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Abstract

Let (7, H) be a continuous unitary representation of the (infinite dimensional) Lie group
G, and v: R — Aut(G) be a group homomorphism which defines a continuous action of
R on G by Lie group automorphisms. Let 7#(g,t) = m(g)U; be a continuous unitary
representation of the semidirect product group G' x, R on H. The first main theorem of
the present note provides criteria for the invariance of the space H> of smooth vectors
of m under the operators Uy = [o f(t)U;dt for f € L*(R), resp., f € S(R). When g is
complete and the actions of R on G and g are continuous, we use the above theorem to
show that, for suitably defined spectral subspaces gc(E), E C R, in the complexified Lie
algebra gc, and H*>°(F'), F C R, for U; in H*, we have

dm(gc(E))H™(F) CHZ(E + F).

MSC2010: 22E65, 22E45, 17B65.

1 Introduction

For a complex Lie algebra g with a root decomposition g = h®&D,ca 9o and the corresponding
h-weight spaces Vs in a g-module, one has the elementary relation

ga'vb QZVb+a>

which is of central importance in understanding the structure of the action of g on V' ([Hum?72,
Bou82]). The main point of the present note is to provide a generalization of this relation to
unitary representations of infinite dimensional Lie groups. The results of this note are used
in our forthcoming articles [NS14] and [MN14].

To make our results as flexible as possible, we consider the following setting. Let G be
a locally convex Lie group with Lie algebra g and a smooth exponential map exps : g = G
denoted by e* := expg(z) (see [Ne06]). We denote the group of smooth automorphisms of
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G by Aut(G). We further consider a one-parameter group v: R — Aut(G),t — -, defining
a continuous action of R on G. Then the semidirect product G' x4 R is a topological group
whose continuous unitary representations (77, ) can be written as 77 (g,t) = 7(g)U;, where
(m,H) is a unitary representation of G and (Uy);cr & continuous unitary one-parameter group
satisfying

Um(9)Uf =m(n(g)) for tER,geG.

For f € L'(R), we then obtain a bounded operator Uy = [, f(t)U; dt € B(H). We call v € H
smooth if the orbit map 7¥: G — H, g — 7(g)v is smooth and write H*® for the subspace of
smooth vectors. Then

d

dr(z)v = il

(e for veH>  xcg,
defines by complex linear extension a representation dm: gc — End(H).

Let Aut(g) denote the group of continuous automorphisms of g. Our first main result
asserts that if (L(7))ter is equicontinuous in Aut(g), then > is invariant under the operators
Uy, f € L*(R). Under the weaker assumption that (L(v;))er is polynomially bounded, we still
have the invariance under Uy, f € S(R), where S(R) denotes the space of Schwartz functions.
The main point of this result is that it permits us to localize the U-spectrum within the space
of smooth vectors because the U-spectrum of a vector of the form Uyv is contained in supp(f)
(Theorem 2.3).

To turn this into an effective tool to analyze positive energy representations, i.e., repre-
sentations where Spec(U) is bounded from below, we need to know how the U-spectrum of
an element v changes when we apply elements of g¢. This is clarified by Theorem 3.1, where
we show that, when g is complete and the action of R on g is continuous, for suitably defined
spectral subspaces gc(E), E C R, and H>®(F) := H(F) NH>*, F C R, corresponding to U in
‘H, we have

dm(ge(E))H™(F) CHO(E+ F).

Note that all this applies in particular to the special case where v;(g) = e/®ge™'® for x € g,
provided the one-parameter group Ad(e'®) is equicontinuous, resp., polynomially bounded. In
this context the results of the present paper are used in the forthcoming articles [NS14] and
[MN14].

2 The Invariance Theorem

We prepare the proof of Theorem 2.3 with the following lemma. For U C G open and
h: U — C a smooth map, we define the derivative of h along a left invariant vector field by

: 1 ST
Lzh:U = C,  Lyh(g) := lim — (h(ge™) — h(g))
for z € g,g € U. We refer to [Ne06] for the basic facts and definitions concerning calculus in

locally convex spaces and the corresponding manifold and Lie group concepts (see also [Ha82]
and [Ne01]).
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Lemma 2.1 Let K € N, W C G be open and ® : W — g be a chart. Let F : Rx W — C
satisfy the following properties:

(i) The map Fy: W — C, Fi(g) := F(t, g) is in C>°(W,C) for every fized t € R.

(ii) For every go € W and every k € Ng = NU {0} satisfying k < K, there exist an open
go-neighborhood Uy, . C W and an open 0-neighborhood Vg, . C g such that

sup { |Luy -+ L, Fi(9)] 9 € Ugo ks 21,52k € Voo 1y t ER} < 00, (1)

Then, for every go € W and every k € No with k < K, there exist an open go-neighborhood
Ugo . CW and an open 0-neighborhood V,, i C g such that

Sup{ |d*Fy(u)(z1,...,25)| @ weE ‘I)(ﬁgo,k), Tiy..., Tk € ‘70,;4, te ]R} < 00,

where ﬁt = F,0® 1

Proof. Let go € W and set £y, (g) := gog for every g € G. The operators L, satisfy the
relation L, (F; 0/, ) = Ly(F;) o/, . Thus (after replacing F; by F; o0, , W by go (W) and ®
by ® o/, ) we may assume without loss of generality that g, = 1. Moreover we may assume
that ®(1) = 0. Let V := ®(W) C g. Replacing F; by F; 0 @' = F}, we can assume that F,
is defined on the open 0-neighborhood V' C g. We will consider V' as a local Lie group with
the multiplication induced from G.

Step 1. Choose U C V open such that U = U~!, 0 € U, and UU C U. Our goal is to
prove (by induction on k) that for every k € N with k < K and every u € U, there exist a
u-neighborhood U, ;, C U and a 0-neighborhood V,, ;, C g such that

sup{ |dkFt(u/)(x1, conswg)| t u €Uy, 1,y .. 15 € Vg, t € ]R} < 0.

Then the special case u = 0 yields the assertion of the lemma for go.
Step 2. Fix u € U and k € N with k¥ < K. By [NS13, Lemma 2.2.1], we have

ak

1
Oty - Oty Fy(gehrtrinm) heemtim0 Kl Z Layay = Lo Fr(9) (2)

€S
for every g € U. From (2) and (1) it follows that there exist open sets u € Uillz C U and
0e Vu(lk) C g such that

)

ak
Sup{’Ft(get1x1+---+tkzk) 1 g€ Uuk’ T1,...,Tk € Vu(:;:), t e R} < o0.

oty -+ 0ty ty=-=tz=0
(3)
Next we use [NS13, Lemma 2.1.3] for the left hand side of (2) to write
o timy et
F 1T+ Ty - d"F o
atl . atk t(ge PR Z t(g)(U|A1|(g,fEA1), 7/U|Am‘(g7xAm))a

{Alv---vAm}ePk

(4)



ON THE INVARIANCE PROPERTY OF SMOOTH VECTORS

where Py, is the set of partitions of {1,...,k}, and for every set A = {a1,...,a,} C{1,...,k},
we define x4 := (24,,...%,,) and
P

Up - U x gp —g, vp(gaxA) = W(geta1$a1+~.-+tapl‘ap)

tay==ta,=0

The term on the right hand side of (4) corresponding to the partition {{1},...,{k}} is

d"Fi(g)(v1(g, 21) ..., v1(g, x1)) (5)

and the remaining terms are partial derivatives of order strictly less than k. Let us denote
the sum of these remaining terms by A;(g,z1,...,2x). Since the maps v,(-,-) are smooth,
we can assume (by induction hypothesis) that there exist open sets u € U, (2,2 C Ul(bllz and

u7
(IS VU(ZI;) C Vu(lk) and a constant M > 0 (depending only on F) such that

|Ai(g, z1, ..., 2)| < M for every g € Uf,z, T1y..., X € V(Qk), and t € R.

u,

Thus, given the upper bound (3) and the expression (5) for the first term in the summation,
to complete the proof of the claim in Step 1, it suffices to prove the following statement:

e There exist open sets u C U’ C Uqu,z and 0 € V' C g such that for every g € U’ and
every y € V', the equation
vi(g, %) =y (6)
)

has a solution z € Vu(2k

Next we prove the latter statement. First note that vi(g,x) = dfy(0)(x), where £4(h) = gh,
and the chain rule implies that the solution to (6) is given by x = d¢,-1(g)(y). From smoothness
(in fact only continuity) of the map

p:Uxg—=9, ¢gy):=dl1(9)(y)

and the relation ¢(u,0) = 0 it follows that there exist U’ and V' such that (U’ x V') C Vu@k)
n

Definition 2.2 Let E be a locally convex space and let a : R — GL(E), t — o4 be a group
homomorphism. Then « is called

(a) equicontinuous if the subset {a; : t € R} C End(F) is equicontinuous (cf. Def. A.1).

(b) polynomially bounded if for every continuous seminorm p on E there exists an N € Ny
such that {(1+ [t|N)"1ay : t € R} is an equicontinuous subset of Hom(E, (E,p)), where
(E,p) denotes E, endowed with the topology defined by the single seminorm p.
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Theorem 2.3 (Zellner’s Invariance Theorem) Let v : R — Aut(G) be a one-parameter group
and o : R — Aut(gc) be defined by oy := L(v)c € Aut(ge) fort € R. Assume that ~y defines a
continuous action of R on G. Let m# : Gx,R — U(H), (g,t) — 7(g)U; be a continuous unitary
representation and H™ be the space of smooth vectors with respect to . For f € L*(R), let
Ur = g J()U; dt € B(H). Assume that at least one of the following conditions hold:

(a) « is equicontinuous and f € L'(R); or:
(b) « is polynomially bounded and f € S(R).
Then UpH™ C H™ and

ar(y) -+ ar(un)Upo = [ V(i) - amlasi(m)ods (7)

foryi,...,yn € gc and v € H*®.
Proof. Let v e H*® w e H and consider
F:RxG—C,(tg) — (r(g)Usv,w).

We set Fy(g) := F(t,g). Since w(9)U; = 77 (g,t) = Uy (7_¢g) and v € H>, we conclude that
UH>® C H™ and F; € C*°(G). Note that

Ly, -+ Ly, Fi(g) = (m(g)dm(xy) - - - dm(zx) Upv, w) = (m(g)Udm(a—¢(x1)) - - - dm(a—¢(xg) )v, w)
for x1,...,x1 € g. Since v € H°, the k-linear map
gk — H,(x1,...,2x) — dr(z1) - - - d7(ag)v

is continuous. From Proposition A.3 we thus obtain for every k € N a continuous seminorm
pr on g such that

|dm(zy) -« - dm(xp)v|| < pr(z1) - pp(zk)  forall  xp,...,z, € g.
We conclude
[ Lay - - Ly Fi (9)] < prla—i(21)) - - pr(a—i(ar)) - [Jw]]- (8)

(a) Now assume first that « is equicontinuous and f € L'(R). By Proposition A.2 we find
for every k € N a continuous seminorm ¢ on g such that pg(a—_¢(z)) < gr(z) holds for all
teR,xz€g. Let Uy :={x € g:qp(x) <1}. Then we obtain from (8)

sup{ ‘Lxl--~kaFt(g)} g€ G,xq,...,x € Uk,tE]R} < Jw|| < 0. (9)

Let go € G and choose a chart ® : W — g with W C G an open neighborhood of gy. Now
(9) implies that F|r«y satisfies the assumptions of Lemma 2.1. Thus, for every ug € ®(W)
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and k € N, there exist an open ug-neighborhood Uy, C ®(W) and an open 0-neighborhood
Vo, C @ such that

sup{ ‘dkﬁt(u)(xl,...,xk)‘ cu € Uy oy 1, -+, Tk € Vi ki, T € R} < 00,

where Fy := F, 0 @1, Since f € L'(R,C), Lemma A.4 yields that the map
W)= C, urs /Rf(t)ﬁt(u)dt _ /f(t)(w(@‘l(u))Utv,w)dt
is smooth. We conclude that
G=C. g (mlam(fow) = [ F0)n(o)Uiv, w)de

is smooth for every w € H. With w = 7(f)v we now obtain from [NelO, Thm. 7.2] that
w(f)v € H*>. Finally, (7) follows from the corresponding relation for the functions F;. This
proves (a).

(b) Now assume that « is polynomially bounded and f € S(R). Then there exists for
every k € N a continuous seminorm ¢, on g and Nj € Ny such that

pr(ag(@)) < (L+[tY)gp(x)  forall e gt eR.
From (8) we thus obtain
|Lay -+ Loy Fr ()] < (14 [tY) qpo (1) -+~ g () - ] (10)

Let gg € G and choose a chart ® : W — g with W C G an open neighborhood of gg. Now fix
K € N and set Mg := max{Ny,..., Nk} and

U ={zeg:qi(z) <1,... qx(z) <1}.

Moreover define H)(t, g) := (1 4 [t|Mx)=K F(t, g) and Ht(K) (9) := HE)(t, g). From (10) we
obtain

sup{ ’Lml ---kaHt(K)(g)’ g€ G,xy ... a8 € U}(,tER} < wl]| < o0

for all k < K. Thus Lemma 2.1, applied to H) |y, implies that for every ug € ®(W)
there exist an open up-neighborhood Uy, x C ®(W) and an open 0-neighborhood V,,, x C g
such that

sup{ ‘dKfIt(K)(u)(azl, e ,xK)‘ tu € Uyo ks %1, TR € Vi ik, T € ]R} < 00, (11)

where PNIt(K) = Ht(K) o ®~L. Consider

F:Rx®W) = C,(tu) — fOF(Etd (u)
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and set Fy(u) := F(t,u). Then, for every K € N,

dEF(u)(z1, ..., zx) = (1+ MK £(e) - aK ) () (21, ..., 2k).

Since f € S(R,C) we have (1 + |t|Mx)K f(t) € L}(R,C) for all K € N. Thus (11) and Lemma
A.4 show that the map

o (W) — C, ur—>/ (t,u)dt = /f (w))Upv, w)dt
is smooth. We conclude that
G—C, g (n(g)r(f)v,w) /f g)Urv, w)dt

is smooth for all w € H. As above we obtain with [NelO, Thm. 7.2] that 7(f)v € H*> and
that (7) holds. [

Remark 2.4 In the situation of Theorem 2.3, assume that « has the infinitesimal generator
A: D(A) — g. Then growth bounds of « can often be determined in terms of the generator A.
In particular, if g is finite dimensional, then « is polynomially bounded if and only if the
spectrum of A is purely imaginary. However, for an infinite dimensional Hilbert space H
there is a one-parameter group a : R — B(H) with |jas|| = e/l whose generator has purely
imaginary spectrum, cf. [vN96, Example 1.2.4].

Remark 2.5 In the situation of Theorem 2.3, let B denote the self- ad301nt generator of Uy.
Assume that f € S(R), and define f(s = [p f(t)estdt. Then [, f(t)Upvdt = f( Jv, where
f(B) is defined by functional calculus of B. Slnce the map S(R) —» S(R), f — f is a bijection,
we see that h(B)v € H™ for all v € H*, h € S(R).

Definition 2.6 An element 2 € g is called elliptic if the subgroup Ad(e®*) c End(g) is
equicontinuous.

Corollary 2.7 Let 7 : G — U(H) be a continuous unitary representation, x € g, and set
a; = Ad(e®). Assume either that x is elliptic and f € L'(R), or that o : R — Aut(gc), as
defined in Theorem 2.3, is polynomially bounded and f € S(R). Then UyH> C H™.

Proof. Define v: R x G — G, (t,g) — €®ge™™. Then 7% (g,t) := m(ge'®) is a continuous
unitary representation. As a; = L(v;) = Ad(e!®), the assertion follows from Theorem 2.3. =

3 The Spectral Translation Formula

Let v and a be as in Theorem 2.3. We assume, in addition, that g is complete and that
defines continuous actions of R on G and g. If « is equicontinuous, we define the spectrum
Spec,(x) of an element z € gc and the Arveson spectral subspace gc(E) for E C R as
in Definition A.5(b). A continuous unitary one-parameter group (U;)icr on H is clearly
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equicontinuous. Therefore we can consider Specy(v) for v € H and the Arveson spectral
subspaces H(E) and H*(E) := H*® NH(E). If «a is only polynomially bounded, we likewise
define the spectrum Spec,(z;S) of an element x € gc and the Arveson spectral subspace
gc(E;S) for E C R (Definition A.5(a)). By Lemma A.9 we have Spec, () = Spec, (z; S) and
gc(E) = gc(E;S) if av is equicontinuous.

Theorem 3.1 (Spectral translation formula) Assume that g is a complete locally convex Lie
algebra, v : R — Aut(Q) defines a continuous action of R on G, and o : R — Aut(gc), as
defined in Theorem 2.3, defines a continuous action of R on gc. Let 77 (g,t) = w(g)Us be a
continuous unitary representation of G x4 R on H and H> be the space of smooth vectors
with respect to .

(i) Assume that « is equicontinuous. Then, for any subsets E, F C R, we have
dr(gc(E))HO(F) S H™(E + F).
(ii) Assume that « is polynomially bounded. Then, for any subsets E, F C R, we have
dr(gc(E; S))HX(F) € HZ(E + F).

Proof. (i) Assume that « is equicontinuous. From (7) we recall for v € H* and f € L'(R)
the relation

ar()Use = [ FO)Ur(a-i(w)o (12)

Fix v € H* and consider the bilinear map
B:gc x L'(R) = H, (y, f) = an(y)Uso.

Since the map gc — H,y — dn(y)v is continuous and ar C End(gc) is equicontinuous, there is
a continuous seminorm ¢ on gc with ||dr(as(y))v|| < q(y) for all y € ge,t € R. Now let = € g¢
and f € L'(R). Then by (12) we obtain ||3(z, f)| < £l z1®yq(x), so that 3 is continuous
by Proposition A.3. Since the integrated representation U of L!'(R) on H is continuous, the
annihilator ideal

L'(R), := {f € L*(R): Upv = 0}

is closed and therefore translation invariant. Note that it is a two-sided ideal because L*(R)
is commutative. It follows that the left regular representation of R on L'(R) defined by
Mf(t) :== f(t' —t), for t,# € R and f € L'(R), factors to a continuous and equicontinuous
representation of R on the Banach space A := L'(R)/LY(R),. Write f for the image of f €
LY(R) in A. Then the corresponding integrated representation of L'(R) on A is Ath := f x h,
where f,h € LY(R). For every h € A, we consider Spec, (h), see Definition A.5(b).

Set F := Specy(v). For f € LY(R) and h € L'(R),, commutativity of L'(R) implies
f*h=nhxf¢c LYR),, sothat \,f = h x f = 0. It follows that Spec,(f) C F for every f € A.

Now fix E C R. As 3 is continuous, [Nel3, Prop. A.14] implies that for every y € gc(F),
we have

Specy (dr(y)Uv) CE+F  for  fe L'(R).
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Next we observe that (12) implies that, for any d-sequence 6, in L'(R), we have

dm(y)Us, v — dm(y)v.

Since H(E + F') is a closed subspace of H, we obtain Specy(dn(y)v) C E+ F for every

y € ac(E).
(ii) Now assume that « is polynomially bounded. Let v € H*°. Then the bilinear map

B:gc X SR)—=H, (y,f) dn(y)Usv

is continuous, which follows from a similar argument as in (i). From the continuity of the
inclusion S(R) < L'(R) and the closedness of L*(R),, it follows that the annihilator ideal
S(R), :={f € S(R) : Upv =0} is closed in S(R). Now let X be the left regular representation
of R on S(R) defined by A\ f(t') := f(t' —t) for t,t’ € R and f € S(R). From the relation
UlUgpv = Uy, pv for t € R and f € S(R), it follows that S(R), is translation invariant. The
argument given in (i) for the case of L'(R) can be adapted to show that Spec,(f,S) C
Specy;(v;S) = Specy (v) for every f := f + S(R),, where f € S(R) (cf. Lemma A.9). Since 3
is continuous, we can now apply Proposition A.10 and complete the proof as in (i). ]

Proposition 3.2 Let v and o be as in Theorem 2.3, 77 (g,t) = w(g9)U; be a continuous
unitary representation of G x4 R on H and H> be the space of smooth vectors with respect
to m. Let B denote the self-adjoint generator of Uy and Pp its spectral measure. We have
Pp(EYH = H(E) for every closed subset E C R. If o is polynomially bounded and 7 is
smooth, then H>® N Pg(E)H is dense in Pg(E)H for every open subset E C R.

Proof. It is easy to verify that Pp(E)H = H(FE) holds for every closed subset £ C R.
Now let E C R be open. Choose compact subsets K,, C E,n € N, with K,, C K,y and
E =, Kn. Letv e Pg(E)H and € > 0. By the smooth Urysohn Lemma we may choose
compactly supported smooth functions f,, with supp(f,) C E,||follcc < 1 and f, = 1 on
K,. By [RS80, Thm. VIIL5(d)] we have f,(B)v — v = Pp(F)v. Choose v/ € H*> with
v/ —v|| < e. Then

(B = vll < [[fn(B)V" = fu(B)oll + [ fu(B)o = v]| < V" = o[l + || fu(B)v — v <&

for n large enough. As f,(B)v' € H> N Pg(E)H by Remark 2.5, the assertion follows. [

A Appendix

A.1 Continuous mappings between locally convex spaces

Definition A.1 Let E and F be a locally convex spaces. We denote by Hom(FE, F') the
space of continuous linear maps from F to F and write End(E) := Hom(FE, E). A subset
Y € Hom(FE, F) is called equicontinuous if for every open 0-neighborhood U in F there exists
a 0-neighborhood W in E such that T'(W) C U holds for every T' € Y.
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Proposition A.2 ([Bo87, 11.1.4 Prop.4]) For Y C Hom(E, F') the following conditions are
equivalent:

(a) Y is equicontinuous.

(b) For every continuous seminorm p on F there exists a continuous seminorm q on E such
that p(T'z) < q(x) holds for all T €Y and z € E.

Proposition A.3 ([Bo87, II.1.4 Prop.4]) Let m : E™ — F be an n-linear map. Then m is
continuous if and only if for every continuous seminorm p on F there exists a continuous
seminorm q on E such that

pm(z,... 2n)) < q(an)---gq(zn)

holds for all x1,...,x, € E.

A.2 Differentiation under the integral sign

Lemma A.4 Let (2,%, 1) be a measure space, E be a locally conver space and W C E an
open subset. Let f: Q x W — C be a map such that f; :== f(t,-) € C°(W,C) for allt € Q
and f(-,z) € LY, pn) for all z € W. Assume that, for every xg € W and k € N, there
exist open subsets Uy, of W and Vy, 1 of E with xg € Uy, and 0 € V. and a function
Guoke € L1 (Q, 1) such that

up { 18 @) (o B 5 @ € U B B € Vi b < g k(0) (13)

for allt € Q. Then F(-) := [ f(t,-)du(t) defines a smooth function on W with derivatives
given by

dkF(w)(hl,...,hk):/Qdkft(ac)(hl,...,hk)du(t).

Proof.  We first show that F is C'. Let z9 € W,hy € E and Uy, 1, Vay1 with the stated
properties, where we assume without loss of generality that Uy, 1 is convex. Since dfi(z)(h)
is linear in h we may (by scaling of V,,, 1) further assume that hy € V1. Let t,, — 0 with
xo + trh1 € Uygy,1 for all n. Then we estimate:

‘F(l‘o + tnhl) — F(J}(])
tn

- /Q dft(xo)(hl)du(t)‘ < /Q hn (t)dp(t),

where hy,(t) :=

tn

f@ottaa)=fi(zo) dft(:ro)(hl)‘. Equation (13) yields

1
hn(t) = /0 dfi(xo + stphi)(h1) — dfi(zo)(h1)ds| < 2g40,1(t).

As hy(t) — 0 for all ¢t € ©, the Dominated Convergence Theorem entails [, hn(t)du(t) — 0.
Thus F is differentiable and dF (z)(h) = [, dfi(z)(h)du(t). Now let zg € W,hy € E and

10
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Uzo,1,Uzy,25 Vao,1, Vg 2 With the stated properties, where we assume without loss of generality
that U := Uyy1 N Ugy2 is convex and V' := V1 NV, 2 is balanced. By scaling of V,, 1 and
Vzo,2, We may again assume that hy € V. Let € > 0 and set

€
(1 + fQ gwo,ldﬂ + fQ Gao,20p(t ))
Forx e UN(zg+0-V),h € hy+6-V we then have:

|[dF () (h) — aF (z0)(h1) \</ |dfe(x)(h — h)ldpu(t) /\dft (h1) — dfe(wo)(h1)|dp(t)

<6 [ ah(@)E (0= ha)ldu(t) +5 | / €2 (o + s(w — 20))(07 (& — 20)) (1)l dsdu(t)

< [ ga0a(®du(t) +5 | gegoltnt) <=

Since U N (29 + d - V) is an open xg-neighborhood and hi 4+ ¢ - V' is an open hj-neighborhood,
we conclude that dF is continuous. Hence F is continuously differentiable and therefore C.

We now argue by induction on k and assume that F is C*, k > 1, with derivatives as
stated. We must show that d*F is C'' with the appropriate derivative. Applying the C'-case
to d*F(-)(h1,...,hy) for fixed hi,...,hy yields that d*F(-)(hy,...,hy) is differentiable with
derivative

") (b, b)) = A(@FC) (b, - b)) () (Bigr) = /Qdkﬂft(l‘)(hl, e b)) dpd(t).

This map is continuous in (z, hi,...,hty1), which may be shown by an analogous argument
as for the C'-case using inequality (13). From here we conclude that d*F is C?. |

A.3 Arveson spectral theory for polynomially bounded actions

Let V' be a complete complex locally convex space and let « : R — GL(V), t — oy be a strongly
continuous representation. Assume that « is polynomially bounded (Definition 2.2(b)).

Definition A.5 (a) We define
= / f)ar(v)dt for wveV,feSR). (14)
R

Then ay € End(V') and this yields a representation of convolution algebra (S(R), *) on V. We
define the spectrum of an element v € V' by

Spec, (v;S) :={y e R: (Vf € SR)) ajv =0= f(y) =0}

which is the hull of the annihilator ideal of v. For a subset £ C R, we now define the
corresponding Arveson spectral subspace

V(E;S) :={v € V: Spec, (v;S) C E}.
(b) If « is equicontinuous, then (14) exists for all f € L!'(R) and we can define Spec,,(v)
and V(E) as above with by S(R) replaced by L'(R), see [Nel3, Def. A.5(b)].

11



ON THE INVARIANCE PROPERTY OF SMOOTH VECTORS

We now want to transfer some results of [Nel3, App. A.2] to the case when « is polyno-
mially bounded. We first need a technical lemma.

Definition A.6 For an ideal I C S(R) we define its hull by

~

h(I):={zx€R: f(z)=0forall f eI},

and for a subset £ C R we define

o~

Io(E) = {f € S(R) : supp(f) N E = 0}
which is an ideal in S(R).
Lemma A.7 (a) h(Io(E)) = E for E CR closed.
(b) Io(h(I)) C I for every closed ideal I C S(R).

Proof.  (a) We obviously have E C h(Iy(E)). For y € R\E we find a compactly supported
smooth function f which is non-zero at y and supported in a compact neighborhood of y
intersecting E trivially. Then f = h with h € Iy(E) shows that y ¢ h(Ip(E)), and thus
h(Io(E)) = E.

(b) For F' C R closed set

I.(F)={feSR) : supp(f) is compact and supp(]?) NF =0}
Note that I.(F) C Io(F) is dense with respect to the Fréchet topology of S(R). Thus it suffices
to show that I.(h(I)) C I for every ideal I C S(R). We consider the Fourier transformed ideal
I = {f : f € I} in S(R) with pointwise multiplication. Let f € S(R) be a compactly
supported function which vanishes on a neighborhood of h(I). We must show that f €
I. Choose a compact neighborhood K of supp(f) which is also disjoint from h(I). Since
h(I) N K = 0, for every p € K there is an f, € I with fp(p) # 0. A standard compactness
argument yields f,,,..., fp, € T such that the sets {teR : fp,(t) #0}, 1 < j <k, cover
K. Set g := |fnl?> + -+ + |f».|> and note that g € I. Furthermore, g(t) > 0 for every
t € K. Now by the smooth Urysohn Lemma we can choose a compactly supported smooth
function h : R — R such that supp(h) C int(K) and h‘supp(f) = 1. Then ¢y := (%)g eI and

gz‘supp(f) =1. Thus f = fgs € I. [

Proposition A.8 For each subset E C R, we have
V(E;S)={veV: ar(v) =0 for all f € S(R) with supp(]?) NE =0} (15)

Proof.  Assume without loss of generality that £ C R is closed. For v € V we denote by
S(R)y, ={f € S(R) : ag(v) = 0} the annihilator ideal of v, which is closed in S(R). Note that
Spec, (v; S) = h(S(R),) and that the right hand side of (15) equals

M:={veV:I(E) CSR)}.

For v € V(E;S), we have h(S(R),) C E and therefore Io(E) C Iy(h(S(R),)) € S(R), by
Lemma A.7(b), which implies v € M. For v € M, we have Spec,(v;S) = h(S(R),) C

h(Io(E)) = E by Lemma A.7(a), so that v € V(E;S). Hence V(E;S) = M. [
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The preceding proposition shows in particular that V' (E;S) is a closed subspace of V. The
following lemma shows that Spec, (v;S), respectively, V(E;S) are natural generalizations of
Spec,, (v), respectively, the Arveson spectral subspace V(E) to the case when « is polynomially
bounded.

Lemma A.9 Assume that « is equicontinuous. Then V(E) = V(E;S) for all E C R and
Spec, (v) = Spec, (v; S) for allv e V.

Proof. Let F C R and assume without loss of generality that E is closed. We have
V(E;S) CV(E) as Spec,(v) C Spec,(v;S) and

~

V(E)={veV: aj(v)=0forall fe LY(R) with supp(f) N E = 0}

by [Nel3, Rem. A.6]. With Proposition A.8 we thus obtain V(E) C V(E;S) and conclude
that V(E) = V(E;S). Let v € V and F := Spec,(v). Since F is closed, this implies
veV(F)=V(F;S), so that Spec,(v;S) C F yields F' = Spec,(v;S). m

The following proposition is a version of [Nel3, Prop. A.14] for polynomially bounded
representations of R.

Proposition A.10 Assume that (o, Vj), j = 1,2,3 are continuous polynomially bounded rep-
resentations of R on the complete complex locally convex spaces V; and that B : Vi3 x Vo — V3
s a continuous equivariant bilinear map. Then we have, for closed subsets E1,Ey C R, the
relation

BOA(E; S) x Va(Ea; S)) C Va(Ey + B S).

Proof. By Proposition A.8 the assertion can be proved (with trivial changes) as in [Nel3,
Prop. A.14] once we know that [Nel3, Lem. A.13] (or equivalently [Ar74, Prop. 2.2]) holds
also in the polynomially bounded case. With Proposition A.8 and Lemma A.7, the proof of
[Ar74, Prop. 2.2] carries over to the polynomially bounded case. ]
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