is A.

Proof. For r > 0 set A, := Span {fw(l) e s eEfor1<i < r}, so that A := )" A.. We
prove by induction on 7 that under the assumptions of (i) (respectively, of (ii)), the subspace A, is
(H ®1® H ® 1)-stable (respectively, (H ® 1 ® H ® 1)-stable). For » = 0 this is trivial and for r =1
this follows from the assumption on £. Next assume r > 1.
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Choose any o, € A ®py B. We can express o and 3 finite sums o =Y a®band =) d @V
where a,a’ € A and b,b' € B. For each pair (b,a’) that occurs in these summations we also express
't 4(b® d’) as a summation, that is,

(25) Ab®a) Z a" @b,
where of course the a” € A and the v € B depend on b and a’. For h,h’ € H we have
(he1ek el)-af=(helal 1) (Y @eb@ b))
=heoleh®l)- (Z aa” ® b”b’) = Z (h®1)-(ad")) ® (K @1)-(")).
Since both A and B are H”-module algebras, from the above calculation and we obtain
(h@leh@l)-af=>Y (h®1): a)((hQ ®1)-d")y@ (M @1)-0")((hy®1) - V)
(26) => (m®1)-a)el)(hheleh@l)- (@ @b")(1e(khel) b)),

where A(h) = >>hy ® hg and A(R) = > h’l ® h. From Lemma it follows that for each pair
(he, b)) that occurs on the right hand side of there exists a 2-tensor wpy, p1 = > Upy p; ® u;127h,1

such that

(he@ 1@ R @1)- Y (" @ V") = R a ((@nong) - 0 @)
(27) = R a (((unyp, ©1)-0) @ ((th g ©1) - ) -
Note that by Lemma the 2-tensors wy, 5, are of the form

_ /
Wh 1y = Wyv,w (b @ ho)wv,w,

where wy w7, wvw €eH ® H satisfy the constralnt of Definition ( i) for suitable H-modules V, W.
By comparing and ( and then using we obtain

(holoh ®1) af = Z (((hl ©1)-a) ® ((upyp ©1)- b)) (((u;w,1 ®1)-a) @ (1 hh)- b’))
=Y ((m@1@up,p ©1)-a) (U, ®1@he1)-5).

In what follows we complete the proofs of part (i) and part (ii).
(i) It suffices to prove that for h € H and b’ € H and wV, ... w( € £ we have

(28) (h@leoh ®1)- (w(l) . -w(’”>> €A,

We set

a=uw® and B:=w®. ...
Since A(H) € H ® H, we can assume that h),h), € H, hence Upy bl € H. Thus, by the induction
hypothesis we have

(29) (M @1@up,p ©1)-a) €EC A and ((u;w’h/1 ®1@hy®1)-8) € A_1.

The inclusion (28)) follows from AlAr_lf A,. B
(ii) It suffices to prove (28) for h € H and b’ € H. We define o and 8 as in (i). As h € H, we
can assume that hi, hs € H, hence u;u n € H. Again the induction hypothesis implies (29) and the
1y

inclusion follows from A1 A,_1 = A,. |
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2.7. Braidings and matrix coefficients. Let (H,C, R) be a locally finite braided triple. As in
we set Ry w = ow,v ORV,W for V,W € Obj(C). Let H; C H° denote the Z-span of matrix coefficients
of the H-modules that belong to Obj(C). Since C is closed under direct sums and tensor products,
indeed H; is a sub-bialgebra of H°.

Let f € H; be a sum of matrix coefficients of V1,...,Vy € Obj(C), that is

N
f = E mv;,v“
i=1

where v; € V; and v € V;*. Similarly, let g € Hg be a sum of matrix coefficients of Wy,..., Wx €
Obj(C) that is g = vall My w,. Choose wvw,wvw € H ® H that satisfy the condition of Defini-

tion (11) for V := @Z Viand W = @l 1 Wi. We define
(30) R(f@g)=wyw (f®g) and R (f@g):=wvw (f®g)

where the actions of wy,y and Wy, are by right translation on tensor components. This means that
for example if wyw =Y r®@r € H® H, then

(wyw - (F@ ) (h@R) = f(hr)g(h'r").

Remark 2.7.1. (i) For z,y € H we have
(31) (wrar - (Mug, @ Mus ) ) (@ @) = (0F @ 0], (@@ y) - Ruaw (01 & wy),

hence the left hand side of is independent of the choice of wy,;. Summing over 7 and j it follows
that R(f ® g) is independent of the choice of wy .y as well. The latter observation and Lemma m
imply that R(f ® g) does not depend on how f and g are expressed as sums of matrix coefficients. An
analogous statement holds for R™!(f ® g).

(ii) From Lemma it also follows that the formulas extend to linear maps

R,R™': HS® HE — HE ® Hg.
Indeed the latter maps R and R~! are mutual inverses.
We define
(32) (f®g,R)=(R(f®g)(1®1).
In the rest of this subsection A°(f) =5 f1 ® fo and A°(g) = > g1 ® go.

Lemma 2.7.2. Let f,g € H;. Then the following relations hold.

(i) R(f®g) =2 fi®gal(fz®@ge,R).
(i) feg=2(RNfi®n),R) f2®g.

Proof. 1t suffices to verify the assertion when f and g are matrix coefficients of finite dimensional
H-modules V, W € Obj(C). Suppose that f :=my, and g := my« . If Ryw(v®@w) =) 0 ®w then
by we have R(f ® g) = > my+ 5 ® my= 5. Choose dual bases {v;} and {v} for V and V* and
dual bases {w;} and {w}} for W and W*. Using the coproduct and counit identities of H® we have

Zfl ®gl<f2 ®92,R = va* v; & Myy= Jwj (<Uz>‘k7 ~><wj7w>)
= Z mv Ui <w]aw>mw*,wj = Z My* 5 @ M= = R(f® g)'
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This proves (i). For (ii) note that if Rl (v®w) = Y9 ® @ then R (f @ g) = Y. My 5 @ My 5.
Next we write Ry (v; @ wj) = Y. 9% @ 1" for each pair of indices 4, j. Then

Z<R_1(fl ® gl)v R>f2 ® g2 = Z<mv*,ﬁivﬂ' ® mw*,ﬁ;i»ij>mv;‘,v ® mw;,w
= Z<U*7’Ui>mvf7v ® <w*a wj>mw;f,w = My*yp ® My* w = f ®g. O
Fix finite dimensional H modules V, W € Obj(C). Let {v;}%; and {w;}¥ | be bases of V and W.

Also, let {v}}¢ ; and {w]}{_; be the dual bases of V* and W*. We denote the matrix entries of Ry
in the basis vZ ® w; by Rkl so that

15
RV,W(UZ‘ ® wj) = Z Rklvk ® wy.
k,l

Set tvb ‘= Mys 4, and tab '= My w,. Then Rf} ( ®tl],R>, so that as in [Ja96, Lem. 7.12] we
have the well known relations

(33) S e Rty => (ot Rty foralli,j,a,b.
k,l k,l

From it follows that

(34) Y aifi{fa®ga, R) = fog2(f1 @ g1, R) for f,g € HE.

3. THE ¢-WEYL ALGEBRA X9

In this section we construct £ % as a deformed twisted tensor product of the algebras & and %
with respect to the univeral R-matrix of Urg. Recall that k := C(q).

3.1. The algebra U,(gl,). For n € N, the quantized enveloping algebra Ug,(gl,,) is the k-algebra
generated by E;, F; for 1 < ¢ < n—1 and Kgfl for 1 < i < n, that satisfy the relations KEZ,KE_Z,1 =
KZ'K. =1, K. K., = K. K.,

K. E;K ' = = glidl- [[ZJ-H]]E , K, FK = q—[[ml]Jr[[ZJH]]F E;Fj — FjE; = [, j]]K K; ’
1 q_
where K; := K, Kaz}rl and
1 ifa=0
(35) la.0] =<4 = L@
0 ifa#b,
as well as the quantum Serre relations. For \ := 2?21 m;e; € 21 + - - - + Zen, we set
n
(36) Ky =] Ko
i=1

The Cartan subalgebra of Uy(gl,,) is the subalgebra spanned by the K for A € Zey + - - - + Zey,. We
denote the Cartan subalgebras of Uy, = Uy(gl,,) and Ur = U,(gl,) by Uy 1 and Uy g, respectively.
Following [KS97] for the choice of the coproduct A on Uy(gl,,), we set

AE)=EoK +1E , AF)=F1+K'oF , AK.,) =K, ®K.,.
The counit and antipode of Uy(gl,,) are given by
e(B)=€F) =0, (K =1, S(E)=-EK;' , S(F)=-KF, , SK.)=K;"

€i
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3.2. The universal R-matrix of U,(gl,). Recall that a Hopf algebra H is called quasitriangular if
it has a universal R-matriz, i.e., if there exists an invertible 2-tensor R € H ® H satisfying

(37) AP = RAR™! , (A & ld) (R) = Ri3R93 , (ld ® A)(R) = R13R19.

Strictly speaking, U,(gl,) is not quasitriangular because the formal series that is usually called the
universal R-matrix of U,(gl,) indeed belongs to a topological tensor product Uy (gl,)&Up(gl,,) where
Uy (gl,,) denotes the h-adic Drinfeld—Jimbo quantum group. However, it turns out that the setting of
braided triples is a rigorous way to work with this universal R-matrix.

Let C™ denote the full subcategory of the category of Uy(gl,,)-modules whose objects are direct
sums of irreducible finite dimensional U, (gl,,)-modules with highest weight of the form g2i=1 2% where
A1 > -+ > A, are integers. Such modules are sometimes called modules of type (1,...,1). We define

a braiding on C(™ as follows. First we fix a formal series description of the universal R-matrix for
U,(gl,,). For more details see [VY20, Thm 3.108] or [KS97, Sec. 8.3.2].

Definition 3.2.1. Given n € N, the standard root vectors of U,(gl,,) are

Eeey = (=17 YE, ..., Ej1]1]pr and  Fr—o, o= (=177 Fj_q,[..., Filglg

where 1 <i < j <nand [z,y|+1 =2y — ¢ lyx. We set
n )
(38) R .= (ehziﬂHf@Hi) Exp, ((¢—q ") Es, ® F3,)
i=1
with the conventions efi := i el =g, Exp,(z) = Zrzo q(g)ﬁz! and 5i+j(j;1) = g; — gjy41 for
1<i<j<n-—1. Also, set

= ()

In what follows, we need R(™ to define & and 2, and we need R™ to define 222" and 2%. The
formal series R(™ and R equip the category C(™ with two braidings which we describe below. Given
V,W € Obj(C™), the formal series defines a linear map

RN VOW = VaW.

To give sense to the action of R on V ® W we make the following two observations. First, for any
v@w €V ®@W all but finitely many terms of Exp, ((q —q¢ V)Es ® Fﬁi) vanish on v ® w. Second, if
veVand we W are weight vectors of weights ¢ and ¢” with p = > | wie; and v == > | vie;

respectively, then the action of e’ Yini HioHi o g @ w is by multiplication by the scalar ¢{**) where

(39) (u,v) = ZNM‘-
i=1

By a similar reasoning, the action of R™) yields linear maps
Ry VOW = VoW
It is well known that by setting

(40) JVQE}?‘),V =0oy,w © R%}?‘)/V and 3&21)/1/ =ovw Oggfl)/v

we obtain braidings on C™), which we will denote by R and i(n)
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Proposition 3.2.2. Set H := U,(gl,), C := C™, and R := R™ or i(n). Then (H,C, R) is a locally

finite braided triple.

Proof. The only assertion that we need to prove is the property of Definition ii). Fix finite

dimensional V, W € Obj (C(")). We construct an element of Ugy(gl,,) ® Uy(gl,,) that acts on V @ W as
n)

R%/vv- Since Eg ‘® Fﬁii vanishes on V ® W when N; is sufficiently large, the exponential factor
Exp, ((¢— ¢ ")Es, ® F,)

can be replaced by a finite sum. Next we provide a finite 2-tensor that replaces ef2=i=1 Hi®Hi, Let
p ) be the distinet weights of W. Choose v € Zej + - - - + Ze,, such that the values (v, ,u(l)>
are mutually distinct numbers. For 1 <1i < N define T; € U,(gl,,) by

K, — ¢
r= 1l <<V,u(“>€ oy |
1<jen \1 7

i#i

Then T acts by 0 or 1 on the p¥)-weight space of W, depending on if j # i or j = i respectively. It
follows that the action of Zf\il K, ®@T; on VoW is identical to the action of eh 2t Hi®Hi  Thus the
action of R(™) on V @ W is identical to the action of a (finite) 2-tensor in U, (gl,,) ® U,(gl,,). Analogous

-1 +1
constructions can be given for <R§?I)/V) and (Egl I)/V) . O

As in Subsection let Uy(gl,,)° be the finite dual of U,(gl,,).

Definition 3.2.3. Let U,(gl,)®* € U,(gl,)° denote the sub-bialgebra that is spanned by matrix coef-
ficients of objects of C(™),

For f,g € Ugy(gl,)® we define (f ® g,R(”)> and (f ® 9,3(”)> as in (32). For finite dimensional
V € Obj (C(”)) the right dual V* also belongs to Obj (C(")). From this and the fact that S and S~! are

conjugate by an element of the Cartan subalgebra it follows that if f € U,(gl,,)® then foS*! € U,(gl,,)*.
It is well known (see for example [KS97, Sec. 8.1.1]) that

(41) (&) = (@) =5 (20) ad (Se1)(R0) = (=)
Consequently, for f,g € Uy(gl,,)® we have
(42) (f@(goS™),RMY=(g& f,R™) and ((foS)®g,R™) = (g f,R™M).

3.3. The involution z +— 2. Tt is well known (for example see [No96, Sec. 1.4]) that there exists a
unique k-linear isomorphism of Hopf algebras

(43) Ug(al,) = Ug(gl,)® s @ a,
such that
(44) Eli=qKF;, , F:=q¢'EK' , Ki:=K.,.

Lemma 3.3.1. S(2%) = S~(2)" for x € U,(gl,,).

Proof. Both sides are automorphisms of the algebra U,(gl, ). Therefore it suffices to verify that they
agree on the E;, the F;, and the K. . This is a straightforward calculation. OJ

By the canonical duality between Uy(gl,,) and U,(gl,)°, the map induces an isomorphism of
Hopf algebras U,(gl,,)° — (Uy(gl,,)°)°®P. We denote the latter map by u +— u? as well, so that

(45) (uf, x) = (u,2%) for u € Uy(gl,)® and = € U, (gl,,).
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3.4. The algebras &, and Z,x,. From now on we denote the standard positive system of the
root system of gl,, by

Afi={e;—¢gj:1<i<j<n}
Let V(™ denote the irreducible U,(gl,)-module of highest weight ¢~ (all highest weights are con-
sidered with respect to A;l). Thus V() = k" as a vector space and the homomorphism of algebras
Uq(gl,,) — Endg (V(”) ) is uniquely determined by the assignments

K= 14+(g ' =1E,; , Ei—Ej; , Fi—Ei,

where the E; ; are the elementary matrix units associated to the standard basis {e;}7_; of V(™ and
1:=5%"",E;;. Using (38) the R-matrix of V() @ V(™) can be computed directly, and we obtain

R o = D @i ®Eit > Ei®Ej+(a—g') Y. Ej®E;

1<i<n 1<i#j<n 1<j<i<n

For 1 <4,j < nlett;; denote the matrix coefficient me: ., of V() By the ¢; ; satisfy the following
relations:
(R1) tritk; = qthjth, tigtie = qtjntsp for i <j.
(R2) ti,ltk,j = tk,jtila ti,jtkl — lti,j = (q — q_l)tutk’j fori < k and j < L.
Similarly, let V(™) denote the irreducible U, (gl )-module with highest weight ¢°*. Again V() o gn ag
vector spaces, but the map U,(gl,,) — End]k( (")) is uniquely determined by the assignments
K,—=1+(@-1E; , E—E;nn , Fi—Eg,.

Indeed V(™ = (V(")". The R-matrix of V(" @ V(" is

Ri“f()rm“/(n) ZQE“(@E“JF Z Eii®Ejj+(g—q") Z Eij ®Eja.

1<i<n 1<i#j<n 1<i<j<n

If 0; ; for 1 <4, j < n denotes the matrix coefficient Mex e, of ‘7(”), then again from it follows that
the 0; ; satisfy relations similar to those between the ¢; ;, with ¢ replaced by ¢~ !. Equivalently,

(RY') Ok jOki = qOk,iOk.j, Oj kOik = qO; k0j for i < j.

(RQ’) c‘)k,jau = @Jakd', 8k,18i7j — am'@k,l = (q — q_l)ak’jau fori < k and j < L.

Definition 3.4.1. Let &, denote the subalgebra of U,(gl,,)° generated by the t; ;, for 1 <1i,j <n.
Similarly, let Z,,x, denote the subalgebra of U,(gl,,)° generated by the 0; ;, for 1 <14, j < n.

It is well known (for example see [Ta92]) that the relations (R1)-(R2) yield a presentation of %, x,
by generators and relations. Since %, x, = 9722”, a similar statement holds for %,,x,. From Section

it follows that both &2, «, and %, «. are bialgebras with the coproducts satisfying
tij Zti,k ®tr; and 0;; — Z Oi .k ® Ok,
k k

and the counits satisfying ¢; j, 0; ; — [, j]. Henceforth we denote the coproducts of &,y and Zpxy
by Ap and Ag, respectively.

Lemma 3.4.2. tE’j —t..and 8. = 9

Jst 1,J Jit?

where tEJ and 82-% are defined by .

Proof. We only give the proof for the ¢; ;, as the argument for the 9; ; is similar. The assertion follows
if we verify that

(46) <ti’j,xh> = (tji,x) for z € Uy(gl,).
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It suffices to check when z is a generator of Ug(gl,), because if holds for x,y € Uy(gl,,) then
(tigs (zy)F) = (tig,y'a®) = Y (i ) (tag, %) = Y (tais y)(tjas 2) = (tji 29),

a a

hence also holds for xy. When x is one of the standard generators of Uy(gl,,), checking is a
direct calculation. For example for x = E; we have

<ti7j7 E]E:) =q Z<ti,a7 Kk><ta,7j7 Fk>

The right hand side vanishes unless j = k+1 and i = k, in which case we have (t; ;, EIE.) = 1. It follows
immediately that (¢; ;, EE) = (t;i, Ey) for all i, j, k. O

According to Remark the canonical Ugy(gl,,) ® Uy(gl,,)-module structure of U,(gl,,) by left and
right translation equips both &, and %, with Uy(gl,,) ® Uy(gl,,)-module algebra structures. Our

next goal is to describe the latter actions explicitly (all of the actions are from the left side).
Let R4 be the action of Uy(gl,,) on Z,,xn by right translation, as in Remark We have

Ro(x)u = Z(uz,x>u1 for z € Uy(gl,), v € Dnxn,
where as usual A(u) = > u; ®@ug. Similarly, let L4 be the action of Uy(gl,,) on Zy,xx, by left translation.
Thus
Lg(x)u = Z(ul,xh)uQ for . € Uy(gl,,), v € Dnxn.-
By Remark both L4 and Ry equip Zpxrn with Ugy(gl,)-module algebra structures.
Next we define the left and right Ug,(gl,)-actions on &, x,. For ¢ € k let & denote the unique
automorphism of Ugy(gl,,) defined by
gc(Ez) = CEZ' s gc(F‘z) = CilF‘i 5 &c(K‘E,) = Kei-
Lemma 3.4.3. #; jo{. = ci’jti,j and 0; j o & = cj’iﬁi,j.

Proof. We only give the proof of the assertion for the ¢; ;. In this case we need to verify the equality

(47) tij(€c(x)) = ¢t 5(x)
for x € Uy(gl,,). This is a straightforward calculation in the special case where x is one of the standard

generators of Ugy(gl,,). To complete the proof of note that if holds for z and 2/, then it also
holds for zz’ because

tij(Ec(za’) Ztm (Eel@)ta(Eela)) = =Dty (2)ta(2) = i j(aa'). 0

The map
g Uf](g[n) - Uq(g[n)op,cop y T f_l/q(S(I'))
is an isomorphism of Hopf algebras. Thus, the pullback of = induces an isomorphism of Hopf algebras
Uq(g1,)° — (Uy(gl,,)°) PP, given by u + uo =Z. Set

(48) t(u) :==uoZ for u e Uygl,).
Lemma 3.4.4. We have
(49) L(ti,j) = 8]-,1- fO’I“ 1< i,j <n.

In particular, the restriction of t to Puxn is an isomorphism of bialgebras v : Ppxn — .@Op’mp.

Proof. We need to verify t; ;(E(z)) = 0;,(x) for x € Uy(gl,,). It suffices to check the latter relation for
the standard generators of Uy(gl,,), and this special case follows from a direct calculation. ]
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Next note that the map
L Prxn — @ffin ) L(U) = L(u)u
is an isomorphism of bialgebras (indeed i(t; ;) = 0;;). Let Ry, and Ly, denote the 7-twists of
Ry and Ly (see Remark [2.2.1)), where we set 7(z) := S7'(2)* for x € U,(gl,). For u € @, , and
x € Uy(gl,) set

Rop(z)u =" (Rg+()e(uw)) and Lp(z)u:= Tt (Lo (z)u(u)) .

By Remark [2.2.1(ii), Ry, and Ly ; equip P xn with Uy(gl,)*°P-module algebra structures. It follows
that R and L equip &« with U,(gl,,)-module structures. By a direct calculation

Rop(x)u= Z<L(UQ), S7Hz)uy and Lgp(z)u= Z<L(U1), S™Hx) ) ug,
for x € Uy(gl,,) and u € P, «p. Using , Lemma and the relation §? = 42 we abtain

Ro(@u=» (upof ypayur and Lop(@)u=Y ((u10& o) z)us.

3.5. The algebras & and Z. Our next goal is to extend the constructions of Subsection to the
m X n case.

Definition 3.5.1. Let m and n be positive integers and set N := max{m,n}. We define the algebra
P = Ppxn (respectively, Z := Dy, xp) to be the subalgebra of Py« n (respectively, Zn«n) that is
generated by the t; ; (respectively, the 0; ;) where 1 <7 <mand 1 <j <n.

Note that by restricting the Uy(gly) ® Uq(gly)-module algebra structures on Znyn and Py« n we
obtain Urg-module algebra structures on & and 2. Let us describe these Up r-module algebras more
precisely. For convenience we first assume that m < n. Then the subalgebra of Uy,(gl,,) generated by
E; F;, KSE],1 for 1 <i<m—1and 1< j <m is isomorphic to Uy(gl,,) = Ur. With this identification
of Uy, with a subalgebra of U,(gl,,) we have the following lemma.

Lemma 3.5.2. Suppose that m < n and we identify U, with a subalgebra of Uq(gl,,) as above. Then
Loy(x)P C D and Lyp(x)P C P forx € Ur.

Proof. We only prove this for L4 (for L4 the proof is similar). Since Z,x,, is a Ur-module algebra,
it suffices to check that if # < m and z is one of the standard generators of Uy, then L4(2)0; ; € 2. If
z=F, for 1<k <m—1 then
n n n n

(50) Ly(Ey)0;,; = Z(ai,a7 E]E)aa,j = Z(ai,aa K Fy)045 = qz Z@i,b, K3)(Ob,as Fi:)Oa,j-

a=1 a=1 a=1 b=1
We have (O q, F1) = (e}, Exy1,1€0) = [a, k][b, k + 1]. In particular, (94, Fi;) = 0 unless a < m — 1. It
follows that the right hand side of is a linear combination of the d,; where a < m — 1, hence it
lies in &. The calculations for the cases v = Fi, for 1 <k <m—1and z = Kil for1 <k <m are
similar. ]

Lemma implies that & and & are U g-stable subspaces of &, «,, and Z,,x», where we consider
Urr = Uq(al,,) ® Ug(gl,) = UL @ Ug

as a subalgebra of Uy(gl,) ® Uy(gl,,) via the aforementioned embedding Uy, < U,(gl,,). Thus, & and
2 inherit Urg-module algebra structures from &, ., and Z,,xn.

Henceforth we mostly drop the symbols L, L4, Re» and R¢ from our notation. Instead, we use
the notation

(z®y)-u
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to denote the action of t @y € Urg on u € & (or u € ). The actions of z®@y € U, @ Ugr on u € &
and on v € & are given explicitly by the formulas

B1)  @oy)-u=3 (), S (@) elus), ST y)hus = 3 (w1 0 Eg)h, @) (uz 0 &y g y)us

and

(52) (@@y)-v=Y (v,2%)(vs,y)v2 = > (v}, ) (v3, y)va,

with (A ®1)oAgp(u) =) u1®ua®usg and (Ay®1)oAgy(v) = > v1 ®ve ®vs in Sweedler notation,
where A » and A4 denote the coproducts of &« and Yy, «n, respectively.

Remark 3.5.3. In the case m > n the construction of the Uy g-action is the same, except that we
embed Uy(gl,,) ® Uy(gl,) in Uy(gl,,) ® Uq(gl,,). However, formulas and remain the same.

Definition 3.5.4. The map ¢y : Upg — Endyg(Z?) is the homomorphism of algebras induced by the
action .

3.6. Urg-module decomposition of & and Z. For any integer partition A satisfying ¢(\) < n,
where ¢(\) denotes the length of A, let V) denote the irreducible finite dimensional Ur-module of type
(1,...,1) with highest weight ¢2:* (with respect to A}). If A satisfies £(\) < m we use the same
notation V) to denote the analogously defined module of Uy..

The algebras & and 2 are naturally graded by degree of monomials. For d > 0 let 22(4) (respec-
tively, 2(9)) denote the graded component of degree d of & (respectively, Z). Furthermore, let Agr
be the set of integer partitions A such that ¢(\) < d and |A| = r, where |\| denotes the size of A. The
following proposition is well known and its proof can be found for example in [NYM93| [Ta92) [Zh02].

Proposition 3.6.1. Set d := min{m,n}. We have isomorphisms of Ur,r-modules
PN = B VvieVy ad 27 = @ Vae.
AEAqr AEA4,,

Remark 3.6.2. The action of Uy, ® Ug on the generators of & and 2 can be computed explicitly.
For the subalgebra Ur =2 1 ® Ug of Up g, the action is given by

Ey-0ij=[k+17]0x . Fr 0ij=1[kjloipr1 , Kep-0ij=qlk10;;,

Ep-tij=—[kjlg tiprr » Fo-tig=—[k+1qtix , Ko -tij=q Wit
where 1 < k<n-1,1<i<mand1l<j<n. For Up 2 Ur ® 1 the formulas are similar but the
action occurs in the first index (thus, they are obtained by replacing 0; ; by 0;; and t; ; by ;).
3.7. The algebras %% and 22. For n > 1 let R and R be as in Definition
Definition 3.7.1. We set Cy, := C(™) and Cr = cm, Furthermore, we set

Ry =R R =R R =R Ry = RO

We define braidings Ry and iL on Cr, and jQR and @L on Cp as in ({40)).

From Proposition it follows that (U, Cr,R;) and (Ug,Cr, R r) are locally finite braided triples.
Thus the product (in the sense of Definition [2.5.3)) of (Ur,Cr,R;) and (Ur,Cr,Rp) is also a locally
finite braided triple of the form (Upg,Crr,R.g), where R, p is defined as in (24). Furthermore,
Proposition implies that &2, 2 € Obj(CLR).

Let 1o : 20 x 2 5 k be the Upp-invariant k-bilinear form defined by

Vo (05, try) := [i,k][j, 1] for 1 <i,k<m, and 1 < 4,1 <n.
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Definition 3.7.2. We define the algebras Z 25" and £% by
(53) PIPE =P R399 and PY =P Rz, 7,

according to Definition and Definition with A := 2, By .= 20, B:= 9, Eg := 9,
¥ = 1), and R := RLR

It turns out that there is an equivalent description of 2% and & 28" by generators and relations.
Recall the notation [a,b] that was defined in (35). We set

q if a = b,
[[a,b]q = .
q—q if a #£ 0.

Definition 3.7.3. The algebra &% is generated by 2mn generators t; ; and 0; ; for 1 < i < m and
1 < j < n, modulo the relations (R1), (R2), (R1"), (R2) of Subsection and the relations

(54) %17a2 a1,as Hal, al]][[GQ, a2]] =+ Z Z Z Z <>1 + Dl (<>2 + DQ) tbl,b2&b1 by
bl >CL1 b12a1 b2>[l2 b22a2
where
Qi = as, @] [bi, bi]lai, by and O := (1 — [as, @]) [as, bi][as, bi].-

The algebra Z2®" is also generated by 2mn generators ¢;; and 0;; for 1 <i <mand 1 < j <n
modulo the same relations, except that [a1,@:][as, @] does not occur on the right hand side of (54)).

Remark 3.7.4. The relation of 2 can be written more explicitly as the relations (R3)-(R6)
below:

(R?)) 8c,btd,a = tdﬂagb if b 7& a and ¢ 7& d.

(R4) ac,btc,a = qtc,aac,b + Z(q - q_l)tc’,aac’,b if b 7& a.

c>c
(R5) Ocatan = qtaadea+ Y (0~ MagaOew if c#d.
a’>a
(R6) ag,dtc,d =1+ Z Z q[[6l7cﬂ+[[d/’d]] (q - q71)27[[0/7cﬂ7[[d/’dﬂtc’,a’ac’,a’
c/>c d'>d

For 22 %% the relation has the same explicit form, except that (R6) should be replaced by
(R6/) 8c,dtc,d - Z Z q[[d’cﬂ+[[dl7d]] (q - qil)27[[CCC]]7[[d/7d]]tc’7a’ac’,a"

c>c d'>d
Proposition 3.7.5. Definition and Definition are equivalent.
Proof. We just need to explain how to compute the mixed relations and . As a Upg-module,
PV 2y gy and 90 2y g y®)

By a direct calculation using Definition [3.2.1] we obtain

(RL)V(m)V(m —q Z E11®Ezz+ Z E’L’L®E]]+ q_q 1 Z E]z®E]1

1<i<m 1<i#j<m 1<i<j<m

The formula for (Rg)i ) y/n) is similar, with m replaced by n. The mixed relations of 9
and of %" can now be computed explicitly based on Definition and Definition
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3.8. Bases of monomials for 9 and #%%". Consider the monomials

ai,1 al,n am,1 aAm,n bm,n bm,l bl,n bl,l >0
(55) ty1 "'t1,n "‘tm,l “tmn Omn "'8m,1 "'81,n "'61,1 , Qg bij € 27

The expression (H5)) makes sense both as an element of #% and an element of & %8,
Proposition 3.8.1. The monomials form a k-basis of P P.

Proof. By a standard straightening argument we can show that by using the relations (R1), (R1’), (R2),
(R2’) and (R3)-(R6) any product of the ¢; ; and the 0;; can be expressed as a linear combination of
the monomials (55). The fact that the latter monomials are indeed linearly independent follows from
Bergman’s Diamond Lemma and some straightforward (although tedious) computations. This was
also pointed out in [SSV04, Sec. 10]. In [LSS22a] we give a more conceptual proof of this assertion
using the theory of PBW deformations of quadratic algebras. O

Proposition 3.8.2. The algebra & has a basis consisting of monomials where b; ; = 0 for all
i,j. The algebra 2 has a basis consisting of monomials (5) where a; j =0 for all i,j.

Proof. This follows from Proposition It is also proved for example in [NYM93| Thm 1.4]. O

By Proposition the algebra Z2®" is a quotient of the free algebra on 2mn generators ¢; ; and
0; ;. Note that by a slight abuse of notation we use the same notation for generators of % and
PP . In the next proposition we describe a basis for this quotient.

Proposition 3.8.3. The monomials form a basis of P .
Proof. This follows from the vector space decomposition 228" = £ ® 2 and Proposition [3.8.2 O

Remark 3.8.4. From the results of this subsection it follows that &2 2®" has two realizations:

(i) According to Definition we have X P% =2 P ® 9 as a k-vector space. Thus, PP is
generated by 2mn generators ¢; ; ® 1 and 1 ® 0; ;.

(ii) By Proposition we can realize Z 7% as a quotient of the free k-algebra generated by 2mn
generators: the ¢; ; and the 0; ;.

Definition 3.8.5. Define a total order < on the set of pairs (i,j) with 1 <i <mand 1 <j <n as
follows: we set (i,7) < (i, 7') if either i +j <i' 4+ 5, ori4+j =i+ j and i <.

Remark 3.8.6. The algebra &% has another basis consisting of monomials of the form

i, bi,j
(56) [T ) (1Ta |-
4, 1,7

where the 0;; (respectively, the t; ;) occur in ascending (respectively, descending) order relative to
the total order <. This can be deduced from Proposition Indeed by an elementary argument
one can show that any monomial of the #;; of total degree d that is sorted in the order given in
Proposition can be expressed as a linear combination of monomials of the t; ; of total degree d
that are sorted in the order given in . A similar assertion holds for monomials in the 0; ;. Thus
the monomials of the form span #%. A dimension counting argument implies that the latter
monomials also form a basis.
By an analogous reasoning we can also show that &% has a basis that consists of the monomials

Gm, am,1 ai a1,1 ob1,1 b1, bm,1 bm, >0
(57) tm"fnn e tmnfl “'tl,n o ‘t1,1 1,1 ° "81,nn T 8rr7f1 ’ "aﬂrl':nna Qij, bi,j € Z=".

Here the 0; ; (respectively, the t; ;) are sorted according to the lexicographic order (respectively, the
reverse lexicographic order) on indices.
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3.9. The algebras < ;, and %g;n. In this subsection we consider two families of algebras, the
A 1n and the &7F | that slightly generalize 2% and P 25"

Definition 3.9.1. Fix integers k,l,n > 1 and set m := max{k,(}. Let Ei,j and 5@]‘ be as in where
a =m and b = n. We define <, (respectively, safkg;n) to be the~ subalgebra of 292 = PD,un
(respectively, Z P =~ P ® 9) that is generated by the #; ; and the 9y ; (respectively, the #; ; ® 1 and
the 1 ® 0y ;) where

(58) 1<i<k , 1<i<l and 1<j<n.
Proposition 3.9.2. The algebras <, and ngj;,n have the following presentations:

(i) @1 is isomorphic to the quotient of the free k-algebra generated by the symbols t; j and Oy
with i, 7', j satisfying (58), modulo the relations (R1), (R2), (R1’), (R2') of Subsection[3.4] and
the relations (R3)—(R6) of Remark[3.7.4)

(ii) szkgj,n is isomorphic to the quotient of the free k-algebra generated by the symbols t; ; and Oy ;
with i, i, j satisfying (58), modulo the relations (R1), (R2), (R1’), (R2') of Subsection[3.] and
the relations (R3)—~(R5) and (R6') of Remark[3.7.4).

Proof. (i) Denote the quotient of the free algebra by % ;,. Since @, is a subalgebra of 2 =
P Dmxn for m = max{k,l}, from the explicit description of the relations of #Z it follows that
there exists a natural epimorphism fy;, 1 Fp 1, — @1, that is uniquely defined by the assignments
tij — tm—k+i; and Oy j — Opm—4ir j. A standard straightening argument proves that every element of
F 1.0 is a linear combination of monomials of the form . Proposition implies that f;; , maps
the latter monomials to a linearly independent set of elements of <7, ;,,. Thus fj;,, is an isomorphism.

(i) Similar to the proof of (i), with Proposition replaced by Proposition [3.8.3| O

Definition 3.9.3. For any 1 < r < n we can identify U,(gl,) with a Hopf subalgebra of U,(gl,,) via
the monomorphism of associative algebras

(59) Krn Uq(g[r) - Uq(g[n)7
defined by K.y (E;) := Eitn—r, Krn(F;) = Fipn_r, and fpn(KZ) = K21

Eitn—r"

In the next proposition we establish the existence of the map (4)). Recall from Remark [3.8.4{(ii) that
we consider both % and P 2" as algebras generated by 2mn generators t; ; and 0; ;.

Proposition 3.9.4. Fizr 1 < m' < m and 1 < n’ < n. Let fi,j,ém € PDpyxn (respectively,
tij, 0, € 292%, ) for1<i<m and1<j<n' beasin for a:=m' and b :=n/, that is

m/Xn
tij = turs1—igri1—; and  O;j = Opri1—ims1-j-
Also, let ﬂj,éi,j € P Dmxn (respectively, fi’j,éiyj € 29% ) for1 <i<mand1l<j<n beas
n for a :=m and b :=n, that is

ti,j = tm+l—i,n+1—j and 51'7]' = am+1—i,n+l—j'
Then the following assertions hold.

(i) The assignments t~i7j — Ei,j and 51-7]- — 51’,3’ for1 < i <m and 1 < j < n' define unique
embeddings of algebras

€= e L PDiriws — P Dsn and €8 = (e8)X . PPE, | PG

m’xn’ m/ xn mxn*
(ii) If we identify Uq(gl,,) @ Uqg(gl,r) with a subalgebra of Uq(gl,,) @ Uq(gl,,) via Ky m @ Ky, then
the maps e and e5" are Uy(gl,,,/) ® Uy(gl,,)-equivariant.
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Proof. We only give the details of the proofs of these assertions for #%. The arguments for &2 28"
are analogous.

(i) From Definition and Remark it follows that the generators #; ; and 5” of PP sn
and PP, «n satisfy identical relations. It follows that there exists a homomorphism of algebras
LD scnt — P Dpsn. By Proposition the latter map takes a basis of ZY,,,/«,v to a basis of
P D.mxn, hence it is an injection. The uniqueness assertion is trivial.

(ii) We give the proof for e only, since the proof for e8" is similar. Since £ %,/ «ny and P Py, xrn, are
module algebras it suffices to verify equivariance for standard generators of U, (gl,,/) and U,(gl, ) on
the t},j and the 5” This can be done using the explicit formulas of Remark @L |

3.10. The action of % on & and the map ¢pp. Recall that by Proposition PP is a
U r-module algebra. We denote the action of x € Upgp on D € P by x - D.

Let .# denote the left ideal of 2% that is generated by 2(1). By Proposition we have a
U r-invariant decomposition

PP=2I e
This decomposition equips & = X9 /.# with a ¥ P-module structure given by
(60) PPRQP P, DR(f+F)—D-f forDe PP and f € P,

where D - f := (Df) + .#.
Definition 3.10.1. The map ¢pp : P — Endg(Z?) is the homomorphism of algebras induced
by .

To simplify our notation, henceforth for X € % and f € & we write X - f instead of ¢ppp(X)f.
Lemma 3.10.2. The map 1s a Upr-module homomorphism.

Proof. This is a consequence of the following general fact: let H be a Hopf algebra, A be an H-module
algebra, and I C A be an H-stable left ideal of A. Then the canonical A-module structure map
A® A/l — A/I is an H-module homomorphism. O

3.11. & is a faithful & Z-module. The goal of this subsection is to provide a purely algebraic proof
of Proposition [3.11.4] This proposition is also proved in [SSV04, Thm 2.6] using analytic tools.

Lemma 3.11.1. Let 25k .= EBf:O P2 for k> 0. Then 0;j - P (k) C gp(sh-1),

Proof. Follows by induction on k and the mixed relations (R3)—(R6) in Subsection O
Recall the total order < on the set of pairs (¢,7) with 1 <i <mand 1 < j < n from Deﬁnitionm

Lemma 3.11.2. Assume that (ir,j;) < (4,75) for 1 <r < k. Then 0;; - (tiy j, - ti, i) = 0.

Proof. We use induction on k. From (i1,71) < (i,7) it follows that either ¢ > iy or j > j;. If i > 4y
then by the mixed relations (R3) or (R5) we have

Bigtiv gy tinge = Citir s Oijtingo - tinju + 055n2 D tiy 310 jrtin o+~ tir g
J'>j
for some c1, o € k. The claim now follows from the induction hypothesis, because i + j' > i + j and

therefore (i,7) < (i,5"). When j > j; the argument is similar. O

For a € Z we set

(61) cla) == {Z?=o ¢ ifa>0,

0 otherwise.
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Lemma 3.11.3. Assume that (ir,j,) < (i,7) for 1 <r < k. Then
-1
i - (t’?;jtilajl T tikvjk) =c(a— 1)t;'1,j bivg e ligge Jora =1
Proof. The mixed relation (R6) implies

a —sa—ly o 24 9 q4a—ly 4
ai,jt‘ tivgn o tigge = ti,j tirgr * tigge T4 twa tij tirg 2N

1,] 2y l,j
+ (q2 — 1) Zti’,jai’,jt?,]_'ltihjl coc b g T (q2 — 1) Z ti’jlamft;{;ltihjl SRR
>4 i'>j
Fa—a ") D g0t iy iy
i'>0,5' >
Since min{i’ + 7,7+ j',4' + j'} > i + j, by Lemma [3.11.2| the sums on the second and the third line lie
in the ideal .#. The assertion follows by induction on a. O

Proposition 3.11.4. & is a faithful &2 2-module.

Proof. Let D € #% and assume that D # 0. Then D = Zdzo D, where each Dy is a linear
combination of monomials of the form with Z” bij = d. Set do, := min{d : Dg # 0}. By
Lemma [3.11.1} for f € (@) we have D - f = Dy, - f. Let T denote the set of all the mn-tuples
b := (b;;) for which a monomial of the form occurs in Dy, with a nonzero coefficient. We sort
the components of the b := (b;;) according to < on the pairs (i,7). In other words, we assume
that b := (b1,1,01,2,02,1, -, b—1,nbmn—1,bmn). Let b := (b; ;) be the minimum of 7 in the reverse
lexicographic order. Thus, we have
b = min{by, , ¢ (bij) € T},

then also I;m—l,n = min{bpy—1n : (bij) € T and by, , = Bm’n}, and so on. From Lemma |3.11.2[ and
Lemma [3.11.3| it follows that Dy, - H” tbii £ 0. n

3.12. Two Upg-actions on #% are identical. By Proposition the map ¢pp is an injection
and consequently we can consider # % as a subalgebra of Endg(Z?). Thus according to Lemma m
there exists another action of Urr on elements of #?%. We temporarily denote this action by x e D
forx € Upg and D € £ 9. In the following proposition, we show that the latter action is identical to
the action that is defined in the beginning of Subsection [3.10)

Proposition 3.12.1. ze D =x-D forx € Uyg and D € 9.
Proof. By Lemma [3.10.2] for f € & we have

(wo D) f=2 w(D(S(wa) - £)) =D (w1 D) (w2 (S(xs) - f))

=Y (w1-D)-(e(x2)f) = Y (wre(w2) - D) - f = (¢~ D) - f.
Since £ is a faithful module over Endg (%), it follows that z e D = x - D. O
Henceforth we only use the notation x - D to denote the Upgr-action on £ Z.

3.13. The maps Py ,. Recall that 7% = & ® 2 as a vector space. Let
(62) P:29% — 29
be the linear map uniquely defined by P(a ® b) := ab for a € & and b € 2.

Proposition 3.13.1. The map P is an isomorphism of Urr-modules.
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Proof. The map P is identical to the map when A := &, B := 2 and H := Urr. Hence by
Remark it is a homomorphism of Uy z-modules. From Proposition and Proposition [3.8.3
it follows that P maps a basis of 222" to a basis of %, hence it is indeed an isomorphism of
U r-modules. O

Definition 3.13.2. Given k,l,n > 1, we set m := max{k,!} and define the map
(63) Pk,l,n : %k%]lr,n — fdk,l,n , D P(D),
where P : 9% — 29 is as in (62)).

For r,s € Z20 we set

(64) t@@gr,(r,s) = 32(7’) ® _@(5) and ﬂkgjﬂ(j o)) — %kg;]lr,n N @@gr,(r,s)’
so that
29% = @ 27509 ad dgf, = @ 7.
r,5>0 r,s>0

By Proposition we obtain an isomorphism of Uy(gl;) ® U, (gl;) ® Uy(gl,,) ® Uy(gl,)-modules
(65) A= @ Wev)e i eV,

A€ Ak,r

n e ALs

where k£ := min{k,n} and [ := min{l,n}. Here we consider the left copy of V' @ V,, as a module for
Uq(gly) @ Uy(gly) and the right copy of V¥ ® V,, as a module for Ur ® Ur = Uy(gl,,) ® Uq(gl,,). Of
course by restriction along the coproduct map Ur — Ugr ® Ur we can also consider the right copy as
a Ug-module.

Proposition 3.13.3. Fora®d € 2 ®z 20 and b ¥ € 20) Rz 2 we have

mm{u u'}

(66) Pla®@d)Pb@V) —P(la2d)(bal)) @ P lu—ial =),

where u:=r—+s and v =r' + 5.

Proof. We have P(a ® a/)P(b®@b') = aa’bb/. Using the explicit relations of % (see Remark we
can move the 9; ; past the ¢; ; to express a’b as a’b =) a"b"” where o’ € & and b’ € 2. Thus

Pla®d)Pb@b)=> aa"t'V.

Similarly, using the relations of # %% we can move the 1 ® 0;; past the ¢; ; ® 1 and as a result we
obtain (1®d)(b® 1) =>"a" ®@b" where ¢’ € & and b’ € 2. 1t follows that

P(a@d)(b@b)) = aadb'V.

The only difference between the relations of % and Z28" is (R6) vs. (R6’). Since (R6) is the
homogenized form of (R6), it follows that

min{r’ s}

Za//b// _ ZQHQN c @ gg@(s—i,r’—i)‘
i=1

From the latter inclusion follows immediately. ]
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Recall that gr(.e#,;,,) denotes the associated graded algebra corresponding to the degree filtration on
G}, 1., 1.€., the filtration obtained by setting deg(t; ;) = deg(0; ;) = 1. Note that we have a canonical
isomorphism ;szg?n = gr(sszgj,n) since "Q{kg;n is graded.

The maps Py, ,kagllr n " @1 do not induce isomorphisms of associative algebras. However, the
following statement holds.

Corollary 3.13.4. The associated graded map gr(Pj; ) induces a Ugr-equivariant isomorphism be-
tween A8 = gr(E ) and gr(Hn). When k =1=m, the latter map is Upg-equivariant.

Proof. From Proposition [3.13.3 it follows that the associated graded map gr(Py ) is an isomorphism
of associative algebras from gr(e/?) ) = @, onto gr(e%,). The equivariance statements follow
from Proposition [3.13.1 O

3.14. The algebras ﬁL, ﬁR and ﬁLR. We set
Urg = ¢g (P 2) :={z € Urg : ¢u(z) € P9}
Also, we set
Uy ={zxeUyg : J:®1€ﬁLR} and ﬁR::{erR : 1®x€ﬁLR}.
Recall that the adjoint action of Urg is ady(x) := > y12S(y2) for z,y € Urg. By Proposition

(67) ou(ady(z)) =y - ¢u(z) for z,y € Urp.
Lemma 3.14.1. adx(ifLR) CULr for x € Urp.
Proof. Follows immediately from and Proposition [3.12.1 O

Remark 3.14.2. When m < n, Proposition implies that the map L4 : Uy, — Endg(2?) is an
injection. The argument is similar to the proof of [KS97, Thm 7.1.5.13].

Let #;, denote the kernel of Ry : Urp — Endg(Z?). For the next proposition recall the notation
F(H,I) defined in (L1)).

Proposition 3.14.3. Assume that m < n. Then U C F(Upr) and Ugr C F(Ur, ).

Proof. Since the actions of Upg on & and Z are degree preserving, it follows that #Z is a locally

finite U g-module. The assertions of the proposition follow from the fact that the maps U s, Py

and Ur/(Ur N ) 2y PP are injective and Uy g-equivariant (this is equivalent to (67)). O
The following proposition is a “no-go theorem” that provides evidence that the commutative dia-

gram cannot be fully quantized.

Proposition 3.14.4. There does not exist a k-algebra PP with the following properties:

(i) PP is a locally finite U r-module.
(ii) & is a PP -module and the action map PIRQDP — P is a homomorphism of Urr-module.
(iii) There exists a homomorphism of algebras qg: Urr — 22 such that the diagram

T® froa f

Ur®@ & P
x@fﬁg@)};fv /@f;D.f
PYPR P

15 commutative.
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Proof. Let us denote the Upg-action of (i) by - D for x € Urg and D € PY. Let # C PP denote
the kernal of the map 2 — Endg(4?) that is induced by the &£ %-module structure on &. We
define a new Upg-action on &2 by setting

zeD = ¢(x1)De(S(x2)) for x € Upg and D € 2.

By the proof of Proposition |3.12.1| we obtain (x @ D) — (z- D) € J¢ for x € Urr and D € 29. In
particular, for z,y € Upp if we set D := ¢(y) then we have

(68) d(ad,(y) + # =z eD+H =x-D+ 7.

Now assume that m < n, so that the restriction of QNS to a map Up ® 1 — Endg(2?) is faithful. By
it follows that if y € U, ® 1 then the image of ¢(ady, »1(y)) in PP/ *# is finite dimensional. But
d(ady, @1(y)) N A = {0}, hence ady, z1(y) is also finite dimensional. Consequently, we have shown
that Uy, = .% (UL), which is a contradiction. O

3.15. Relation between Theorem [A|(i) and Theorem [Af(ii). Our goal in this subsection is to
prove Lemmabelow, which implies that Theorem (ii) follows by symmetry from Theorem (1)

From the symmetry of the defining relations of & %,,«, with respect to the two indices of the
generators ¢; j and 0; ; it follows that there exists an isomorphism of algebras

mn - P Dmxn — P Dnxms

such that 1y, n(ti;j) = tj; and 9y n(0i;) = 0j; for 1 < i < m and 1 < j < n. Note that 1,
restricts to an isomorphism Z,«n = Ppxm. This naturally results in an isomorphism of algebras

Lemma 3.15.1. The following assertions hold.
(i) For x @y € Uy(gl,,) ® Uqy(gl,) and D € P Dy xn we have

Mmn((x @y) - D) = (y @2) - (D).

(ii) The induced isomorphism Endg(Ppmxn) = Endi(Pnxm) maps the images of Uy(gl,,) and
Uq(gl,,) tn Endg(Pmxn) onto the images of Uy(gl,,) and Uy(gl,) in Endy(Pnxm)-

Proof. (i) It suffices to prove the assertion when z and y are selected from the standard generators of
Uq(gl,,) and Uy(gl,), respectively. If D =t;; or D = 0; j, then the assertion follows from symmetry
of the effect of the generators on the indices of the ¢; ; and the 0;; (see Remark . For general
D € P9, «n the assertion follows from the fact that # Y.« and PP, «.m are module algebras over
Uq(gl,,) @ Ug(gl,) and Uy(gl,,) ® Ugy(gl,,), respectively.

(ii) Follows immediately from (i). O

3.16. Relation to C[Mat,, |, and Pol(Mat,, ,),. We can now relate our algebras & and #Z to the
C-algebras C[Mat,, ], and Pol(Mat,, ), (where 0 < ¢ < 1) that are introduced in [SSV04, BKV06].
We remark that in [BKVO06] only the special case m = n is considered, and the latter algebras are
denoted by C[Mat,], and Pol(Mat,,),, respectively. The algebra Pol(Mat,, ), is defined in [SSV04,
Sec. 2] in terms of the generators z; and (z;)* where 1 <7 < m and 1 < j < n. These generators
satisfy the relations (2.1)—(2.7) of [SSV04]. The algebra C[Mat,y, ], is the subalgebra of Pol(Mat,, » )4
that is generated by the z;

Throughout this subsection we set A := Z[q,q~!]. The relations of % in Definition are
defined over A. Thus we obtain an integral form P24 of 2% by considering the free A-submodule
of % that is generated by the monomials . Evaluation at ¢, for 0 < ¢, < 1 results in a ring
homomorphism A — C. Set ’@‘9(%) = 294 @4 C.
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Corollary 3.16.1. The algebras ‘@'@@o) and Pol(Mat,, )4, are isomorphic by the assignments t; j —
4 &)

i and 0 ; — ok

Proof. 1t is straightforward to check that these assignments intertwine the relations (R1)—(R6) with

the relations (2.1)—(2.7) of [SSV04]. O

In the rest of this subsection we relate the actions of quantized enveloping algebras on & and on
C[Maty, p]q- Set P4 := 2N PP Then P4 is a free A-module, with an A-basis that consists of

the monomials

ai,1 ail,n am,1 Am,n
tl,l e tl,n tm,l b -

Let U, ;‘(g[n) denote the restricted integral A-form of U,(gl,,). For integral forms of quantized enveloping
algebras see for example [CP94, Sec. 9.3]. The explicit description of U;‘(g[n) is given for example
in [RT10]. We denote the analogous integral form of the algebra Upp = U,(gl,,) ® Uy(gl,) by Uis.
Thus

For 0 < ¢o < 1 set Ug(gl,) :== U(;A(g[n) ®,4 C. By Remark the map Upp ® & — £ that
describes the Urr-module structure on & restricts to a map Ui ® DA — PA. After the scalar
extension (—) ®4 C and using the isomorphism 24 ® 4 C = C[Maty, ], We obtain a structure of a
Uqo (81,,) @ Uy, (gl,,)-module on C[Mat,, ,,]q, that corresponds to a map

(69) (qu (g[m) ® U o (g[n)) ® C[Ma‘tm,n]% — (C[Matm,n]qoa
or equivalently a homomorphism of algebras
(70) (bU,(Io : qu (g[m) ® U o] (g[n) — End(c (C[Matm,n]qe) °

The next proposition relates the latter module structure to the one that is used in [SSV04, BKV06]. We
remark that the module structure of [SSV04, BKV06| yields a module algebra structure on C[Maty, »]q,
with respect to Uy, (gl,,)P ® Uy, (gl,,)*°P. We denote the latter module structure by the map

¢ssv i Ug, (80,) " @ Uy, (g1,)°" — Endg (C[Matom,nlg, ) -

Let x + 2% for n > 1 be the C-linear isomorphism of Hopf algebras Uy, (gl,,) — Uy, (gl,,)°P that is given
by the same relations as but for q := ¢o.

Proposition 3.16.2. With ¢y, () and ¢ssy as above, we have

Gua. (v @ Y) = dssv (JL(S(@) ©VR(SW))  for 2@y € Uy (al,) @ Uy (al,):

where 91, and 9 are the automorphisms of the Hopf algebra Uy, (gl,) that are uniquely defined by

setting
1 1

IL(E) :=qo *Frni , V0(F):=¢3Em_i , 90(K.): =K'

Em—+1—i’

and
1 1
Ur(Ei) :==q0 2 F; , Jr(F):=q¢dE; , VL(K):=K.,.
Proof. Follows from comparing Remark with [SSV04, Sec. 8] or [BKV06, Eqgs (14), (15)]. Note

that the coproduct of U, (gl,,) in [BKV0G6] is co-opposite to the coproduct considered in the present
paper, but this is corrected by composing with z — S(z%). O
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3.17. Some technical statements about the action of 2 on £. In this subsection we prove
several technical statements about the interaction between the 0; j on &?. We will need these statements
in the upcoming sections of this paper. In order to make our exposition more organized we have
collected all of them in one subsection. The reader may find it easier to skip this subsection and return
to it whenever there is a reference.

Recall that the action of D € 2% on f € & is denoted by D - f (see Subsection [3.10)).
Lemma 3.17.1. Assume that eitheri & {a1,...,a,} orj & {bi,...,b.}, then O; jtq, b, - - - ta, b, belongs
to the left ideal of PP that is generated by the Oy ji satisfying i' > i and j' > j. In particular,
i+ (tarby -+ ta,p,) = 0.
Proof. We use induction on r. For = 1 the assertion follows from relations (R3)—(R6). Next suppose

r>1. Ifi# a; and j # by then 0;tq, b, = ta, 1,0i; and we can use the induction hypothesis. If
i =aj then j & {b1,...,b.} and we can write

ai,jtal,bl e t(lmbr = qti,blai,jtag,bz T ta,n,br q - q Z t i/ b1 i'] a2 by " tar,b7'7
i >4

and again the induction hypothesis is applicable to each summand on the right hand side. The
argument for the case j = by is similar. O

Lemma 3.17.2. Assume that either {i1,...,is} € {a1,...,ar} and {j1,...,js} € {b1,...,by}. Then
a'ilvjl e ais,js ’ (tal,bl e tarubr) =0.

Proof. Without loss of generality assume that i1 ¢ {a1,...,a,}. Relations (R1’) and (R2') imply that
we can replace 0;, 40 by either 0y .0;, o or qilﬁb,c@-l,a or Opc0ia £ (q — q_l)ﬁb’a(?il,c. Using the
latter replacements we can express 0;, j, - - - 0;, j, as a linear combination of monomials that belong to

the left ideal .# := Z;‘L:1 20;,,; of 9. From Lemma |3.17.1| it follows that elements of .# annihilate
tal o1 7T tar,br' D

For the following corollary recall that MJI is the quantum minor defined in @
Corollary 3.17.3. Let i:= (i1,...,ir) and j:= (j1,...,jr) be r-tuples of integers that satisfy
1<y <<, <m and 1< < - <jr <n.
Then M; (tar by - tagp,) =0 when a; > iy + 1 for all1 <i <s.

Proof. This follows from Lemma [3.17.2( since MJ is a linear combination of monomials of the form
aio'(l)vjl e 87"0'(r)7jT' D
Lemma 3.17.4. Suppose that f,g € & satisfy &ml <044, f =g for some 1 <iy,...,% <m and
1<j1,...,Jr <n. Then for any 1 <} < ... <7, <mand1<ji§...§j;§nthatsatisfyeither
min{j, },_; > max{j},}5_; or min{i,},_; > max{z _, we have

iy Vi 'Lh]'r (ftzl ' svjé) = gti'pj{ e lig gt

Proof. We assume min{j,},_; > max{j;}5_; (the other case follows by symmetry). Recall that .#
is the left ideal of 2% generated by 2V (see Subectlon E Set f' := 0;,j, - f. Then 0;, Jr f=
f’+z (i 3") by j1Oy v, where the by j € &% and the sum is over all pairs (i, j') that satisfy i, <i' <m

and j, < j’ <n. In particular j' & {j1,..., 4.}, hence by Lemma [3.17.1| we obtain
177]"0ft117.7‘1 ’ s?].s - ftll jl .51-7/ + Z b/ la, /tzll j, BTN 1A € ft ) s?]/ +j
(i,3")

This means 0, j, - ( Tt gr -t g N=1f ty ji -ty j;- The proof is completed by induction on r. O
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Recall the operators D;w from Section |1, We have

n

Dll,o + (q2 - 1)Dll,l =1+ (q2 - 1) Ztm,iam,i~
i=1
The next lemma is a consequence of [BKV06, Thm 1] but we give an elementary, independent proof.
This also makes the proofs of Theorem |[A| and Theorem [B| independent of [BKV06, Thm 1].

Lemma 3.17.5. Set D := D o+ (¢> — 1)D} ;. Then D -tq,p, -+ -ta, p, = GPrimlmaily, oot
Proof. By Remark the monomials
f = f(al,h L. 7am,n) = t%’fﬁ” .. tznwjil e t(ll,lrf C. t(ll,llvl

form a basis of &. From relations (R1) and (R2) it follows that it suffices to prove the assertion for
such monomials. By Lemma the assertion is reduced to the case where a; j = 0 for i < m. For
J > i we have ty, ;iOmitm,; = ¢“tm,jtm,iOm,i. By successive application of the latter relation, followed
by Lemma [3.11.3| and Lemma we obtain

(0% = Dtmn,iOmif = q° 2=5=i+1 93 (q2mi — 1) .
After summing up over 1 < i < n, the assertion of the lemma is reduced to the algebraic identity
n
1430 2 Bimira @ (g2 — 1) = g2l om,

i=1
which can be verified by a straightforward computation. [l

Definition 3.17.6. Given any two ordered pairs of integers (i,7) and (¢, j"), we write (i,7) < (¢, 5')
if i <7 and j < 5/ and at least one of the latter inequalities is strict.

Let .7, denote the left ideal of &% that is generated by the 0; ; where i > a and j > b.

Lemma 3.17.7. Let a > 0 and let 1 <k <n. Then 81,kt‘f:};1 = c(a)t} + D where c(a) is as in
and D € S .

Proof. Follows by induction on a. For a = 0 the assertion follows from the relation
(71) 61,kt1,k =1+ q2t17k817k + D1  where Dy € Z 9.@6@@.
(LE)<(i,0)

Suppose that for a given a > 0 we have 9y ,t{; = cla — 1)t‘11,7€1 + Dy with Dy € 4 ;. Using we
obtain
51,kti+kl = (1 + ¢°t1.401 4 + D1) =1+ ¢*c(a —1)) Tk T ¢*t1 £ D2 + Datf .

From Lemma |3.17.1)it follows that Dit{; € .#1 k. Finally note that c(a) =1+ ¢*c(a —1). O
Lemma 3.17.8. Let a,b> 0 and let 1 < k < n.
(i) If b > a then 8;’—2%?21 € Sy
(ii) If b < a then 8?;115?;1 = c(a, b)t(f;f’ + D for some c(a,b) € k, where D € %, },. Furthermore
c(a,0) = c(a) and c(a,b+ 1) = c(a,b)c(a —b—1) forb < a.
Proof. (i) Follows from the equality 8?};%‘{};1 = 8&“8‘;:1#1”,;1 and Lemma [3.17.7]
(ii) We use induction on b. For b = 0 this is Lemma [3.17.7, If b+ 1 < @ then
Oyt = 01 k00 ML = c(a, 0Dy ktly + 014D = cla,b)e(b — a — D), + c(a,b) D1 + 014D,
where Dy, D € .7 ;. Part (ii) follows immediately. 0
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Lemma 3.17.9. Let a,b > 0 and let 1 < k < n. Assume that f € & is a product of the t1; for
j <k —1. Then the following hold:

(i) If b > a then 811”kt‘117kf € Sk
i) If b < a then Ot 197 f = c(a, b)t%72f + D where D € 7}, and c(a,b) is as in Lemmal3.17.8
1.k "1,k 1,k )

Proof. (i) Follows from Lemma [3.17.8{i) and Lemma

(ii) From Lemma|3.17.8((ii) we have 8b+1ta+1f = c(a, b)t Yf+Df, where D € .#; 1. The assumption
on f and Lemma [3.17.1]imply that Df € fl,k O

Remark 3.17.10. It is easy to verify that c(a,b) = c(a)c(a—1)---c(a—0b) for a > b > 0. We extend
the domain of c(a,b) to pairs (a,b) satisfying a,b > —1 by setting c(a,b) = 0 for —1 < a < b and
c(a,b) = 1 for a > b = —1. Note that c(a,b) is always a polynomial in ¢ with integer coefficients.
Furthermore, when a > b the degree of c(a,b) as a polynomial in ¢ is (b + 1)(2a — b).

For a k-tuple of non-negative integers a := (ay,...,ax), where k < n, we set t® := t‘f’“k t‘f , and
a
9 :=0r - Y.
Lemma 3.17.11. Let 1 <K < k., < ... < ky <n. Also, let ay,...,a;y >0 and by,...,b. > 0. Set

a:= (al, s 7ak’) and f =t = tlll’k];/ e 'tcllll. Then

br
al k’tl kl tl,krf - fl + .D7
where fi € & and D € S . If ary < b then fi =0. If apy > b then
fi= qb(b1+"'+b")c(ak/ —-1,b— 1)tlfk1 . -tlifkrta/ where a’ = (a1,...,ap_1,a —b).

Proof. The assertion is trivial for b = 0. If by = --- = b, = 0 then the assertion follows from
Lemma [3.17.9(ii) and Remark [3.17.10f Next assume without loss of generality that by > 1. First
suppose that b = 1. Using Lemma 3.17.1| we obtain

b1 b b,
Oty "'tl,krf = qt1 g, O pt 1 e t1 ke U S

1 bi—1,b b bi—1,b by
(a—q Z Liky zk’tfkl t12k2 tl,k,.f = qtl,klal,k’tﬂk t12k2 tl,k,.f+D17

1<i<m
where D € % ;. By repeating the above calculation and then using Lemma we obtain
al,k’tlffkl tlirkzrf =t +brtl{1k1 "tlﬂ O pt® + Dy,
= " e = DY, -t 7+ Dy,
where Dy € .7} 3y, a—ep = (a1,...,ap—1,ar — 1) and we define ¢(—1) := 0. This completes the proof
for b= 1. For b > 1 we just repeat the above argument. O
Lemma 3.17.12. Let a := (ai,...,a,) and b := (b1,...,b,) be n-tuples of non-negative integers.

Then the following statements hold.
(i) 0°-t* =0 if b; > a; for at least one 1 <i < n.
(ii) Assume that a; > b; for all 1 <i <n. Then

(72) o° 12 = (gZ?—Q(‘”b”(bl*“'*bi—l) [1ctai—1,6:— 1)) 20,
i=1
and

n
(73) tbab = <q2?2(2a¢—2bi)(b1+.,.+bi—1) Hc(ai —1,b; — 1)) 2
=1



34 GAIL LETZTER, SIDDHARTHA SAHI, AND HADI SALMASIAN

Proof. (i) Follows from Lemma [3.17.9|and Lemma [3.17.11
33 bsa _ b’ yan—bn 1a’ /. /.
(ii) By Lemma 3.17.11L 0°t? = c(ap, — 1,b, — 1)0 %, "t* + D1 where a' := (a1,...,ap-1), b/ =

(b1,...,bp—1) and Dy € an. Again by Lemma [3.17.11
OV 3 bn g’ = glan=bnlnote(q, g — 1,b,_y — 1) ¢t @ 4 Dy,

where a” := (a1, ...,apn—2), b” :== (b1,...,by—2) and Dy € .#; ,,_;. Continuing in this fashion we finally
obtain . For (73) we should compute the scalar relating t°4#2~° and #*. This is straightforward
using the relations tLitl,j = qtl,jtl,i for ¢ < j. (|

4. DIFFERENTIAL OPERATORS ASSOCIATED TO THE K

Let U L, U r and U .r be defined as in Subsection The main goal of thls section is to prove that
certain elements of the Cartan subalgebras of Uy, and Urg belong to U and U r. This is established in

Proposition .11}

4.1. Cartan elements in IQJL, f]R and IOJLR. Forl1<a<mand1l<b<n weset
m n

(74) )\L,a = ZQ&Z‘ and /\R,b = Z QEi.
i=a i=b

As in these weights correspond to K, , € Uy 1 and K\, , € Uy g, respectively.

Proposition 4.1.1. Let K)\L,a e Uy, and K/\R,b € Ug be as in , where 1 <a<m and1<b<n.
Then K>\L,a S ﬁL and KAR,,b S ﬁR.
Proof. We only prove the assertion for K, , (for K Ap, the argument is similar). First we verify the

case a = m. By a straightforward computation based on Remark we have

2 E::l Hmraiﬂ ta1 by

K)‘L,m ' talabl e tarybr =q o tar,br’

By Lemma [3.17.5| the action of D) 5 4 (¢° — 1)D} ; on & is the same as the action of K}, , . Thus,
by Proposition |3.11.4] we obtain
(75) ¢u(Ky,,, ®1) =D}g+ (¢* —1)D] ;.

To complete the proof, by Lemma [3.14.1] it suffices to verify that for any a < m, the ad(Uy,)-invariant
subalgebra of Uy, that is generated by K, ,,, and K, also contains K, ,. Denoting the standard

generators of Uy, by F;, F;, Kiﬂ, we set

B o, =B, . Ejimlglg and F__ = [Fj_1,[...,F]ga]gr for 1<i<j<m.
Letu:=FE, . K ¢ ., andv:=F __ Ky, , . Byasimple induction we can verify that

u = (1 - qz)iladEa e ad'Em—l (K)\L,m) and v = (1 - q72)71adFm—1 e adFa (K)\L,a+1)7
so that u,v € Uy by Lemma [3.14.1} For z,y € Uy, set [z,y] := zy — yx. Since Uy is an algebra,
(76) [Eéa_ﬁm FE/a €m] K—aa—EmK)\L,aﬂ =uv— q_2vu € ﬁL‘

But the left hand side of is equal to

(q — qil)il(Kea_gm KE_a 5m)K_5a_5mK/\L,a+1 = (q - qil)il(K—QamK)\L,aJrl - K)‘L,a)‘
It follows that
Ky, = —(q—q_l)(uv—q_zvu)—i—I()\LmI(}\Lﬂ+1 e Uy. O
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Proposition 4.1.2. Uy, is generated as an algebra by Ur, and {K., Y. Similarly, Ug is generated as
an algebra by Up and {K.,}I ;.

Proof. We give the proof for Ur, (for Ug the proof is similar). Let A denote the subalgebra of Ur
generated by Uy, and {K.,}i",. Set p := > " ig;. Then K o, = Ky, --- K, ,, hence by Propo-

sition we have K_o, € UL. Lemma [3.14.1 implies that F;K_o, = (1 — q2)_1adEi(K,2p) € IOJL,
so that E; € A. By a similar argument we can prove that F; € A as well. Also by our assumption

K., € Afor 1 <i<m, hence A=U. O
5. EXPLICIT FORMULAS FOR ¢y (K, , ® 1) AND ¢y (1® Ky ,)

In this section we compute explicit formulas for ¢y (K A ® 1) and ¢y (1 ® K R’b), where K, , and
Ky, are defined in . These explicit formulas are used in the proof of Theorem

5.1. Eigenvalues of D,,, and g¢-factorial Schur polynomials. For any integer partition v such
that £(v) < n, let s, denote the g-factorial Schur polynomial in n variables associated to v, defined by

vi+n—j—1
det( ka—t) J (:L’i—qk)>

H1§i<j§n(mi — ;)
Recall that D(r,a,b) € & Z,xp is the g-differential operator defined in . We will need the following
statement, which is a variation of [BKV06, Thm 1].

1<4,5<
Su(T1, ... xn;q) = =0J=0

Proposition 5.1.1. Let A\ be an integer partition satisfying ¢(A) < n. Then the restriction of
D(r,n,n) € PPpxn to the irreducible Urr-submodule V' @ V¥ of Ppxn is a scalar multiple of
identity, the scalar being

(_1)rqr—r2—2r(n—r)
(1—¢%)r
Proof. We show that the assertion follows from an analogous result in the setting of operators in
Pol(Mat,, ), acting on C[Mat,|, (see Subsection [3.16) that is proved in [BKV06, Thm 1]. In the
following proof we use the notation introduced in Subsection 3.16L In particular we set A := Z[q, ¢ ].

Step 1. For each irreducible component Vy'® VY of &), (see Proposition|3.6.1)) we choose a lowest
weight vector vy € P24, for the Upg-action and set Wf = UfR -vy. From the explicit formulas of

san (@MY g

(77) ‘PA,r,n(Q) — 2(’\”‘1+1),q2’\";q2).

nxn

the action of Urg (see Remark [3.6.2) it follows that W;‘ C 24 .. Furthermore, the canonical map
VV/{4 ®ak — Vi ® VY is an isomorphism.
Step 2. By Corollary [3.16.1] we obtain a map

(78) pgA LPoDEL, pogA

nxn nxn

®4 C —— Pol(Maty, ).,

that restricts to a map

(79) @A D—D®1 (@A

nxn nxn

®4 C —— C[Maty],,.

We also have a commutative diagram

A A A
ULR ®A gznxn gznxn

(—)mcl i(—)mc
Ugo (915) © Uy, (g1,) @ C[Maty g, —— C[Maty]q,

where the top horizontal map is the restriction of the Uy z-module structure on £, «,, and the bottom
horizontal map is in the special case m = n. Let us denote both of the maps and by
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By,- Then B, (ti;) = (1— qg)_%z; and By, (0;5) = (1— qg)_%(z;)* From the definition of D(r,n,n) it
is clear that D(r,n,n) € W.Qﬁxn. In addition 3, ((1 —¢>)™D(r,n, n)) = y,, where y, is the operator
defined in [BKVO06l, Eq. (11)].

Step 3. From Proposition it follows that 3, (vy) is the joint highest weight vector for the
irreducible submodule C[Mat,],, » of C[Mat,],, that is defined in [BKV06, Sec. 2]. Thus Step 1 and
the commutative diagram of Step 2 imply that ﬁqo(W/{‘) = ﬁqo(ULAR -vy) € C]Maty]g, 2

Step 4. Fix A such that ¢(\) < n, choose any vector w € Wf, and set
w/ = (1 - q2)r (D(T7n7n) - ‘PA,T,n) Tw.

From Steps 1-2 above it follows that 8, (w') =y - B,, (w) — (1 = ¢2)@x ».n(¢)B,, (w). Since B, (w) €
C[Mat]y, », by [BKV06, Thm 1] we obtain 3, (w’) = 0. Since evaluations at g, for infinitely many g,
separate the points of 224 it follows that w’ = 0.

Step 5. By Step 4 we have D(r,n,n) - w = ¢, , ,,(q)w for w € Wit Since W{! spans Vi @ Vy over
k, the same assertion holds for all w € V' ® V. O

Remark 5.1.2. In our forthcoming work [LSS22b|, we prove a broad extension of Proposition
for Capelli operators on quantum symmetric spaces.

The polynomials s, are specializations of the interpolation Macdonald polynomials R) defined
in [Sah96] (see also [Kn97] and [Ok97]). In the rest of this section we follow the notation of [Sahl1)
Sec. 0.3]. Let Rx(x1,...,2n;q,t) denote the unique symmetric polynomial with coefficients in Q(q,t)
that satisfies the following conditions:

() deg Ry =\,
(i) Ra(gh, ... qMtr =% ... g'tl=":q,t) = 0 for all partitions p # A that satisfy |[u| < |A|.

(iii) Ry can be expressed as Ry = my +Zu7ﬁ>\ cu my, where the m,, denote the monomial symmetric

polynomials.

It is known [Kn97, Prop. 2.8] that

sx (21, T q) = q"TONRN (e, T s g, ).

The proof of Lemma below uses Okounkov’s binomial theorem for interpolation Macdonald
polynomials JOk97]. We remark that in [Ok97] the interpolation Macdonald polynomials are defined
slightly differently, and are denoted by the Py, but one can show that

(80) Pi(x1,...,2p;q,t) = Rx(x1, zot ™Yt q,t).

For two integer partitions A, p such that £(\), ¢(pn) < n, let [ﬂ denote the (g, t)-binomial coefficient
;¢
defined in [Ok97]. Thus

A P (g™, ..., ¢ M:q,t
] Pl (g, ...,q*;q,t)
1 _ o —r(n—r)(@"=D-(¢" " -1)
Lemma 5.1.3. For 0 <r < n we have [F]qﬂ =q "\ =)= -

Proof. The proof is a straightforward but somewhat tedious calculation based on a general combi-
natorial formula in [Sah11, Thm 0.8] for the (g, t)-binomial coefficients. We give a brief outline of
this calculation. In the notation of [Sahll], the value of can be expressed as a sum of the form
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> pwt(T), where T' is a standard tableau of shape A\p. For A := (1") and p := (1), there is only one
such tableau. By direct calculation one obtains
1—t DN = AL T

M= (ln_i) s Qi i+l =

From these, the assertion of the lemma follows immediately. O

Lemma 5.1.4. Set v, :== (1") for 0 <r <n. Then
Zq 2 Tn T)Sl/r(qn_lmlv"‘aqn_imia"'amn;q):xl"'xn-

Proof. This is stated in [BKV06, Prop. 10] without a proof. We show that it is a special case of
Okounkov’s binomial theorem [Ok97, Eq. (1.11)]. More specifically, from it follows that

(1-n)r n—1

Py (x1,...,2054,q) = q 5,,(¢" 21, T q).
We now consider the identity [Ok97, Eq. (1.11)] for ¢ := g and A := (1"™). Then the left hand side
of [Ok97, Eq. (1.11)] is equal to zy - - -y, whereas its right hand side is equal to

] e (@ -1 (g—1) - .
2. quq Dy )

r=0

To complete the proof, we use Lemma [5.1.3 Il
5.2. The explicit formulas. Let D, , and D’T,w be as in Section (1} For 0 < r < m we set

(82) D,:=D,, = D;n,'r

Proposition 5.2.1. ¢y(K),, ® 1) = dy(1 @ Kyp,) = S o(@*—1)"D,.

Proof. Both Ky, ®1 and 1 ® Ky, act on 2 by the scalar q2d (this is easy to verify using
Remark [3.6.2). Since £ is a faithful &Z-module, by Proposition it suffices to verify that for
every partltlon A that satisfies £(\) < min{m,n} and |A| = d, the restrlction of > ,(¢* — 1)"D, to
the irreducible Uy g-submodule V¥ ® Vy* of & is multiplication by the scalar g%

Step 1. First we prove the assertion in the case m = n. In this case D, = D(r,n,n), hence by
Proposition [5.1.1] it is enough to verify that

n
(83) qu r?=2r(n—r) T(q2(>\1+n—1)’ o qz(/\n,1+1)’ ¢ q2) _ qz(,\ﬁ...ﬂn).
r=0

Equality . ) follows from Lemma |5 after substituting ¢ by q2
Step 2. Henceforth assume m < n (by Lemmam 3.15.1| the proof when m > n is similar). Let

e=e"" PP - PDxn

mXxn
be the embedding of algebras defined in , so that e(t; ;) = titn—m,; and e(0; ;) = Oitn—m,j. Set
D, := D(r,n,n). By Corollary|[3.17.3 ; (e(#)) =0 unless i = (uq,...,u,) satifies ug >n—m+ 1.
Thus, for every f € & we have D, - e(f) = e(D,) - e(f) when 0 < r < m, and D, - e(f) = 0 when

m < 7r <n.
Step 3. Recall that .# denotes the left ideal of 22 that is generated by 2(V). Let .#’ denote the

left ideal of P, that is generated by Y Lete: 29 — P Dpxn be asin Step 2. For D € Y

nxn-

and f € & we have (D - f—Df) € Z, hence
e(D- f)— e(D)e(f) = e(D- f - Df) € 7"
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But also e(D)-e(f)—e(D)e(f) € .#'. From the last two relations we obtain e(D)-e(f)—e(D-f) € .&'.
But in addition e(D) - e(f) —e(D - f) € Ppxn, hence e(D) - e(f) =e(D - f).
Step 4. Let f € 2@, From Step 3 and Step 2 it follows that

(84) e <Z(q2 - 1)'D,- f) =e (Z(q2 - 1)TDT) ce(f) =) (> = 1)'D, - e(f).

r=0 r=0 r=0
From Step 1 it follows that 3.7 (¢> — 1)"D,. - e(f) = ¢*’e(f). Since e is an injection, from we

obtain 37 ((¢> — 1)"D, - f = ¢*f. O
Proposition 5.2.2. For1 <a<m and 1 <b < n we have
m—a+1 n—b+1
(85) Gu(Kr, @)= Y (@-1)D}, o1, and ¢du(1®@Kx,,)= > (¢*—1)"Dppi1,
r=0 r=0

Proof. We give the proof for K, ,®1 only (the proof for 1® K, , is similar). Every element of & is
expressible as a linear combination of monomials of the form ¢;, j, -- -t where i1 > - -+ > 7. Choose
k" < k such that ixr > a and ij1 < a. Then

2k’
(Ko @) ti gl = 07 tig gy ig e
Set D := S ot (g% — 1D}, 441, From Lemma [3.17.4|it follows that

D- (tilyjl e 'tik,jk) =(D- biygi 'tik/:jk/)tik’+17jk/+1 g g

Tk sJk

Hence it suffices to prove that

(86) D tiy gy iy g = @ iy gy iy
Set m:=m—a+1. Let e = elx" : P Dyixn — P2 be the embedding of algebras defined in ,

so that e(t;;) = tiyq—1,; and e(0;;) = Oitq—1,5. Set D, = D(r,m,n) € PPpmxn. Similar to the
proof of Proposition we have e(D,) = D), .41, and e(D, - f) = e(D,)-e(f) for f € Ppxn.
Propositionfor P Dimxn yields E;”Z_O“H D, f=¢*ffor f:= tiv—at141 " tig—atljy € Pinxn-
By applying e to both sides we obtain . O

6. SOME PROPERTIES OF POLARIZATION OPERATORS

In this section we investigate invariance and generation properties of the L;;, the R; ;, and their
variants.

6.1. Invariants and the operators L; ;, R; ;. Recall from that 2 denotes the centralizer of Z
in Y.

Lemma 6.1.1. Endy ()% = Endy(2)? and Endy ()% = Endy(2)”.

Proof. We only give the proofs of the two assertions for .#. The inclusion Endy(22)%* D Endy(2)%

is trivial because .Z, C .Z. To prove Endy(2)%* C Endy(%)?, choose any T € Endy(Z)%*. From
Proposition it follows that T' commutes with

du(Kae, ©1) = du (K, @ DKy, ©1) forl<a<m,

where we assume K, ., = 1. From Proposition m (and also from Remark (3.6.2) it follows
that ¢y (K., ® 1) is a diagonalizable operator whose eigenvalues are powers of g. In particular, the
eigenspaces of ¢y (K., ® 1) and ¢y (K., ® 1) are the same. Thus T also commutes with ¢y (K., ® 1).
Finally, Proposition implies that T' € Endy(2)~. O
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As in Subsection 23] set
PP,y ={D € PP : x-D:=e(zx)D for x € UL},

where €7, denotes the counit of U;. We define 32@(63)7 (Q/’“vlﬂ)(eR)’ (ng;n>( : and (g{kg;g s))( )
™ €R ™ €R

similarly (where eg denotes the counit of Ug).
Lemma 6.1.2. 297 = 297 = 29, and P9"* = P9* = PP,

Proof. From Lemma it follows that 227 = 297 and 2% = 29” . By Proposition|3.12.1
the action of Urr on £Z is the restriction of the action of Urr on Endg(4?) that is defined in
Lemma Thus Lemmam implies that 2927 = P D e,y and PP7 = P D (er)- O

Lemma 6.1.3. («Q{k,l,n)(gR) is a subalgebra of <71, and <Q<z{k%f?n> - is a subalgebra of sszgim

Proof. Follows immediately from the fact that both .7, and dkg; are Ug-module algebras. [l

Recall that by definition, szkgin is a subalgebra of 9% = 2%

mxn Where m := max{k,(}. For
1<i<kand1<j<Idefine igyedkgl;nby

n

(87) Lgr : th rOj,r Z —i+1,r m j4+1,r-

Under the isomorphism of Corollary [3.13.4] the Lfr- correspond to the gr(L; ;) € gr( .-
Lemma 6.1.4. E;gl; IS (dﬁi&(e : and L” € (,ﬁz{kln) for 1<i<kandl1<j<I.

Proof. Recall that <7 is a Ur-module algebra because it is a Ug-stable subalgebra of & %#". For
ﬂfg the assertion follows from the formulas of Remark For example

n n
E,-[¥ = E,. th i = 3 (Bs ti)(Ks 050) + > _tirn(Es- ;)
r=1 r=1

= (—q tNi,n—S)(qéjm-i-l—S) + (tNim—S)(éj,nH—S) =0.
Since the map Py, : &5 — 1y is a Ug-module homomorphism, we have Ei,j € ('Q{kvl’”)(eR)' O

Lemma 6.1.5. The Ur-submodule of 2% that is generated by Ly, contains L;; for 1 <i,5 < m.
Similarly, the Ug-submodule of 2% that is generated by Ry, , contains R;; for 1 <4i,5 < n.

Proof. We only give the proof for the assertion about the Ur-submodule generated by Ry, , (the other
assertion is proved similarly). Denote this submodule by .#. First we prove the following relations
for the Ug-action:

(83)  Ej-Rijy1=Rijand F;-Rip1 ;= —qRij for j#i , F-Ripri = —qRii + ¢ Riprita.

The proofs of these relations are similar and based on the explicit formulas given in Remark For
example using A(F;) = F, ® 1+ K;l ® F; we have

n
Fi Rip1,=F;- Ztm+16m' = Z ((Fy + tri1) (Or) + (K triga) (Fy - Ori)

n
= Z —qtriOri +q ' Oriv1 = —qRii + ¢ " Riy141.
r=1
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Since R, € ., from the second relation in for j = n we obtain R;, € .# for i < n. Then
using the first relation in successively for j =n —1,...,7+ 1 we obtain R; ; € .# for i < j. The
above argument can be repeated with the roles of F; and F; switched. This yields R; ; € .# for i > j.
Finally, from R,, ,, and the third relation in we obtain R;; € 4 for 1 <i <mn. O

Corollary 6.1.6. L; ; € Z, for all1 <i,5 <m and R;; € % for 1 <i,5 < n.

Proof. From it follows that %, is Ur-stable. By we have ¢y (Ky,,, ®1) =1+ (¢® — 1)Lm,m,
hence L, € Z,. Hence by Lemma we have L; ; € Z,. The proof of R; ; € Z, is similar. O

6.2. The U,(gl},)®U,(g;)-module decomposition of <sa7gr ) . Given two irreducible Ug-modules

k,l,n
20y ( R)
V) and V), the canonical isomorphism (V)" ® Vu)(eR) = Homy, (Vi, V,) implies that
1 ifA=p
89 dim (Vy @V, = ’
(59 i (V3 Vi) {0 A £ .

Thus, from it follows that as U,(gl;,) ® Uy(gl;)-modules we have
90) (e —0 for r#s and (&®®" = Vi ®V,, where d:=min{k,l,n}.
00) (5) # (#27),, = @ wen (k.1 )

n n
)\EAd,T
7. THE MAP D'y,
Let k,I,n > 1 be integers such that k,! < n. In this section we define a map
Uit Prxi = Dy,

that is a bijection onto the subalgebra (#f) ) (eR) of &7 . A similar map was also used in [LZZT1].

The ideas of the proofs of Lemma and Lemma are taken from [LZZ11]. Recall from
Definition that 298 = P, «n @ Dnxn as a vector space.

7.1. Construction of I'y;,,. For n > 1 set
(91) Ut Posn = P8, , Tni=(1&1)0Ayp,

where ¢ : Ppxn — Dnxn is the anti-isomorphism of bialgebras defined in and A is the coproduct
of P xn. In particular in Sweedler’s notation we have T'y,(u) = > uj ® t(ug) for u € Py xp.

Lemma 7.1.1. Let e be the counit of Dnxn. Then the map 1 ® €y : P DL — Prwn is a left
inverse to I'y,. In particular, 'y, is an injection.

Proof. This is equivalent to the relation Y €5 (t(u2))u; = u for u € Py xp. Since ¢ is a linear bijection,
it suffices to verify that Y ey (e(u2))e(u1) = ¢(u). Since ¢ is an anti-isomorphism of coalgebras, the
latter relation follows from the defining property of the counit €4. O

Recall from Proposition M(l) that the assignments Ei,j — fi,j and 5” > 5” result in an embed-
ding of algebras

(92) ez;[n : L@-@kxl — <@-gnxn
We denote the restriction of the map to the subalgebra & by the same notation, that is
(93) GZ:Zn : ,@kxl — f@an.

Lemma 7.1.2. For e =e}}' as in we have T (€(Pyx1)) C 45 .-
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Proof. For a monomial ¢;, j, - - t;, j, € Ppxn We have
Alti g tipg,) = At ) Altig) = Y tivar - tipa, @tayg - tagi,-
1<ai,...,ar<n

Set m' :=m — k and n’ := n — [. From the above equality it follows that

Pn (e(tilajl T tiT‘ajT‘)) = Z til+m/7a1 e tir‘f‘m,,ar ® 8jr+n/7ar e 6j1+n/7(11 :
1<ay,..,ar<n
Thus T (e(tiy, g - tinj,) € Zy, (see Remark [3.8.4)). O

Lemma [7.1.2] justifies that the following definition is valid.
Definition 7.1.3. We define I'y;,, : @i — &5, to be the unique map that makes the diagram

’nX’ﬂ
€rx1

P

nxn

c@kxl ynxn

q, e /

Crin
gr
JZ{k,l,n

commutative.

Lemma 7.1.4. The map 'y, is injective.
Proof. Since e}}|" is an injective map, this follows from Lemma [7.1.1 O

x1

Lemma 7.1.5. Fkyl,n(t@lgd) )= (dkg’lgjéd’d))( : for d > 0.
€R

Proof. First we prove that Tk, (Prxi) C (dkg; n)( y By Definition |7.1.3| it suffices to prove that
" €R
L (Prxn) C (@Qgr

nxn

) (cn)" By standard properties of the antipode of Ug,

(94) Zlfgs_l(l'l) =er(z)l for z € Up.
It follows that for x € U and u € &2, «, we have

x-Th(u) = Z(:El “u1) ® (22 - 1(u2))

=3 (uwn(e(urz), S (1)) ® (1(ug)1{e(uz)2, x2)) (By and (52))
= (1(ug), ™ (1)) (t(uz), z2)u1 @ t(us) (By coassociativity)
=Y er(@)(u(uz), Hur @ u(us) (By (I3) and (94))
= cp(z Z"“@ v(ug) = ep(x)Tn(u). (By counit relation of Z,,x,,)

Thus we have proved z - I',(u) = er(z) p(u), that is, Ty (u) € (W@irxn)( ) From it follows
that 'y 1 p (@,grx)l) C ﬂ/kg;:f:’r). Consequently,

(r) r,(r,r) T . r,(r,r)
(95) Chin <‘@k><l) < ng,l,n (ﬁ@%xn)( R <dkg,l,n )(ER)-

By Lemma , to complete the proof it suffices to verify that the two sides of have equal
dimensions. Since k,l < n, from and Proposition it follows that both of these vector
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spaces have dimension equal to > .y, d(A k)d(A, 1) where d(A, k) (respectively, d(A,1)) denotes the
dimension of the Ug(gl;)-module (respectively, U,(gl;)-module) associated to A. O

8. THE PRODUCT %, ON Py
Throughout this section we assume that m = n (so that Uy, = Ur = U,(gl,,)) and 1 < k,l < n.

8.1. An explicit formula for the product of 2% . Recall that 2, x,, and Z,,,, are subalgebras

of Uy(gl,,)* (see Definition and Definition [3.4.1). Also recall that given f,g € Uy(gl,,)®, we define
<f®g,iR(")> and (f ®g,$(")> as in ([32).
Proposition 8.1.1. Let a,a’ € P, xp, and b,V € Dpxp. Then the product of 2%,

(@@b)(d @) = (u(a})* @ (b1)%, R™)(1(ah) @ b3, R™)aah @ byt
where (Ap @1)oAp(d) => d\®ay®@ay and (Ap @1)oAp(b) =" b1 @by ®bs, with Agp and Ay
denoting the coproducts of Prxn and Dnxyn respectively.
Proof. We need to compute (QLR)BA (b® d') where B := Py and A := P, 5y, Recall from
that R;p = (R1)13(Rp)24. The map

Pnxn — Ug(gl,)° , arraol_y,

satisfies

intertwines between the Ug-module structures R4 and right translation on Ugy(gl,,)°, in the sense of
Remark Thus Lemma implies that

(96) (Rp)u(d@a) =Y by @aj{ba @ (aho&_1/4),R™M).
Similarly, the maps

D — Ug(gl,)° s b= b and  Prsn — Uy(al,)° , a > (a0 )

intertwine the actions Ly and L& (on Py« and P« respectively) with right translation. Thus

(97) (Rp)iz (b@a’) =D by @ar((b1)! @ (a7 0&-¢)", R™).
From and @ it follows that
(98) (@@b)(d @b) =Y ((b1)* @ (a) 0 & ¢)%, RM) (b3 @ (ah 0 &_1 ), R™)aah @ bl

Since 5%(z) = {p2(x) for € Uy(gl,), we have t(v) 0o S =vo& 1,08 =voé_g for v e Uygl,)°,

and thus Lemma implies that (v o & )% = (1(v) 0 S)F = 1(v)f o S~ 1. By a similar argument

vol_j/q=t(v)o S~!. Thus in we can substitute (a} o £_,) by v(a}) o S~1 and a3 o0& _q/q by

t(ah) o S71. After these substitutions, the assertion of the proposition follows from (42)). O

8.2. The product x, Iy ON Px1 and the map I'y;,. We start by defining a binary product
Prsxn @ Prxn = Prxn , UV — Uy V.

Definition 8.2.1. For u,v € £,,«, we set

(99) Uy U= Z <L(1}1)u ® t(uz)?, IR(”)><L(U3) ® t(ug), fR(")>u1v2,

where the sum ranges over summands of (A ®1)oAp(u) => u @ua®us and (Ap®1)oAgm(v) =
> v ® v @ vs.

For the next proposition recall that T'), : £, xp — P D5

nxn

is the map defined in .
Proposition 8.2.2. T',(u*, v) = Ty (u)ly,(v) for u,v € Ppxn.
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Proof. By Proposition for a :=uq, b:= t(ug), a’ := vy and V' := 1(v2) we obtain
Ton(u)Tn(v) = (w1 @ 1(ug)) (01 ® 1(v2))
= Z(e(vl)u @ v(ug)®, RO (1(v3) @ t(ug), R Yurvs @ 1(us)e(vy).
Since u +— ((u) is an anti-automorphism of algebras, by we also have
T (3 0) = 3 _(e(v1)" @ (ua)®, R™) (u(v1) © e(ug), R purva © o(v3)e(u2)-

After changing the indices as (u1,ug,us,us) = (u, u1,ug2,ug) and (vi,ve,vs,v4) = (v1,v2,V31,V32)
by coassociativity, the equality T'y,(u x, v) = '), (u)'y,(v) reduces to

(100) D {1(vs1) @ (ugr), R™)e(uge)e(vs2) = D (1(vs2) @ t(uzz), R™)e(vs1)e(uz).

Set f := «(v3) and g := t(ug2). Since u — ¢(u) is an anti-automorphism of coalgebras, from it
follows that (L00]) is equivalent to

D (f2® 92, RM)gifi =D (A @ g1, R™) faga,
which is a consequence of . O
Recall that throughout this section 1 < k,1 < n.
Lemma 8.2.3. Let e := eZ:l" be as in . Then e(u) *, e(v) € e(Pixi) for u,v € Pry.
Proof. Set D :=T,(e(u) *, e(v)). By Lemma we have

Tale(u) = Tuin(v) € () - and Tule(®) =Tuin(v) € () -

Since (dkg; n)( : is a subalgeba of &%, from Proposition [8.2.2] it follows that D € (ﬂ%,f? n)( ;
"W €R " " ER

Again by Lemma there exists w € P such that D =T'y; ,(w) = I'y(e(w)). From injectivity of
I, (which is Lemma for k =1 =n) it follows that e(u) x, e(v) = e(w). Consequently we obtain
e(u) *, e(v) € e(Ppxi). O

Lemma [8:2.3] validates the following definition.

Definition 8.2.4. For u,v € Py; we define a binary product
Pt @ Pxt = Phxi , WV Uk, U,
by setting u ;v = e ! (e(u) xn €(v)) where e := e}}" is the map (93).
Proposition 8.2.5. Let u,v € P«;. Then the following statements hold:
(i) Tran(u *kLn v) =T pn(w)lgn(v).
(r+s) gr,(r+s,r+s)

(ii) Ifu e ngrx)l and u € e@lgi)l then uxy ;v € P " and Uiy p(uxy,;, v) € (szk.’l’n )(ER).

Proof. (i) By Proposition we have
Pitin (g0 v) = Trpn(e™ (e(u) xn e(v)))
= n(e(u) xn e(n)) = Tn(e(u)Tn(e(v)) = Trpn(W)k 10 (v)-

ii) By definitions of % and I'y;, the assertions reduce to proving that for u € an
ii) By definitions of %, ;,, and Ty, th ti duce t ing that f 2)  and
u € ,@,(LSX),L we have u *, v € ,@,(J;;f) and 'y, (u *, v) € Qgir;(g+s’r+s). The latter assertions follow

from and the fact that for d > 0 we have A@(@,(ldx)n) - gzqux)n ® e@q(zdx)n O
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8.3. The map T. Let T : Zpxn @ Pnxn — Prxn @ Pnxn be the map defined by
(101) T(uw®v) =Y ((v1)" ® (uz)’, R (1(vs3) ® t(uz), R™)us @ vy.

Lemma 8.3.1. Let Myxyn @ Praxn @ Prxn — Paxn denote the usual product of the algebra Phxn.
Then the following statements hold.

(1) wkp v = Mpxn o L(u0) for u,v € Ppxn.
(il) uxp,;, v = e (Mpxn(T(e(u) @ e(v)))) for u,v € Py where e := e} is as in (93).

Proof. Straightforward from Definition O
Lemma 8.3.2. (0;, j, - -+ 0;, j,, 1) = 0 unless when iy, = j, for 1 <k <r.

Proof. Follows immediately from the definition of the 0;; and the canonical pairing (-,-) between
U‘](g[n)o and Uq(g[n) O

Proposition 8.3.3. Let e = ej ;' be as in Set Wiy dy, = «@;Silz) ® e@kxl for di,d2 > 0 and
W gy = (€@ e)(Waya). Then YW 4,) C Wdfm

Proof. From the defining formula of T and the fact that the coproduct of &, «, maps 29 into

nxn

921(”)” ® 3”,(”)” we obtain T (,@( 2 ® t@ébx)n) - 9}% ® 9,(”)” The claim follows if we prove that
(102) T(e(u)®e(v)) € e®e(Prx @ Prxi) for u,v € Ppy.

It suffices to prove this assertion for monomials u = ¢;, j, - -~ ;, 4, and v =tp, g, -~ tp, g, ID Ppxy. Set

m' :=m—kand n’ :=n — 1. Then

(A®1)or)(e(w) =) e(u) @ e(u) ® e(u)s,

where for indices 1 < aq, b1,...,a,,b. <n we have
e(u>1 = tm/+i17al o 'tM’+ir,ar ) e(u)Q = ta1,b1 e 'tar,br ) e(u)?) = tbhnurjl e 'tbr,n’+jr'
Similarly,
(A®1)oA)(e(v) =D e(w) @e(v): @ e(v)s,
where for indices 1 < ¢1,d;,...,cs,ds < n we have
6(1))1 = tml+plvcl U tml+p57cs ’ 6(’0)2 = tcl,dl e tcmds ’ 6(’[1)3 = td17n’+q1 e td57nl+QS'

In the rest of this proof we set
a: = (al,...,ar) y b:: (bl,...,br) , Ci= (Cl,...,CS) N d = (dl,...,ds>.
Step 1. From (101)) it follows that

(103) T(e(u) ®e(v)) = Z M(b,c)M'(a,b,d)tims iy ay tmitiar @ teydy ** teg.dss
a,b,c,d
where
M<b7 c):= <8m’+ps,cs T 67?1’-%-1)1761 ® abr,n’-Fjr Y 8b1m/+j1 ) iR(n)>
and
M/(aa b,d) := <an’+qs,ds T 8n’+q1,d1 ® 8br,ar T 8b17111 ) R("))_

Note that by definition, both of the R-matrix pairings M (b, c) and M’(a, b, d) correspond to the action
of Uy(gl,) on Drnxn C Uy(gl,)° by right translation Ry (See Subsection [2.7).

Step 2. We prove that if ¢; < m’ for some 1 < ¢ < s then M(b,c) = 0. To this end, we investigate
the effect of the action of R(™ on the first component in M (b, c), i.e., on Om’ +ps,cs " Om/4pr,e,- Recall
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that R acts by a product of 2-tensors of the form Eg® Fg, where 8 =g, — ¢y, for 1 < {1 < {5 <,
followed by e Zi=1 Hi®Hi (which acts by scalars on tensor product of monomials in the 8’s and we can
ignore it in the argument that follows). The s-fold coproduct of Ejg is a sum of s-tensors of the form
X =X, ®---® X; with components in {Eg, Kg,1}. From Remark it follows that the action of
X on any monomial Opy/yp, z, - * - Om/4p; & does not increase the indices ¢, .. ., & and leaves the indices
n' +p1,...,n' + ps unchanged. Thus Lemma [8.3.2] implies that M (b, c) = 0.

Step 3. We prove that if d; < n’ for some 1 <¢ < s then M'(a,b,d) = 0. The argument is similar
to Step 2, by investigating the action of root vectors Eg on the first component of M’(a,b,d), that is
on On/tged, * Onrtqr da -

Step 4. We prove that if by < n’ for some 1 < ¢ < r then M(b,c) = 0. Again the argument is
similar to Step 2. This time use use the fact that the action of the root vectors Fjzg does not decrease
the indices n’ + ji,...,n' + j..

Step 5. We prove that if a; < n’ for some 1 <t < r then M(b,c)M'(a,b,d) = 0. The proof is
slightly more complicated than Steps 2-4. By Step 4 we can assume that min{by,...,b,} > n'+1. As
in Steps 2-4 we can express M'(a,b,d) as a sum over the values

(104) CaEzaFﬁlw-nBN (<(E51 T EﬁN) -0g , 1>) (<(F,31 T F/BN) - OF, 1>)7

where Og 1= On/yq,.d, " On'+q1,dr» OF = Ob,a, - Oby 0y and Coy 0, 81,8y 15 @ scalar in k that results

from the action of ef2=i=1 Hi®Hi (again, this scalar does not play a role in the argument that follows).

For B = ¢y, — ey, with 1 < /1 <3 <n we have

0 if€27£€”a
105 Ep - Open =
(105) oo {<—1)“—f2—18w,e1 if by = 0",
and

0 if £y # 07,
106 Fg - Oper =
(106) o {<—1>€1—f2—184/,e2 if (=",

First suppose that there exists 1 < N’ < N such that Sn/ = gy, — ¢, with £; < n/. Then by and
an argument similar to Step 2 we obtain ((Eg, - - - Eg, )-0r, 1) = 0, hence the corresponding value
vanishes. Next suppose that for all 1 < N’ < N we have Sy = gy, — &4, where ¢; > n’ 4+ 1. The r-fold
coproduct of Fj, --- Fg, is a sum of r-tensors X = X, ® --- ® X; whose components are products of
the Fjg,, and the Kg;/ If no Fg,, occurs in X; then Lemma ’m implies that (X - 9, 1) = 0 unless
a; = by > n' + 1. If at least one Fg,, occurs in X; then from (106]) it follows that (X - 9p,1) = 0
unless a; > n’ + 1 (because we must have a; = ¢1). Since we have assumed that a; < n’ we obtain
((Fp, -+ Fgy)-0F,1) =0. Thus all the values vanish and we have M’(a,b,d) = 0.

Step 6. From Steps 2-5 it follows that the only 2-tensors on the right hand side of that
have a nonzero coefficient are those that belong to (e ® €) (Prx; ® Prx;). This completes the proof

of (102). O

for allr,s > 0.

Proposition 8.3.4. T induces linear bijections 97(12)1 ® ,@r(fx)n — @ff}l ® 2

nxn

Proof. Since ?}’T(LT% ® 9,({2,1 is finite dimensional, it suffices to prove that T is an injection. Set T* :=

('@ ) oY o (¢ ®¢) with ¢ as in (48). Since ¢ is an antiautomorphism of bialgebras and preseves
the grading of %,«,, we have

T .%(fx)n ® Q,SSM — @fgn ® @T(Lsx)n , T(u®wv)= Z((vg)h @ (u1)f, R (01 @ ug, Rz @ vy.

It suffices to prove injectivity of YT*.
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Step 1. Define Y : @,(fx)n ® @ggn — @T(LTX)n & @ésx)n by

T(l) (’LL (%) ’U) = Z<ul (029 7)173(71))“2 X V2.

From Lemma [2.7.2{i) we have

Y @l fo,RM) =0 (Zgl ® filg2 @ f273(n)>) —0oRM(g® f) = (R™) ' (f o).
From this and Lemma [2.7.2[(ii) it follows that
TWoT! (u® v) = Z((m)h @ (u1)?, R™Y (0) @ ug, R™) (uz @ vg, R™)uy @ v3
= {(ws)* @ (un)®, RON(R™) ™ (w1 @ ua), R yug @ va = > ((02)* @ (ur), R yup @ vy,

Step 2. Define Y : 2" 292 59" & @(s)n by T (u®wv) :=u @wv. Set

nxn nxn nxn nx

T:= <T(2))

- o <T(1) o TL> oT®),

Since u — u? is an antiautomorphism of coalgebras on Zxy,, we obtain

Tu®wv) = Z:((vg)u ® ug, RMu; @ vy.

Step 3. From Lemmas [3.4.2] [3.4.3| and [3.4.4] it follows that the assignment v +— (v o S)? induces an
isomorphism of coalgebras &), «n, — Pnxn that preserves the grading. Define a map

T(S) . @(T) ® L@(S) N g(r) ® 9(8)

nxn nxn nxn nxn ? T(3)(u®v) = u® ((UOS>h)'
Using we obtain

1 .
(T(3)> oYo T(3)(u ®v) = Z((Ug 05)® uz,R(")ml QU = Z(uz ® 02,3(")>u1 R vy.

Lemma [2.7.2(i) implies that (T(3))_1 oToT® (u®v) = R™(u®w). Since the map u®@wv — R™ (u@w)
is an injection, Y* is also an injection. O

Corollary 8.3.5. Let e := e} be as in and let Mpyg @ Prsq @ Py — Py be the usual
product of Py.«;. Then the following statements hold.

(1) wxpy, v =mgx0 (et@e ™) oY(e(u)®e(v)) foru,v € Ppy.

(ii) For r,s >0 the map L@]E;)l ® @,ESX)Z — @,57;;8) giwen by u @ v — ux,,, v is surjective.

Proof. (i) By Proposition we have T(e(u) ® e(v)) € (e®e)(Prx1 @ Pixi). The assertion follows
from the relation myy; = e~ o m,x, o (e ® €) and Lemma ii).

(ii) By Proposition and Proposition the map
Tiin:=(e'®e HoTo(e®e)

is a linear bijection on ‘@ISQI ® ngsx)l From (i) it follows that Uy V= Mixt(Thin(u ®v)). The

latter equality reduces the assertion to surjectivity of myy; : e@g;)l ® L@lgi)l — ,@,S:;S), which is a trivial

statement. O
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9. PROOFS OF THEOREM [A]l AND THEOREM [B]

We begin by describing our strategy for proving Theorems [A] and [B] Lemma implies that
Theorem [A[(ii) follows by symmetry from Theorem [A[i). Furthermore, Lemma implies that
Theorem [Ai) is the special case of Theorem B|for k = [ = m. Thus, it suffices to prove Theorem

We now give an outline of the proof of Theorem [B] By Corollary we have a Ug-equivariant
isomorphism of k-algebras gr(<#,;,) = Wkggn Recall that by definition, ﬂfkglgn is a subalgebra of
PP = PDS ..

where m := max{k,l}. Theorem |B| for gr(#,,;,) is equivalent to the following
assertion for &% .

Theorem B'. The algebra (dkgin)
is defined as in (87).

: is generated by the I:Zgl; for1<i<kandl<j<I, where Ezgrj
ER 9, 9
Let B C Wkgjm denote the subalgebra generated by the IZirj forl1<i<kandl<j <l Lemma
implies that B C (W’kgl; n) (cn)" Let szkg?r(:’s) be defined as in . Since by we have (ﬂ/kg;’ff’s)>( ) =
" sl "y eR
0 for r # s, to prove Theorem [B'] it suffices to verify that

(107) (#5,), <B
[A8) (eR)
We will verify (107) in the case n > max{k,[} in Subsection and in the case n < max{k,l} in

Subsection This completes the proof of Theorem in both cases. Then in Subsection we
reduce Theorem [B| for .27, ; ,, to Theorem

9.1. Proof of Theorem [B'| when n > max{k,l}. We prove by induction on r that

k,ln

('Q{gL(M))( ) C B, forr>0,
€R

where

B, ::Spank{l:gr. L 1<y, in <k, 133‘1,...,];31}.

21,71 iy Jr

For r = 0 the assertion is trivial. For r = 1, from Lemma|7.1.5|it follows that <:£2/kg;’£1’1)>( ) is spanned
"y €R

by the l:zgl; =Tpin(tij) for 1 <i<kand1<j <l wheret;is defined as in () for a := k and b := [.

Finally, assume r > 1 and choose any D € (Lka(?:L))( ; By Lemma [7.1.5| we have D = I'y;,,(u) for
" GR

)

X

some u € t@li ;- By Corollary [8.3.5((ii) the linear map

Poa® P = Pl w@ v un v

is a surjection. Thus, we can express u as a sum of products of the form v’ %, u” where v’ € 9,&)1
and u” € (@,?qx_ll). By Proposition [8.2.5(1),

Dhtn (W % g ") = Thgn (W) T (u”).

From Lemma and the induction hypothesis it follows that I'y;,(u') € By and 'y, (u”) € B—1.
Consequently, D = Iy n(u) =3 Ui n(u gy, ") =D Thun(u) T (u”) € By
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9.2. Proof of Theorem B'| when n < max{k,l}. Set k := min{k,n} and [ := min{l,n}. We use
a reduction to Theorem [B'| for the case of ‘Q{Egi,n’ which follows from Subsection This technique
is also used in [LZZ11]. However, the arguments of [LZZ11] do not extend routinely to the present
setting. The reason is that unlike [LZZ11], the products of the generators E,Lgrj are not weight vectors
for the Cartan subalgebras of Uy,(gl;) and U,(gl;). As explained below, in order to circumvent this
technical difficulty we use Proposition [2.6.2

Set m := max{k,l} and m := max{k,l}. Recall that by definition, <% is a subalgebra of

PP = PP and Méz’n is a subalgebra of 29% . . Let

mxn mxn®
gr .__ grymxn . gr gr
€ T (6 )mxn . ‘@‘gmxn - ‘@‘gmxn

be the map defined in Proposition W(l) By checking the images of generators of szkglg ,, We obtain

gr gr gr
e (dﬁ,m) S Dy

Lemma 9.2.1. e ((ﬂgg’n)(m) = (., e (o).

Proof. This follows from Ug-equivariance of the map e8" (see Proposition |3.9.4)). (Il

Recall that Z 2" is a module over Upg @ Urr = UL, @ Ur @ Up, ® Ug. Let Ugf’l) be the subalgebra
of Upr ® U g defined by

k,l

UL = Bm(Uy(8lh)) © 1 @ 1 (Uy(gly) © L.

Proposition 9.2.2. The Uék’l)—submodule of PP that is generated by es" ((szkgllr n)( )> is equal
AALE) ER

to (5,) .

Proof. Set d := min{k,l} = min{k,l,n}. First note that by and we have isomorphisms of
Uq(gl) ® Uy(gly)-modules

(108) (ﬂkg’;”g78))(€1€c) =0 forr#s and (ﬂkgf]lr,’r(znr)>(ez%) = @ Vi@V,

where V* (respectively, V,) denotes an irreducible Uy (gl;,)-module (respectively, Uy (gl;)-module). Sim-
ilarly, using the equivariance of €®" from Proposition [3.9.4(ii) we obtain

<dkgi;’">(eR) N es" (MEE:T(LT’S)> =0 forr#s,

and an isomorphism of Uy, (g[k) ® Uq (g[L)—modules

(109) (yfk%§7n) e ( ﬂiizﬁ’”) = e <<d,§§:}j”’>) (SR)> =~ P Ve,
: : XA,

where V; (respectively, Vu) is an irreducible Uy (gl},)-module (respectively, Uq (gl;)-module). In the
latter relation we use the bar on Vi and V) to distinguish U,(gl))-modules from U,(gl))-modules and
U,(gly)-modules from Uy(gl;)-modules. To complete the proof, we need to verify that the summand
7% ®7VA of generates the summand V¥ ® V, of as a Uy(gly,) ® Uy(gl;)-module. In what
follows, we prove the latter assertion. Let v} be a highest weight vector of the U,(gl;,)-module Vi and

let v, be a lowest weight vector of the Ug(gl;)-module V,. It suffices to prove that
(110) vy ®vy, € V¥ ® V.
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The weight of v, with respect to the standard Cartan subalgebra of Uq(g[l) is ngﬂgl*”l)‘i and the
weight of v} with respect to the standard Cartan subalgebra of Ug,(gly) is ¢~ Simik-it1Mi Since
kE—k < k—d, we have K, - v} = v} for K., € Uy(gl) satisfying 1 < i < k — k. Similarly, from
I —1 < 1—dit follows that K., - v, = v, for K., € Uy(gl;) satisfying 1 < i < [ — 1. Next we
express vy ® v, as a linear combination of the basis of &2 %®" that consists of the monomials (see
Proposition . Since v} ® v, € ssz L the monomials that occur must satisfy

(111) ajp =bjr, =0 for1<i<m—k 1<j<m-—-1[ 1<r<n.
By Remark [3.6.2] each of the occurring monomials is a joint eigenvector for the action of

K (Ke) @1 @ Ky (K_¢;)) ®1  where 1 <i<kand1<j<],

K3

with eigenvalue
quzl (@m—kti,r Fom—14i,r) ]

If this eigenvalue is 1 for i < k — k and j <1 — [, then we must have

(112) Um—titiy = Om—igjr =0 for 1 <i<k—k, 1<j<I-1,1<r<n.

From (111)) and (112) (and the general fact that joint eigenfunctions with distinct eigenvalues are
linearly independent) it follows that all of the occurring monomials belong to e#" (7, ). Consequently,
v} ® v, belongs to the left hand side of (| - In addition, v} ® v, is the tensor product of a lowest
weight vector for a Ug(gly,)-module isomorphic to V; and a highest weight vector for a Ug(gl;)-module

isomorphic to V)\ From the decomposition of the right hand side of - we obtain that v} € VA and
vy € V)\ This completes the proof of (110} - O

We are now ready to complete the proof of (107]). From Theorem [B|for %ﬁn (which is established
in Subsection it follows that
gr ((dﬁn) > CB.
=27/ (er)

Thus, by Proposition it suffices to prove that B is stable under the action of U ék’l). The key idea
to prove this is that the span of the generators of B is stable under an algebra larger than U ék’l). This
enables us to use Proposition Let 0£k’l) be the subalgebra of Unp @ Upr = UL, @ Ur @ U, @ Ug
defined as follows:

(i) If k£ <, then ﬁék’l) = Uk, ®1® UL ® 1 where Uy is the subalgebra of U, = U,y(gl;) that is
generated by

{Ei}l U {F }z I—k+1 U {Kei}ézl‘

(ii) If & > [, then Ugf’l) =Ur®1® Uk,l ® 1 where UkJ is the subalgebra of U, = U,(gl;,) that is
generated by

{E 1= k: +1 U {F U {Kﬁz}z 1

Note that in both cases we have U(k 2 - U(k 2

Proposition 9.2.3. B is stable under the action of I~]£k’l).

Proof. This follows from Proposition |2.6.2| by setting H := Uy, C := C(™) where m = max{k, [},
R:=R,, H :=Ug, C :=C" R :=Rp, A:=P, B:= P, H:=Upy, and

5::Spank{l~_§3 : 1§i§kand1§j§l}.
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Checking that & is stable under the action of U ék’l) is a direct calculation based on Remark
Also, according to Proposition [3.2.2] we can choose wy,w,wy,w € H ® H satisfying the condition of
Definition [2.5.1(ii) to be finite linear combinations of 2-tensors of the form

KF/BFg/Fg// e R K,EﬁEﬁ/E/gn cee,

where 3,5, 8",... are positive roots (see Definition and K, K’ are in the Cartan subalgebra.
Verifying that the assumptions of Proposition W(I) and Proposition m(n) on wy,w and wy,w hold
is then a direct calculation based on the formulas that express the root vectors as commutators of the
E; and the F; (see Definition . O

9.3. Proof of Theorem @ for <7,;,. In this subsection we deduce Theorem @ for 7,1, from
Theorem Let K be any field. As usual a K-algebra A is called filtered if it has a filtration

AcAtcAc...

such that A' A7 C A”j for 4,j > 0. We assume that filtered algebras always satisfy AY = K. As usual
gr(A) == P, AL/ A" denotes the associated graded algebra of A, where by convention A~! = 0.
The following general lemma is standard and can be proved by induction.

Lemma 9.3.1. Let A be a filtered algebra and let ay,. .., a, € A' be such that their images in A/ A°
generate gr(A). Then ay,...,a, generate A.

The passage from Theorem |B’| to Theorem [B| relies on the folowing proposition.

Proposition 9.3.2. Let A :=P;2, AD be o graded K-algebra and let B be a filtered K-algebra. Set
Al = @;:0 AU for r >0, so that K :== A° C A' C A2 C --- is a filtration of A. Let F: A — B
be a filtration-preserving linear map such that gr(F) : gr(A) — gr(B) is an isomorphism of algebras.
Suppose that ay, ..., a € AV generate A. Then F(ai),...,F(a,) generate B.
Proof. Set F := gr(F). Since A = gr(A), we can consider F as a map A — gr(B). Set b; := F(a;) for
1 <i<r. Then b; + B® = F(a;), hence by + B, ..., b, + B° generate gr(B). Thus Lemma implies
that by, ..., b, generate B. O
We return to the proof of Theorem @ for Ay . We verify that the assumptions of Proposition m
hold for A := (,Qf,f;n)(

isomorphism of Ug-modules, we have F(A) = B. For r > 0 set

. T .
), B = (dk’lv")(eR) and F := Pk,l,n' Since Pk,l,n : ng,l,n — %k,l,n 1S an
€R

(13) A =S nA A= DAY B =Py, (51 and B = P BC.
s=0 s=0

Since the Ug-action on lekgllrn leaves the subspaces ﬂkgj:g’s) stable, we have A = @, A" Define
a filtration on B by setting B" := F(A") for » > 0. Since we also have B = F(A), the map gr(F) :
gr(A) — gr(B) is an isomorphism of graded vector spaces. Next we prove that the latter map is an
isomorphism of algebras. To this end, it suffices to verify that

(114) F(D)F(D') — F(DD') € B+~ for D e AY and D' € AV).
By Proposition [3.13.3| the left hand side of (TI14)) belongs to B+i~1. Since Ajin is a Ug-module

algebra and F is a Ug-module homomorphism, we have F(D),F(D’), F(DD') € B. It follows that the
left hand side of ([114)) also belongs to B. But since the map Py, : ﬂfkgfn — 1. is a bijection,

[;’T NB= Pk,l,n (%k%;:(r’r)) N Pk,l,n (.A) = Pk,l,n (.kagjzr(:’r) N .A) =B" forr>0.

n
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For r =7+ ] — 1 this implies the inclusion . Thus we have proved that the assumptions of
Proposition [9.3.2 hold for A, B and F: A — B chosen as above. By Theorem . the Lgr for1<i<k

and 1 < j <[ generate A, hence by Proposition 2{the Lm generate B. This completes the proof of
Theorem [B| for 7, ; .

10. PROOF OF THEOREM

In this section we give the proof of Theorem [C[i). The proof of Theorem [C[(ii) is analogous. As a
byproduct, in Corollary [10.4.1{ we obtain explicit generators for ¢;,' (%) and ¢y, (%y.e). Henceforth
we use E;, F; and the K for A € Zey + - - - + Ze,, to denote elements of Ur = Ugy(gl,,).

10.1. Parity condition on the . For A\, u € Zey + --- + Ze,, expressed as \ := 2?21 Aig; and
po= Y1 pie; we define (A, p) as in (39). We also set A < p if there exists 1 < r < n such that
Ai = i for all ¢+ < r and A1 < pp41. This defines a total order on Zej + - - - + Zey,. The following
lemma is trivial.

Lemma 10.1.1. Let S be a finite subset of Zey + - - - + Zey, and let Amax denote the mazximum of S
with respect to <. Let vy1,...,vn € Z be such that v, > 1 and v; > 14+ max) ,es {ijgn |A; — ,ujhj}
fori <mn. Sety:=3"" viei. Then (Amax,7) > (@, 7y) for all p € S such that p # Amax.

Proposition 10.1.2. Let Z be a finite subset of Zey + -+ + Zey. Let x := ) .7 cxK) € Uy g where

cx € k* for X € Z, and assume that x € ﬁR. Then for all X :=> Ne; €Z and 1 <i <n—1 we have
A — )\i+1 S 27,29

Proof. Step 1. Set D := ¢y(x). By we have ¢y (ady(z)) = (1 ®y) - D for y € Up. Since
P9 is alocally finite Ug-module, ¢y (ady, (z)) is a finite dimensional subspace of 2. Furthermore
for every f € 22, if we set Wy := ady,(z) - f := {ady(x) - f : y € Ugr}, then dim Wy < d, where
do = dim(¢y (adyy(z))). Note that the upper bound d, on dim W is independent of f.

Step 2. Fix «; := &; — ;41 where 1 <i <n — 1. It suffices to prove that (\, a;) € 2229 for \ € T.

For r > 1 we have
r—1

adEHK/\ = H (1 — q<>"ai>_2j) EZK)\Ki_r.
j=0
Now take a nonzero Uy g-weight vector f € & of weight ¢~ for v := 3 " | vi&i, where (y1,...,79n) is
an n-tuple of non-negative integers. We have

adEZr(x) -f= <Z C)\&dEl?“K)\> - f

AET

r—1
(115) e (N e (1 —q“"”*”) B - f.
7=0

AET

Step 3. For any A € Z, if (\, ;) € 2Z=° then H;;(l) (1- q<’\’ai>_2j) = 0 for all sufficiently large r.
Thus, if we set Z' := {A € T : (A, o) & 2Z="} then there exists ro = r5(Z) such that for all 7 > r, we
have

(116) Zc)\q A ﬁ (1 ai)= ) Z exg~ M ﬁ (1 — q<>"°‘i>_2j> .
Jj=0 j=0

AT AET!

Note that the lower bound r, is independent of ~.
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Step 4. Assume that 7' # @&. Choose 7, € N according to Step 3. Without loss of generality
we can also assume that r, > d,. Next choose r > r,. After possibly scaling x by a nonzero
element of the polynomial ring C[g] we can assume that the c) are nonzero elements in C[g]. Let
Amax denote the maximum of Z’ with respect to <. Choose v as in Lemma (with § := 7).
Since the condition on the coefficient v; only depends on «; for j > 4, we can also assume that
Y — g1 > 1. For A € T’ let ¢V be the lowest power of ¢ that occurs after expanding and
simplifying cyg~ M7 H;;(l) (1- q<’\’0‘i)_2j). We have

N(Ta )\max) S _<)\max7 'Y> + deg C)\max (q)7

because the lowest power ¢¥(™) is obtained as follows: from each factor (1 — g =2j ) we can choose

1if (A, oq) — 27 > 0 and ¢‘M*=27 otherwise. For all other A € T’ we have
N(r,A) = —degex(g™) — (A7) = rl(\ aq)| = r(r = 1).
By the choice of v, for A € Z’ such that A # Apax we have (Apax,v) > 1+ (A, ). Thus
Amaxs kv) >k + (A kvy)  for k € N,
Next choose k € N such that k£ > 2r, and

11 > 1y 4 o M+ 2ro(2r0 — 1) L.
(117) kfAez{g%mx{degwm(w+deg0A(q )+ 270 [(A, ai)| + 276 (27 )}

If we substitute v by kv, from (117) we obtain that N(r, Amax) < N(r,A) for all A € Z'\{\max} and
ro <1 < 2ro. Together with Step 3, this proves that for the latter choice of v we have
r—1

Zqu_o"w H <1 — q<’\’°"'>_2j> #0 forro <r <2,
\eZ §=0
because the coefficient of ¢V (" max) ig nonzero.

Step 5. The v chosen at the end of Step 4 satisfies v; — y;+1 > 275, or equivalently (—v, a;) < —2r,
(because k > 2r;). Choose f € & of Uy g-weight ¢~7 (for example f := #]---t]"). A standard
argument based on representation theory of U,(slz) implies E] - f # 0 for 0 < r < 2r,. Since the
vectors B} - f for 0 < s < 27, have distinct Uy r-weights, they are linearly independent. From Step
2 and Step 4 it follows that the vectors adgs (z) - f for ro < s < 2r, are also linearly independent.
Consequently, dim Wy > r, + 1 > d, + 1. This contradicts Step 1. O

10.2. Proof of A\; < 0. We begin with the following observation.

Remark 10.2.1. Let D € #2 and let a := (aq,...,a,) be an n-tuple of non-negative integers. We
use the notation 0% := 9y --- 0y, and ¢ := t{7 ---t}; for an n-tuple of integers (a1, ..., a,). Assume
that D - t* = ct® for some c € k. Recall the basis of % that consists of the monomials . We can
write D as D = Dy + Dy + D3 where
(i) Dy is a linear combination of basis vectors of the form t*9® where b’ is an n-tuple of non-
negative integers,
(ii) Dy is a linear combination of basis vectors of the form ¥ 9® where a’ and b’ are n-tuples of
non-negative integers and a’ # b/, and
(iii) D3 is a linear combination of the remaining basis vectors in ([57).

Using Lemma [3.17.1) and then Lemma [3.17.12| we obtain D - t* = (Dy + D3) - t* = Dy - t°.
Example 10.2.2. Set A\ := ¢ + -+ ¢, and ¢ := K\ € Ug. Then x-t], = ¢ "t]; for r > 1.

From Remark [10.2.1) Lemma [3.17.12] and Remark [3.17.10| it follows that if ¢y (1 ® x) € e then the

eigenvalue of ¢] | with respect to ¢y (1 ® ) should be a ratio of two polynomials such as ¢1(q)/¢2(q)
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where deg ¢2 is bounded above (independently of 7). Thus, ¢y (1 ® ) & Ze and in particular Ze C Z.
Consequently, K is a locally finite element of Ur that does not belong to Ug.

Proposition 10.2.3. Let Z be a finite subset of Zey + - - + Zey. Let x:= ) o7 cxK) € Uy g where
cx € k™ for A € Z, and assume that x € Ug. Then for all X :=>" N\ie; € T we have A\ < 0.

Proof. Set D := ¢y(x), so that D € #9. Write D = Dy + Dy + D3 as in Remark [10.2.1] and suppose
that Dy = ), > 2at?0% where Z is a finite set of n-tuples of non-negative integers and the z, € k*.
After scaling = by a nonzero element of C[g] if necessary, we can assume that the ¢, and the z, are
nonzero polynomials in ¢. Recall that t7:= " -]} for v:= 371" | vie; in Zey + -+ - + Zey,. Then

D -t = Z exg~ MY,
AeT

Also, by Lemma and Remark we obtain D -7 = Dy -7 = Y, > Za(q)$a(q*)t7, where
the ¢, are polynomials in ¢ with integer coefficients. Note that the z, are independent of «, but the
¢a can depend on .

Set \ := Amax Where Ay .y is the maximum of Z according to the total order introduced in Subsec-
tion By Lemma we can choose v such that we have (X,~) > (i, ) for all u € T\{\}. If
the assertion of the proposition is not true, then A1 > 0 and thus by choosing v; sufficiently large we

can also assume that (\,v) > 1. Thus, for all sufficiently large k& € N the lowest power of ¢ that occurs
A k)

in ) e exg~ MR s from the summand c;\q*< , and is equal to d — k(\,7), where d is the lowest
power of ¢ that occurs in ¢;. By comparing with ) z, (q)¢a(q?) it follows that

d—k(X,7) = min {—degza(¢"")} .
ac

The right hand side is independent of k£ and ~. However, this is a contradiction since k can be chosen

arbitrarily large and (\,~) > 1. O

10.3. Proof of \; € 2Z=Y. In this subsection we strengthen Proposition [10.2.3| as follows.

Proposition 10.3.1. Let Z be a finite subset of Zey + - - + Zey. Let x:= ) 5.7 cxK)\ € Uy g where
cx €K™ for A € T, and assume that x € (QJR. Then for every X :=>_ N\ie; € T we have \ € 279,

Proof. We assume that the assertion is false, and arrive at a contradiction.

Step 1. Recall from Propositionthat the Kxp, for 1 < b < n are contained in IOJR. The K €
Uy, g satisfying \; — A\iy1 € 2729 for 1 <i<n—1and \; € 2Z=% can be expressed as products of the
K\p,- Thus by Proposition and Proposition we can assume that A; € {—1,-3,-5,...}
for all A € Z.

Step 2. Set D := ¢y(x) so that D € Z2. Write D as D = D; + Dy + D3 according to
Remark Suppose that Dy = >, zptPOP, where Z is a finite set of n-tuples of non-negative
integers and the z, € k*. After scaling = by a nonzero element of C[g] we can assume that the c) and
the zp, are nonzero elements of Clg]. We keep using the notation 7 for v := """ | v;¢; from the proof
of Proposition Then D -7 =3 7 exg~ M7, From Lemma ii) and Remark |3.17.10
it follows that t°0° - 7 = ¢y, (¢?)t” where ¢}, € C[q] and

S S bi(bi — 1
(118) deg ¢, 22%(51-1-'“4—1)1)—; <bi(b1+"‘+bi) — (2)>
For b € Z define A\ € Zey + - - - + Ze, by

b = bier + (b1 +bo)ea + -+ (b + - + ba)en.
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By we have deg ¢, = (\p,7y) + C(b), where C(b) is independent of ~.

Step 3. Let A € 7 be such that —\ is the maximum of —Z := {~X : A € Z} with respect to the total
order < of Subsectionm Using Lemma for —Z, we can choose  such that —(\,~v) > —(u, )
for all p € I\{S\} Since \; € {—1,-3,-5,...}, by choosing the parity of 7, suitably we can also
assume that —<5\,7) is an odd integer. Then for k € N sufficiently large, the highest power of ¢
Ak) A k)

that occurs in ) .7 exg™ is from the summand c;\q_< and is equal to d — k(\,~), where
d := degc;.

Step 4. Let bmax € Z be such that Ap, . = max{\p : b € Z}, where the maximum is taken
with respect to <. Note that the map b — Ay is an injection. From and Lemma
applied to the set {\, : b € Z} it follows that we can choose v and k in Step 3 such that the
following additional property holds: the highest power of ¢ that occurs in ), zb(q)dp(q?) is from
the summand zyp,__. (q)9p,.., (¢%), and is equal to d’ + 2deg @y, where d’ := degzy,_, . Note that the
values deg ¢, depend on v and k, but the values degz, only depend on = and in particular they are
independent of the choices of v and k.

Step 5. Recall that t*7 is an eigenvector of D, hence D - tF7 = D; - t*7 = Y obez zb(q)dp(¢*)t*Y by
Remark By comparing the highest power of ¢ in the eigenvalue of t*7 from Step 3 and Step 4

it follows that
(119) d +2deg ¢y, =d— k(7).
Since d’ is independent of v and k, the parity of the left hand side of (119)) does not change by varying

k and 7. However, recall that (\,7) is an odd integer and the only constraint on k is that it should be
sufficiently large. Thus, we can choose k such that the parities of the two sides of (119)) are different.
This is a contradiction. O

10.4. Completing the proof of Theorem [C|(i). Theorem [C[i) is an immediate consequence of the
following corollary and Proposition [5.2.2

Corollary 10.4.1. Let T be a finite subset of Zey + - -+ + Zey. Let x := ) .7 cnK) € Ugry where

cx € k* for A € Z, and assume that x € [O]R~ Then x belongs to the subalgebra of Uy g that is generated
by the Kyp, for 1 <b<mn.

Proof. Follows immediately from Proposition [10.1.2] and Proposition [10.3.1 ]

Corollary |10.4.1| implies that {K /\R,b}zzl is a generating set of the algebra U r. An analogous
statement holds for Uy,. That is, {KAL’a}m

.1 1s a generating set of the algebra Uy,.
11. APPENDIX: COMMONLY USED NOTATION

In this section we list the commonly used symbols and notation along with the subsection in which
each item is defined.

Introduction: k, Uy, Ug, Urr, .2, #, L, %, Lij, Rij, Y2, €"5", Lij, Mi, Mj, D(r,a,b), Dy,
D, .» Ra, Lo, &y, By Lyer Ko

Subsection ady(x), #(H,I), #(H).

Subsection V*, (v, 0), mys,, A°, HC.

Subsection Viey-

Subsection RV,Wa A®p B, A ®fap B.

Subsection Ryw, wyw, Ov,w.
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Subsection HE, (f®g,R).

Subsection 8.1} U,(al,,), &, [a,b], K.,, Ki, Kz, E;, F;, Uy, Uy R
Subsection [3.2k (), R, R™ Exp, | (u,v), R, R™.
Subsection [3.3t 2%,

Subsection A iy Pusins Dusens tigs 0 1, 00,
Subsection P, Prscns Dy Dinxn, GU-

Subsection (N, P4 gy, Agr, [N
Subsection Cr, Cr, Rp, Ry, Rr, Ry, Ry, gL, Rp. iR, Rir, Rrp, RiR, QLR, PP P9,
Subsection A 1. %k%in, Krn, (egr)zlxxnn,.

Subsection opp, X - f.

Subsection PR < c(a).

Subsection |3.13¢ P, Py, P GEn(rs) fsszﬁ’ff’s),

Subsection ﬁL, ﬁR, (O]LR.

Subsection NDmn-

Subsection [3.17 <, ¢(a,b), 2, &°.

Subsection ALas ARy Kap > Kap,

Subsection P D ey PP (er)s €Ls €R, (‘Q{k,lm)(gR)a <ngj,n)(€R)7 (‘Q{kg,]lr:q(zr’s))(m)v 99,$7 @9%,
PGL, PP, LE

Subsection Tr, Tk

Subsection Uk U, Uk ] V-

Egz, R,@% ‘697 R9> ABZU A@v £C7 E7 Ly L.
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