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ABSTRACT. Let g be either the Lie superalgebra gl(V) @ gl(V) where V := C™"™ or the
Lie superalgebra gl(V) where V := C™I2", Furthermore, let W be the g-module defined by
W :=V ®V* in the former case and W := #?(V) in the latter case. Associated to (g, W)
there exists a distinguished basis of Capelli operators {DA} AeQ naturally indexed by a
set of hook partitions €, for the subalgebra of g-invariants in the superalgebra Z2(W) of
superdifferential operators on W.

Let b be a Borel subalgebra of g. We compute eigenvalues of the D* on the irreducible
g-submodules of Z(W) and obtain them explicitly as the evaluation of the interpolation
super Jack polynomials of Sergeev—Veselov at suitable affine functions of the b-highest
weight. While the former case is straightforward, the latter is significantly more complex.
This generalizes a result by Sahi, Salmasian and Serganova for these cases, where such
formulas were given for a fixed choice of Borel subalgebra.

1. INTRODUCTION

Throughout this paper the base field will be C. Let g be a Lie superalgebra and let W
be a g-module. Then the superalgebra & (W) of superpolynomials on W has a canoni-
cal g-module structure, and Z(W) = ./ (W*) as g-modules. Suppose that (W) has a
multiplicity-free decomposition into irreducible g-modules, that is

(1) P(W) = @WA7
AeQ

where the W)’s are pairwise non-isomorphic irreducible g-modules and €2 is an index set.
In addition, assume that the W) are modules of type M, that is, Endg(Wy) = C.

Let 2(W) denote the algebra of constant-coefficient superdifferential operators on W.
Then there is a canonical isomorphism 2(W) = .%(W). Hence, as explained in Appendix[A]
we have a g-module decomposition

9W) = P ws.
AEQ

Let Z22(W) denote the algebra of superdifferential operators on W with superpolynomial
coefficients. We have an isomorphism of g-modules

PIW)= PW)e 2(W).
Taking g-invariant elements of both sides, it follows that we have vector-space isomorphisms

(2) PIW) = P (Wr e W;)® = P Cidw, .
ApEeQ AeQ
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Definition 1.1. The Capelli operator D* for A € § is the g-invariant differential operator
in 22(W)? that corresponds to idy, € Homg(W), W) via the isomorphism (2)).

Note that idy, corresponds to the tensor Zfﬁ L Wi ®w;, where dy := dim W) and the sets
of vectors {wi}?él and {w} }?;1 are bases of W and W) that are dual to each other. The
above choices give a well-defined normalization of the operator D*. Indeed as we explain
in Appendix [A] if Wy € 22¢(W) then D* acts on W), by the scalar d!.

Clearly the set {D* | A € Q} forms a basis for 22(W)8. By Schur’s Lemma, the
operators D* for ;1 € 2 act on the irreducible components W)y of & (W) by scalars ¢, ().
Thus we have the following natural problem.

The Capelli Eigenvalue Problem. Find the eigenvalue c,,(\) for each A, p € €.

The Capelli Eigenvalue Problem (henceforth CEP) goes back to the work of Kostant and
Sahi [KS91l, [KS93]. It has been studied extensively and spawned the theory of interpolation
Jack polynomials [Sah94] [0097].

In this paper we are interested in a refinement of the CEP when (g, W) is either the pair
(gl(V) @ gl(V),V ® V*) with V := C™" or the pair (gl(V), #?(V)) with V := C™?", The
CEP for these pairs (and several others that are obtained by the TKK construction) was
studied in [SSS20]. As explained in loc. cit., these two cases are related to the diagonal
symmetric pair (gl(V) @ gl(V), gl(V')) and the symmetric pair (gl(V'), 0sp(V')), respectively.
(For further details, as well as the explanation for the special value of the parameter 6 used
here in terms of deformed root systems, see [SSS20].)

In [SSS20] the authors first parametrize the representations of g by hook partitions. Then
they fix a Borel subalgebra b (coming from the standard Borel subalgebra or its opposite;
see [SSS20, Table 4]), and write down a formula for the b-highest weights of irreducible
components of Z(V) in terms of the hook partition. Finally they show that a formula for
the eigenvalue c, () can be computed as an interpolation super Jack polynomial evaluated
at an affine function of the b-highest weight.

The fixed choice of the Borel subalgebra essentially means that the formula for the eigen-
values of a Capelli operator is really dependent on the parametrization of modules by
partitions. Our goal in this paper is to remove this constraint. That is we compute formu-
las for ¢, (A) which are polynomial in the b-highest weights of the Wy, for arbitrary Borel
subalgebras b. In other words, our goal in this paper is to study the following variation of
the CEP for the aforementioned pairs (g, W).

The Refined Capelli Eigenvalue Problem. For any Borel subalgebra b, find the eigen-
value c,(N) as a polynomial function in the b-highest weight of Wy.

Since the Borel subalgebras gl(m|n) are not conjugate by the inner automorphism group,
the solution to the CEP does not carry over to the refined form. Indeed, the work of
Section [5] shows that the choice of affine function varies significantly with the type of Borel
subalgebra.

Here is an outline of the paper. In Section [2| we recall the definitions and properties
of the interpolation super Jack polynomials of Sergeev and Veselov [SV05]. In Section
we show that for the diagonal symmetric pair the solution of the refined CEP is obtained
in a relatively straightforward way from the results of [SSS20]; this result is stated in
Theorem [3.21

We begin the study of the pair (gl(m|2n), S2(C™?")) in Section 4 where we establish
formulae for b-highest weights, for any decreasing Borel subalgebra b, and derive necessary
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conditions for a solution to the refined CEP. In Section [5] we solve the refined CEP in a
series of results of increasing complexity: for very even Borel subalgebras in Section [5.1} for
generic highest weights in Section for relatively even Borel subalgebras in Section
and finally in all cases in Section[5.4] In Appendix[A] we carefully prove the well-definedness
of the CEP and establish the normalization of the Capelli operators.

Acknowledgements. Part of this work appeared in the first author’s PhD thesis [Cao22].
The second author’s research is partially funded by NSERC Discovery Grant RGPIN-2020-
05020. The third author’s research is partially funded by NSERC Discovery Grant RGPIN-
2018-04044.

Notation and Conventions. Since all Cartan subalgebras of gl(V') are conjugate by inner
automorphisms, for the refined CEP it suffices to consider all Borel subalgebras that contain
a fixed Cartan subalgebra. Throughout this paper b, = C™" denotes the standard
(i.e., diagonal) Cartan subalgebra of gl(m|n); we denote the standard basis of by, or
equivalently of C™", indiscriminately by {e; | 1 <i < m + n}. We also denote the dual
basis for h:nln by {€,6; | 1 <i < m,1 < j < n}. Henceforth (-,-) is the nondegenerate
supersymmetric form on f):‘n| ,, that is diagonal with respect to this basis and satisfies (e;, €)=
—(05,05) = 1for all 1 <7 <m,1 < j <n. Let by, denote the standard upper triangular
Borel subalgebra of gl(m|n) and b?fn its opposite. The set of Borel subalgebras has several

orbits under the Weyl group. A representative of each orbit (called an increasing Borel
subalgebra) may be obtained from b,y,,, by performing a sequence of simple odd reflections;
such a Borel subalgebra again contains b,,,,. Alternatively, applying simple odd reflections
to bzf'
subalgebras.

Let .2 (m|n) denote the set of m|n hook partitions, i.e., integer partitions (A1, Ao, . ..) sat-
isfying A\pp+1 < n. Doubling the elements of such a partition yields an element of 7% (m|2n),
which is the subset of m|2n hook partitions whose parts are all even. Each A € J#(m|n)
corresponds to a unique irreducible finite-dimensional representation of gl(m|n), denoted
V), whose highest weight with respect to the standard Borel subalgebra b,,,, is given by
Yo i€ + Zj maX{)\; — m,0}6;. Note that its negative is then the highest weight of V
with respect to bfr‘;l

,, produces another set of representatives, whose elements are the decreasing Borel

n
2. INTERPOLATION SUPER JACK POLYNOMIALS

Let m,n € Z>o and let Ry, := C[21,...,Zm,y1...,Ys] be the ring of polynomials in
m+n indeterminates with coefficients in C. Let § € C\Q=". We say a polynomial f € Ryn
is separately symmetric if f is symmetric in {z; }1<i<m and in {y; }1<;j<n separately.
Definition 2.1. We denote by A, , 9 the subalgebra of separately symmetric polynomials
f such that

(3) f(...,CL‘Z'le/Q,...,...,yj*1/2,...) :f(...,xi—1/2,...,...,yj+1/2,...)
on every hyperplane z; +0y; = 0 for all 1 <7 <m and 1 < j < n. We call the symmetry
property defined in Equation the monoidal symmetry of f.

Definition 2.2. Let u,v € C™™™. We say u is equivalent to v if f(u) = f(v) for all
f € Ay n g, in which case we write u ~g v. We say that u and v are monoidally equivalent
if they are related by a sequence of separate symmetries and monoidal symmetries, and
write u ~ v in this case.
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Evidently if uw ~ v then u ~g v. As we discuss in more detail (and use) in Section
these two notions of equivalence differ when there exist elements in C™™ whose orbits under
~ are infinite.

Lemma 2.3. Let u = (T1,...,Tm,Y1,---,Yn) € C™™ and suppose 1 <i<m, 1< j<n.
Then we have

U — € + emq; whenever x; + 0y; = %(1 —0), and
u ~
U+ e —emy; whenever z; + Oy; = —3(1 —0).

PT’OOf. For any v = (x/h e al‘;nvyﬂv T ’yéz,) € Cm+n7 we have v + %ei - %em—ﬁ—j ~ U= %67; +
%emﬂ- whenever x; + 0y, = 0. If u = v + %ei — %emﬂ then z} + fy; = 0 if and only if
zi 4+ 0y; = (2 + 3) + 0(y; — 3) = 3(1 — 0), yielding the first equivalence. Alternately, if
U =v—%e;+3€n;, then z;+0y; = 0if and only if z;+0y; = (ac’z—%)—l—ﬁ(y;—i—%) =—3(1-0),
and the second equivalence holds. O

We need one extra definition before we can define the interpolation super Jack poly-
nomials. Given an (m,n)-hook partition A € 7 (m,n), the twisted Frobenius coordinates

(p(A),qg(N) = (P1(A)y -+, pm(N) s 1 (A), - .., qn(N)) of X are defined by

. pi(\) = Ai—9<i—;> —%(n—@m), and

1 1, _
gi(A) = (N; —m) — 6~ 1(3—2>+2(0 1n+m),
where 1 <i<m,1 <j<nand (z) = max{0,z} for all x € R.

Definition 2.4. ([SV05, Section 6]) Let A € #(m, n) and let § € C\Q=C. The interpolation
super Jack polynomial Py g is the polynomial in R,,, that is uniquely determined by the
following properties:

() P)\G € Amn@a

(ii) deg(Pyp) < |A| where the degree of Py y means the total degree in both = and y;
(iii) Pro(p(N),q(N)) = d! where d := |A;
(iv) Pro(p(p),q(p)) = 0 for all (m,n)-hook partitions p such that |p| < |A| and p # A.

Remark 2.5. More precisely, the polynomials SP5(x,y, ) introduced in [SV05] differ from
the Py ¢ by a normalization: for each A, the value of SP3(p()),q(A),0) is instead given by
a hook-type product.

Remark 2.6. The set {Pg}ae #(m,n) forms a basis for Ay, ;0. Indeed one can prove that
there exists a polynomial Py in m 4 n variables with coefﬁments in the field of rational
functions in a parameter # such that the specialization of Py at 6 := 6 yields Pyy. In
particular, the coefficients of P do not have any poles in C\ Q<. For these facts and
further properties of the polynomials Py see [SV05].

3. THE REFINED CEP FoR (gl(V) @ gl(V),V ®@ V*)

In this section we set 6 := 1, V := C"", g := gl(m|n) ® gl(m|n), W := V ® V*, and
h = bm\n D hmln Then by = bmln b bm|n is a Borel subalgebra of g containing h. The
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polynomial algebra (W) is a completely reducible and multiplicity-free g-module, with
decomposition
W)= P e,
AeH(m]n)

Let us denote the highest weight of V) with respect to b,,,, by Ag; then the bgf'n-highest
weight of V¥ is — ).

We begin by restating the solution to the Capelli Eigenvalue Problem from [SSS20] in
terms of the Weyl vector of by. Write & € C™" for the image of x € h;kn|n under the standard

isomorphism that sends ¢; to e; and d; to e,,4;. Let 79: b* — C™"™ denote the affine map
TO(xa y) = g + P~0

where we identify (z,y) € h* with a pair of vectors =,y € C™" and py denotes the Weyl

vector corresponding to b, ,. Observing that

n

m . .
m—-—n+1-—2¢ m+n+1—2j
po= — €+ ) 5 05,
i=1 j=1

we can rephrase the result of [SSS20, Table 3] pertaining to g as follows.

Theorem 3.1. [SSS20, Theorem 1.13] Let g and W be as above. For every \, u € 7 (m|n),
the eigenvalue of the Capelli operator D¥ on the irreducible summand VY @V, with bg-highest
weight (=X, Ag) is equal to

Py 070 (=20, 0)
where P, 1 € A, 1 15 the interpolation super Jack polynomial associated to p for parameter
value 0 = 1.

Now suppose b = by @ by is an arbitrary Borel subalgebra of g containing . Then b;
is a Borel subalgebra of gl(m|n) for i = 1,2 and we denote its Weyl vector pp,. Write Ay,
for the highest weight of V" with respect to by and Ay, for the highest weight of V) with

respect to by. Then we may define affine maps 7 ;: h* = :nln & [];knm — €™ via

T0,1(2,y) = =T — po,, and  To2(2,y) = J + Do,
In this section we prove the following theorem.

Theorem 3.2. Let b = by ® by be an arbitrary Borel subalgebra of g containing  and let
A€ H(mln). Then

PuioTe1(Ap,s Apy) = Pu10To2(Xp, 5 Apy) = Pt 0 0(—Xg5 Ag)-

It follows that for any b, the eigenvalue of the Capelli operator D* on each irreducible
component Vy¥ @ Vy of P(W) is given by evaluating a polynomial on the highest weight of
this module with respect to b.

Proof. Since P, 1 € Ay 1, it suffices to show that for i = 1,2 and any A € J#(m|n),
(5) To,i(Apy > Apy) ~ T0(—2Ag5 Ag)-

We verify this in stages. First assume that bg is an increasing Borel subalgebra of gl(m|n),
that is, it is obtained from the standard Borel subalgebra b,,, by a finite sequence of
simple odd reflections. Suppose by = 7,(b’) where b’ is an increasing Borel subalgebra and
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a = ¢ — 0; is a simple isotropic root with respect to b’. By induction, we may suppose
that holds for b’, namely, that

Ay + pur ~ Ag + po-

We need to show that AT,Q + po, ~ Xb/ + ppr. Recall from [CW13| Lemma 1.40] that the
highest weight )\, is obtained from Ay by the formula

. e e B
A’ if (Ab’a a) =0,
while by [CW13l, Prop 1.33] we have (py, ) = 0 and pp, = pyr + . Therefore if (Ay, @) # 0,
we have
Aoy + o, = Qe — @) + (pp + @) = Ay + py,
and we are done. Otherwise, we have (), @) = 0, so that A, = A, and we instead have

X, + Do = Ay + P + & = Ay + P + €; — €.

Since (Ay +ppr, @) = 0, it follows that the vector (1, -+, Zm, Y1, ,Yn) := Xb/—i—ﬁ& satisfies
z; +y; = 0. Thus by Lemma [2.3| with # = 1 we have

Ay + Py ~ Ay + Py + € — emyj = Ay, + o
as required. Thus by induction, holds for ¢ = 2 and all increasing Borel subalgebras bs.

Now suppose b; is a decreasing Borel subalgebra, meaning that b{¥ is increasing. Then
by the symmetry of the definition of 74 ; we deduce directly that

Tb@(Abl,A@) = To1@b5P,1 (Ahlaﬁb‘{p)

= Tfn@b'ip,Q (Abl ) Ab‘ip)
~ TO<—AO7A())7
which implies holds with ¢ = 1 whenever by is decreasing.

Finally, suppose that b = b} @ b/, is an arbitrary Borel subalgebra of g. Then for i = 1,2
there exist permutations o; € Sy, (permuting €1, ..., €,) and o} € S, (permuting o1, ..., 0d,)
such that (o; x 0})(b;) = b; is a decreasing (respectively, increasing) Borel subalgebra of
gl(m|n) when i = 1 (respectively, i = 2). Then we have for i = 1,2 that (o; x 07)(Ay) = Ay,
and similarly (o; x 0})(py;) = pp;. By the separate symmetry of the elements of A, ,, 1 these
permutations leave polynomials in A, , 1 invariant, so follows immediately. O

4. BOREL SUBALGEBRAS AND HIGHEST WEIGHTS FOR gl(m|2n)

From now on, we set  := 1/2, V := C™??" g := gl(m|2n) and W := .#%(V). Let b
be the standard Cartan subalgebra of g. Let by := b°P be the opposite standard (that is,
lower triangular) Borel subalgebra of g.

4.1. The solution to the CEP with respect to by. The polynomial algebra Z2(W)
is a completely reducible and multiplicity-free g-module. A key result of [SSS20] is that
we can parametrize this decomposition by m|n hook tableaux. Given A € J#(m|n), let
2X\ € J4(m|2n) be the (m|2n) hook tableau obtained by doubling each row, and let W) :=
(Vax)*. Then we have the decomposition

(7) PW)= B W

AeS(mn)
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In this case, given A = (A1, Ag,...) € JH(m|n) with transpose X' = (M|, \,,...), the
highest weight )\, of W, with respect to by = bff‘% is given by

(8) Ag=— Z 2X\i€; — Zuj (02j—1 + d25)
i=1 j=1

where jij := (\; —m) = max{0, \), — m}. Note that this corresponds precisely to the m|2n
hook partitition of 2\, which is (21, ..., 2 |1, 1, - -y tnsy fn) € F5(M|20).

Let Qppon = {Ag | A € H(m|n)} be the set of all bo-highest weights of g-modules
appearing in the decomposition (7). The Zariski closure of Qj2n In h* is a subspace we
denote a*, since it coincides with the subspace of linear functionals on h that vanish on
t:=hnNe Let T: h* — C™" be the linear map defined by

a1 am

bi+b bon_1 + bon
F(al,-..,am|b1,...,b2n):<2,...7 ; ‘ 12 2,._., 2 12 2 )

Observe that if pg denotes the Weyl vector corresponding to bg, then we have

m n

m-—2n+1—2¢ m+2n + 2 — 4k
9) T(po) =— 1 &i— Y 5 Cmtk-
i=1 k=1

Define, for any = € a*, the map 7§ : a* — C™n by 78 (z) = —T(z + po). Then it is easy to
see that we can rephrase the result of [SSS20, Table 3] pertaining to g as follows.

Theorem 4.1. [SSS20, Theorem 1.13.] Let g and W be as above. Then for each A\, €
A (m|n), the eigenvalue of the Capelli operator D* on the irreducible summand Wy with
highest weight Ay € a* with respect to bg is equal to P, 1 o 78 (Ao)-

2

4.2. Explicit form of 79();). The affine map 7'61* is only characterized by the theorem on
elements of a*. To explicitly describe all extensions of 7'6‘* to affine maps mp: h* — C™",
let My denote the matrix of the linear transformation —I': h* — C™" with respect to our
standard bases. Then we have

1

—5In 0
10 M — 2+m mx2n
(10) 0 [omm D

where D = (d;;) is a n x 2n matrix whose entries satisfy
—1 ifj=2i—1or2i
dij = .
0 otherwise.
Definition 4.2. Let C be the set of all matrices of the form
M = My + [0(m+n)xm A]

where A is any (m-+n) x (2n) matrix whose columns A; satisfy the relations Ao, = —Agg_1
for all 1 < k <n. We also set
(11) Xo = —T(po) = Mopo = 75 (0).

Lemma 4.3. Every extension of 7§ : a* — C™"™ to an affine map on b* is given on x € h*
by To(x) = Mx + X¢ for some M € C.
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Proof. Tt suffices to observe that a* = span{ey, -, €mn,01 + 02, ,dopn—1 + do2p }; thus the
set of all linear maps to C™" vanishing on a* is given by

K= {[O(n—i-m)xm A] | Agk,1 = _A2k for all 1 < k < n,}
where A; denotes the jth column of A. O

Note that since pg ¢ a*, the equation Mpy = Xy with M € C holds only for M = M.
In the following sections, we will see that the single matrix M is not suitable for use with
other Borel subalgebras, but that other subsets of C will be.

4.3. Borel subalgebras and decreasing de sequences. One may parametrize the set 5
of Borel subalgebras of g containing b by sequences (&)Z’;{zn where {&]1 <i<m+2n} =
{€,0; | 1 <i<m,1 < j < 2n} — called de sequences — by associating to b the sequence
for which {§ — &1 |1 <i < m+ 2n} is its set of simple roots. In particular, the simple
odd (isotropic) roots of b correspond to pairs €;6; or d;¢; in the sequence, and if o is such
a root, then the de sequence of r,(b) is obtained from that of b by swapping €; and d;.

For example, b°P corresponds to the sequence d2,02n_1 - 01€m€m—1---€1 and it has a
single odd simple root d; — €.

If the indices of the ¢; and of the §; are (separately) decreasing, then we say this is
a decreasing de-sequence. These correspond exactly to the decreasing Borel subalgebras
defined earlier, since each one may be obtained from b°P? be a sequence of simple odd
reflections. Let B¢ denote the set of decreasing Borel subalgebras of g containing b.

Definition 4.4. Let b € B%, and consider the de sequence associated to b.

(1) For each 1 <i < 'm, let {; , be the number of s to the right of €;.
(2) For each 1 <k < 2n, let jjp be the number of es to the left of dy.

When b is clear from the context, we may write ¢; and ji for £;p and jip respectively.
It is easy to see that, for example, jr = #{i | ¢; > k}. Thus a decreasing Borel subalgebra
(or equivalently, the corresponding decreasing de sequence) is completely determined by
specifying the values ¢; < --- </, (or equivalently, the values j; > -+ > ja,).

Definition 4.5. Let b € B%. With ¢; as defined above, let G, be the set of roots

(12> (51 - €m752 —€m,y 75€m — €m;
0 — €m—1,02 — €m—1," " ,0¢,, | — €m—1;
01 —€1,02 — €1, , 0 — €1.

The importance of Gy is as follows. Suppose that we obtain b from b°P by a sequence
of odd simple reflections, that is, such that by = b°?, b = b; for some ¢t > 0 and for each
1 <k <t b =rq,(br_1) where aj is an odd simple (isotropic) root of by_;. Then if ¢
is minimal we necessarily have the equality of sets {a; | 1 < i < t} = Gy, since the effect
of each simple odd reflection +(¢; — J;) is to swap the adjacent terms ¢; and J; in the
corresponding de sequence. Moreover, the ordered list of roots in , (ordered from the
top row to the bottom row) is one sequence satisfying these conditions. Set

(13) Tp 1= Z a.
a€gy

The following lemma is immediate.
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Lemma 4.6. For each b € B we have
m 2n
Ty = — Z&,bﬁi + ij,bdk-
i=1 k=1

4.4. A formula for highest weights with respect to b. Let A € JZ(m|n). For any
b € B? (respectively, for bP) write )\, (respectively, )\,) for the corresponding highest weight
of W)\.

Suppose b is obtained from b°P by the sequence of simple odd reflections in the roots
(12). For any adjacent pair of Borel subalgebras b” = r(;j,ei(b/ ) of this sequence, we have
from @ that

Apr = Ay — 0 + €
unless (Mg, 0; — €;) = 0. Since all coefficients of A, are nonpositive, this latter holds if and
only if its ith and (m + j)th coefficients are both zero.

It follows that the highest weight of W), with respect to b takes the form

Ap =Ag —7(A,b), where (A b):= Z a
aeNp
for some subset Ny C Gy.

Definition 4.7. If N, = Gy, then r()\, b) = r, and we say that A € 5 (m|n) is generic for
b. Otherwise, A is called nongeneric for b.

Definition 4.8. Let b € BY and A € 7(m|n). If £;,5 > 2\, then let I, , denote the least
index I > 1 for which ¢; > 2A;. Further, set

f()\’ i, b) = min{&,b, 2)\1}
for all 1 < ¢ < m; then £(X,4,b) = £; if and only if i < Iy .

Proposition 4.9. Let b € B¢ and A € 7 (m|n). Then r()\,b) = > ac, @ where Ny is the
following set of roots:

(14) 01 — €m; 02 — €my 5 Op(rm,b) — Em}
01 — €m—1,02 — €m—1," " , Og(\,m—1,6) — Em—1;
01— €1,02 — €1, , 0p(n1,8) — €1,

where we interpret any row corresponding to a value of £(\,i,6) = 0 as an empty row. In
particular Ay = Ay — (A, b) is the b-highest weight of W).

Proof. We have already addressed the case that A is generic for b, so suppose A is nongeneric
for b and let I := I,;. It suffices to show that A, = Ag — (A, b). Note that in Ny =
(2A1, 5 2 |1, 1, - pons pin ), we have p = 0 for all & > \,,.

We proceed inductively from m down to 1, following the rows of the list of roots ,
showing that if b; 1 denotes the Borel subalgebra obtained after completing all reflections
up to the end of those in the row corresponding to €;1, that

m
(15) Xojoy =g — D (014 + ey — €N 4, b)es).
i=j+1

The base case corresponds to j = m, b = b°P, where there is nothing to show.
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Suppose we have shown our inductive hypothesis up to €;41, as in . Let us first
determine the coefficients of €; and of §;, with £ > 2X;.

The coefficient of €; in —A,  is the same as that of —Ag; this value is therefore 2;.
Let k > 2)\; > 2),,. Then the coefficient of J; in )y was zero. Moreover, since we have
2X\; > 2X; > {(\,14,b) for each j+1 < i < m, none of the additional terms in contribute
to the coefficient of d;,. Thus the coefficient of J; in _Abjﬂ is 0 for k > 2;.

As we iterate through each of the roots

01 — €j,02 — €5, ,0g(x jp) — €j

we fall into the first case of @ because the coefficient of €; is nonzero at each iteration.
Therefore if b’ denotes the resulting Borel subalgebra, we have

(16) Ay =g,y — (614 -+ dgng,0) — LN, b)ej).

If £(X,7,b) = £ (that is, if j < I) then we are done. Otherwise, (X, j,b) = 2); and we
infer that the coefficient of €; in Ay is 0, as is the coefficient of ¢, for any £ > £(X, 5, b) = 2);.
Thus for any remaining roots

Sergb)+1 — €s 7100y = €
we fall into the second case of (), and so Ay, = Ayr- Therefore and together imply

m

Ap, = Ao — 2(51 + o Gy — (A3, b)es),

1=j

and we may conclude by induction that

(17) Ap = Ag — 2(51 + o Ogne) — LN, b)) = Ag — (A, b),
i=1
as required. ]

Remark 4.10. Note in particular that implies that the coefficient of ¢; in )y is given by

—(2)\2' — &) <0 ifl; <2\ ;

- 2)\1 - g )\7 ‘7 = .

The coefficient of ¢; is always < 0.

Corollary 4.11. Let b € B? and \ € 5#(m|n). Thhe following statements are equivalent.
(i) A is b-generic.
(ii) 2\ > Lo
(iii) 2X; > €;p for 1 <i < m.

Proof. Equivalence of (ii) and (iii) is an immediate consequence of the fact that the ¢;
are increasing whereas the \; are decreasing. The equivalence of (i) and (ii) follows from
Proposition and the fact that if 2\; > ¢; ;, for all ¢, then 7(\, b) = rp so A is generic for
b. O

For ease of reference, we list the roots contributing to r, — (A, b), that is, the subset
G \ Ny of the set of roots in which we will not subtract from )\, when computing the
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highest weight A,. Using the index I = I j for simplicity, it follows from that they are

(18) 52)\m+1 —€m, 76£m,b — €m,
02X 141 — Em—1," 7" 00,1y — Em—1,
62)\]+1 — €[, 7551,[, — €],

4.5. Some necessary conditions. Our goal is to define, for each b € B%, an affine map
52 h* — C™" such that for all A € 7 (m|n) we have the equivalence

(19) To(Ap) ~2 T0(A0)-
As in Section [3| this would imply that P 1/, o 7 is the interpolation polynomial we seek.
Such a map 7, will be given on x € h* by

To(z) = Mpx + Xp,

for some (m +n) x (m + 2n) matrix My and vector X, € C™". In this section derive some
necessary conditions that 7, must satisfy in order for the relation (19)) to hold.

Lemma 4.12. Let b € B¢, If holds, then we must have
Xp ~p Xo.

Proof. Since \g = A\, = 0 when X corresponds to the trivial module, the requirement that
To(Ap) ~E T0(Ag) for all X implies in particular that Xy ~g Xo. O

Proposition 4.13. Let b € B, If holds, then for all A € 5 (m|n) that are b-generic

we must have the equality
(20) My, + Xp = Moy + Xo.
In consequence, we must have
My € C and Myry = Xp — Xo.

Proof. By , the right hand side of is equal to My(\y+ po). On the other hand, the
definition of genericity implies A\, = Ay — 7 so the left hand side is

My + Xo = MpAg + (—Mpre + Xo).

We first show that the equivalence of the two sides can only be achieved by equality.

Namely, recall that A is generic for a fixed b € B only if 2\; > l;p for all 7. Therefore
we may freely choose generic A sufficiently large such that the vector My()\y + po) does
not lie on any hyperplane of the form xz; + %yj = +1/4, where a symmetry of the form ~
holds (with @ = 1/2) and therefore no symmetry of the form can apply. Similarly, the
fact that Xy # 0, and that equivalence must hold for the b-generic weights s\, for every
s € Z>9, excludes the possibility that the equivalence is due to separate symmetry of the
variables. Therefore, for all sufficiently large b-generic A, the equivalence must occur
as an equality, that is, we have

MhAo + (—Mth + Xb) = MQAO + Xp.
Since
span{Ag € 22, | A is generic for b and Ay > 0} = a”,

we deduce that this equality is in fact an equality of affine functions on a*. Thus we have
Xo = —Myry + X and, by Lemma 4.3 we conclude My € C. O
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5. THE REFINED CEP For (gl(V), 7% (V))

We develop our solution to the refined CEP in stages of increasing complexity of the
Borel subalgebra.

5.1. The very even case. We begin with the set of Borel subalgebras b that have the
property that A\, € a* for all A € 7 (m|n) : the ones for which for all k, the terms Joxdox—1
are adjacent in the de sequence.

Definition 5.1. A decreasing Borel subalgebra b and its associated e sequence are called
very even if £;p is even for all 1 <7 < m; equivalently, if jop_1 = joi for all 1 <k < n.

Suppose b is very even. For any A € J(m|n), the value £(\,4,b) = min{¢; p, 2\;} will
also be even. Since a* = span{dox_1 + 2k, 2¢; | 1 < k <n,1 <i <m}, it is immediate that
the roots comprising r(\, b) can be partitioned into pairs whose sums lie in this span, and
so by Proposition we have )\, € a*. Henceforth we write p; for the Weyl vector of b.

Lemma 5.2. Suppose b is very even and 1y: §* — C™" is an affine map satisfying ,
in the form 15(x) = Mz + Xy for all x € h*. Then Xy = Mopy where My is as in (10), and
in fact, Ty is independent of the choice of M € C.

Note that since py ¢ a*, it is not true that Mp, = X, for all M € C.

Proof. Suppose b is very even and suppose 1,(z) = Mx + X is an affine function satisfying
(19). By Proposition we must have M € C and X = Mr, + Xo. If M’ € C, then
M — M’ is zero on a*. Thus M\, = M’'), for every A € 5 (m|n) and M'ry = Mry, so if one
choice of M € C gives a function satisfying , so do all. Further, since by [CW13] Prop
1.33] we have p, = po + 14, we readily compute Moppy = Mo(po+76) = Xo+ Mory = Xp. O

The rest of this subsection is devoted to proving the converse, that is, that for all very
even b, the affine functions 7(z) = Mz + Mopy for M € C satisfy (19). We first prove
our key technical result, which gives a collection of terms that are equivalent to (). By
Lemma [5.2] it suffices to prove the result for M = M.

Proposition 5.3. Suppose b is very even and that Ay € Qyj2,- Then we have
Moy + Xo ~ Mo(Ag + 16 — (A, [J)) + Xp.
For ease of reference in the proof, for all 1 <¢ <mand 1 < j <n, let
- m+1-2n—2 m—+ 2+ 2n — 4k

1
(21) E; = 1 and Fj = 5

Then we have Xo = Mopo = >\ Eie; + > p_y Frlmrk-

Proof. Suppose b is very even and let I be the least index for which £;, > 2A7; then we
must have £7p > 2A; + 2. Considering moreover the list of roots occuring in (18)), whose

sum is rp — (A, b), we note that
1 1 1
A F1< A1 +1<-- <A 4+1< §€I,b < §€I+1,b <. < §€m,b-
That is, the intervals (A\; +1,4;/2) are nested, as i decreases.
To prove the proposition, we proceed by induction on ¢ from m down to I on the rows

of . Let

Lp

roag = Y. Ok — (Lin—2X)e
k‘:?)\j-i-l
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denote the sum of the roots on the row of corresponding to €;. Set

m
Aiv1 = Mo(Xg + Z To,2,5) + Xo,
j=i+1
which is the partial sum obtained after completing the row indexed by ¢ + 1.
We will show that we can transform A,,1 := Moy + Xo, by a sequence of monoidal
symmetries as in Lemma into the final result

A[ = MO(AO + 71y — ’r'()\, b)) + Xop.
Our inductive hypothesis is that
Aipr ~ Ay,
that the coefficient of e; in A;41 is A; + E; and that the coefficients of e;,4; in Aj1q with
Ai+1<j <L are given by Fj — (m — ).
The base case is that ¢ = m, so equivalence is a tautology and the statement about the
coefficients is true. Suppose it holds for i + 1. Let us prove the statement for i. Note that

Ai = A1+ Morpx i

= Nip1 + Mo Z O | — (lip — 2Ni)e
t=2X\;+1
Lip/2
=Nip1+ Mo | D (Sop1 + Oox — 26;)
k=41
7, b/2
= Niy1 + Z — Cmik)
k=41

Suppose we have shown for some K, \; +1 < K < ¢;/2, that A;;1 is monoidally equivalent
to

Nipik—1 =N + Z — emtk)-
k=X;+1
We now show that Aji1 x—1 ~ Aj+1,x. Then by induction as K runs from \; + 1 to 4; /2,
we will conclude that A; ~ Ajyq.

Using the outer induction hypothesis, as well as the formula for A; i k1, we compute
that the coefficient of e; in Aj11 x—1 is A + E; + (K — \; — 1) and the coefficient of e,,1 k in
Aiy1,x—11s Fig—(m—i). Since in this case we have § = 1/2, Lemmasays Y~ ytei—emik
if y; + %ym+k = —%. Using , we compute

Nt Bk (K = A= 1) 3 (Fic — (m—))) =~
Therefore monoidal symmetry may be applied and we conclude that

A1 k-1~ Nij1,k—1 + € — emix = N1k,
as required. Therefore we have deduced by induction that
Nij1 ~ Niyr002 = N

Finally, if i — 1 > I, we compute the coefficients of A;, to complete the outer induction.
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The coefficient of e;_; in A; is the same as the coefficient of e;_1 in My, + Xo, which is
Ai—1 + E;_1, because we have added no roots involving ¢;_1.

Since ¢ —1 > I and ¢;_1 is even, we have \; +1 < A1 +1 < %Ei_l,b < %Ei,b. Therefore
the coefficient of e,,4;, for all A;_1 +1 < j < %&_17[, was Fj — (m — 1) in A1 and is thus
Fj—(m—i)—11in A;, since we subtracted each e;,4; exactly once in the course of computing
A;. The induction is complete. d

We may now prove our main theorem for very even Borel subalgebras.

Theorem 5.4. Let b be a very even Borel subalgebra in B%. Set Xy = Mopy and let My € C.
Let 1y be the affine function defined on x € h* by

Tb(a}) = Myx + Xp.
Then for every A € 7 (m|n) we have Ty(Ay) ~ T0(Ag) so that

P,u,% O Th (Ab) = PIM% o T (AO) .

Consequently, the eigenvalue of the Capelli operator D* on the irreducible component W
is given by the evaluation of a polynomial in the highest weight \, with respect to b.

Proof. 1t suffices to show 74(Ay) ~ 70(}g) for all A € 5#(m|n). We have that
M)Ay + Xp = Mp(Ag — (A, b)) + Xp
= Mb(AO + 7y — T‘()\, b)) + (—Mbrh + Xb)

Since A\ + 75 — r(A, b) € a*, we may replace My by My in the first term, and as noted in
Lemma [5.2] the latter term is equal to Xy. Therefore we have

My + Xy = Mo(Ag + 76 — (A, b)) + Xo,
and thus by applying Proposition [5.3] we conclude that My\, + Xy ~ MoAy + Xo, which
completes the proof. ]

5.2. A solution for generic weights. From now on we suppose that b € B? is not
very even. We first characterize the non-adjacent pairs {dok,dox—1} in the de sequence
corresponding to b.

Definition 5.5. For each 1 < k < n, let

To={1<k<n|jouns <Jjok-10}
—{1<k<n|I<i<m:bp=2k—1}.

One can infer the equality of the given sets from the combinatorial description of de
sequences in Definition [4.4]

Lemma 5.6. Define b, € B¢ by the values

1
lip, =2 B&,bJ

foralll <i<m. Then b, is a very even Borel subalgebra and the sequence of odd reflections
To that take be to b corresponds to the set of roots {dop—1 — € | k € Ty, ;p = 2k — 1}.
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Proof. Since b is a decreasing Borel subalgebra if and only if the sequence (¢; )™, is in-
creasing (and bounded by 2n), it follows that the increasing sequence (¢;p, )", uniquely
defines a decreasing Borel subalgebra b., and that it is very even. In the Je sequence of b,
the terms da5_109; are adjacent. For each k € Ty and ¢ such that ¢;, = 2k — 1, we have
Ui p. = 2k — 2, but for all other 4, ¢;  must be even and therefore ¢; y = ¢; .. Thus to obtain
the de sequence of b one must, for each k € Ty, shift dor_1 to the right using the reflections
corresponding to {dox_1 — € | lip = 2k — 1}. d
Consequently, if we define for each k € Ty

m—ja

(22) Toddok = (Jok—1 — Jou)O2k1— Y &,

i=m—jog—1+1

then we have

(23) o= "o, + D Toddbk-
keTy

Definition 5.7. Let b € B9. Set
Co ={M € C|Vk € Ty, Mrogapr = 0}.
Lemma 5.8. The set Cy is nonempty.

Proof. For any M = Mo + A" € C where A" = [0(;,1n)xm|A] for some A with columns
satisfying Aor = —Agi_1 for all k, one has

Mrodqpr = Moroddpk + A(Jor—1 — Jor)O2k—1;

thus to satisfy the condition Mr,gq 1 = 0, one must set

-1
A1 = ——————MoTodd bk
J2k—1 — J2k
and Asy := —Asi_1. These conditions are distinct as k runs over Ty. We conclude that Cy
is nonempty. ([l
The set Cp contains a unique element if and only if Ty = {1,2,--- ,n}.

Proposition 5.9. Set X, = Xy, and suppose A\ € 5 (m|n) is b-generic. Then for all
My € Cy we have
MpAy + Xp = Moy + Xo.

Proof. Suppose A\ is b-generic and suppose M € Cy. Then since

Ap =Ag =76 = Ay, + Z Todd,b k>
keTy

we have, by the conditions defining Cy and the choice of Xy, that
MA[, +Xb = MAbe +Xbe~

Moreover, if A is b-generic, then it is also be-generic since £;p, < £;p for all 1 < i < m.
Therefore by Theorem [5.4] and Proposition [£.13] we infer that

MM\, + Xy, = M)Ay + Xo,

as required. ]
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5.3. A solution for the relatively even case. Suppose now that A is not b-generic, but
that for each k € Ty, the set Ny of roots defining 7(\, b) include either all, or none, of the
roots defining 1,446, x. We will call such A compatible with b, but to define compatibility
precisely, we must first make some observations about de sequences.

Suppose that in the de sequence for b, there exists at least one € between dop, and dop_1.
Since jor_1 is the number of € to the left of dor_1, and these are in decreasing order, we
deduce that these terms are precisely €, -+ , €m—j,._,+1. By the same reasoning, €,,—j,, is
the first € to the right of dor. Therefore, the de sequence contains

(24) s 02 Em—joy, " Em—jo_ 1 +102k—1"" " -

Now suppose that A is not b-generic. Since the sequence of ); is decreasing, we have that
(25) Am—jor < Am—jor—1 < " < Am—jpy 441
On the other hand, the value of /;, for each m — jor, <7 < m — jor_1 + 1, is exactly 2k — 1.
Therefore, depending on the relation among 2k — 1,2\,,—;,, and 2X\,,_j,, ,+1, we should
subtract all, none or only some of the roots from the set

{02k—1 — €m—joys 1 02k—1 — Em—jo_y+17}

to obtain Ay from .

These observations motivate the following definition.

Definition 5.10. We say that A € 7 (m|n) is compatible with b if it is either b-generic or,
for each k € Ty, we have either 2),,,_;,, > 2k — 1 or 2\p—j,, ,+1 <2k — 1.

Proposition 5.11. Let b € B? and set Xy, = Xp,. Then for any M € Cy, the affine function
To(x) = Mpx + Xp
satisfies To(Ay) ~ T0(Xg) for every A € J(m|n) that is compatible with b.

For ease of reference in the proof, for each A that is compatible with b, define
(26) Tb,)\ = {k €T | 2)‘m—j2k,b > 2k — 1}.

Proof of Proposition|5.11. Suppose A is compatible with b. If it is in fact b-generic then
Proposition [5.9 implies that m4(\,) = 70(})g), so we are done.

Otherwise, recall that the set of roots Gy \ Ny determining 7, — 7(\, b) is given by ,
where I = I denotes the least index for which f7 > 2A;. Recall also that for each
k € Ty, roddpr = (Jok—1 — Jok)02k—1 — Z?:W{i’}-%ilﬂ €;, and that for each index 4 in this
sum, ¢; = 2k — 1. The condition of compatibility implies that either

li=2k—-1< 2)\m_j2k < 2/\m—j2k—1 << 2)\m_j2k—1+1
in which case, I > i and none of these roots appear in the expression , or
2Am—jor, < 2Am—joy—1 < S 2Amjg 41 <2k — 1= %
in which case I < i and every root vector that occurs in 7,44 appears in .
Therefore, the set T ) is exactly the set of k € Ty such that none of the roots determining

Todd,b,k Occur among the roots in ; this set may be empty.
Therefore by construction we have

T(Av b) = ’l“()\, be) + Z Todd,b,k>
kGTbYA
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and so we deduce

(27) Ap = Ao —7(A,b) = Ag — (A, be) — Z Todd,b,k = Ap, — Z Todd,b,k-
]CET[L)\ k}ETmA

Let My € Cp; since Ty \ C Ty, this implies

Mydy = My(N,) = D MyToggor = My(Ay,)-
kETb’)\

Thus since Xy = Xp,, we have that 74(),) = 7p.(Ap,). Finally, as b is very even and
My € C, we can apply Theorem to deduce that

My, + Xp, ~ MoAy + Xo,
and the proposition follows. O

We conclude this section by defining the class of Borel subalgebras b for which all A €
' (m|n) are compatible with b.

Definition 5.12. Let b € B% Then b, or its corresponding de sequence, is called relatively
even if for every 1 < k < n we have jor_1 — jor < 1, that is, if there is at most one € between
0j,, and 9

2k J2k—1"

Corollary 5.13. Suppose b € B¢ is relatively even. Then for any M, € Cy, the affine
function y(x) = Myx + Xy, satisfies

P,u,% O Tp (Ab) = P%% o Tp (AO)

for every A € S (m|n). Consequently, the eigenvalue of the Capelli operator D* on the
irreducible component W is given by the evaluation of a polynomial in the highest weight
Ap with respect to b.

Proof. Let A € 7 (m|n). If X\ is not compatible with b, then there exists an index k € Ty
for which

2Am—j2k < 2k —1 < 2)\m_j2k71+1'

This is impossible if jor, = jor_1 (as the \; are decreasing) and if jor_1 — jor = 1 (as then
m — jor, = m — jop—1 + 1). Therefore, if b is relatively even it is compatible with every
A € s (m|n). That the affine function 7, gives a solution to the refined CEP thus follows
from Proposition [5.11 U

5.4. A different approach for b that are not relatively even. Unfortunately, following
the approach of the preceding section to establish a formula for 7, when b is not relatively
even leads to a piecewise affine function, as in [Cao22]. In this section, we follow a different
approach.

Recall that the functions in A,, ,, ¢ are constant on the orbits O of elements C™*™ under
monoidal symmetry. Since they are polynomial functions, they are constant on the Zariski
closure of O, which is a discrete set. Thus, whenever O is infinite, the polynomials in A, 5, ¢
will not separate orbits, and we may have P(x) = P(y) for z,y in distinct orbits, for all
Pe Am,n,@-

The question of when infinite orbits exist was answered in [SV17], and in particular this
occurs for @ = 1/2. The following is a consequence of their results.
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Lemma 5.14. Suppose x € C™n gnd that 1 <i <ipg<m, 1< j < mn. Let orb(z) denote
the orbit of x under monoidal symmetry. If x; — x;y = 2x; + Tppyj = —% then

1
(28)  orb(z) D {u e C™" | u; — uy, = 2u; + Umntj = :l:i,us = Vs & {i,iop,m+ j}},

where orb(z) denotes the Zariski closure of the orbit of x.

Proof. In [SV17, §5 (22)], the authors provide a key example for with § = 1/2. Namely, for
any a € C, it is straightforward to show that

1 1 1 1
O(a):{(E—f—a—5,5—}—@,—2(6—!—@)+§),(€—|—a—|—§,€—l—a,—2(€+a)—5),
1 1 1 1
(€+a,€+a—5,—2(€+a)+5),(€+a,€+a+§,—2(£+a)—5) | L e Z}

is an orbit in C2' under monoidal symmetry. The Zariski closure O(a) is thus equal to
UaecO(a), which is the union of the two affine lines:
1 1
u1—u2:2u1+U3::t§, uz—u1:2u2+U3::t§.
Applying this to the triple (¢,4p|j) of indices in place of (1,2|3) gives the result. O

We now proceed to the definition of our affine function, which we will denote Tgun to dis-
tinguish it from the function 7, defined on relatively even Borel subalgebras in the previous
section.

Definition 5.15. Let b € B%. Define
1
Cguu = {M eC | Vk € Tb,M52k_1 = iem,j%’h — €m+k}-
Given any My € Céuu, we set Xy = Mprp + Xo and T[fun(x) = Mpx + X, for x € b*.

Note that the defining condition of C[f]ull basically describes the columns Asp_1 of My for
k € Ty, hence Cg““ is nonempty.

Remark 5.16. Indeed the value of Myry is independent of the choice of M, € Cg“”. This
can be seen as follows. By we have 1y =1y, + ZkeTb Todd,b k- Since My € C, the value
of Myrp, is independent of the choice of My. Also, by the definition of M, the value of
Mpy7oddp, 1 is independent of the choice of M, € C[f)un.

Theorem 5.17. For every A\ € 7 (m|n) we have
P,1omg™ () = P, 1070 (X).

Consequently, the eigenvalue of the Capelli operator D¥ on the irreducible component W
s given by the evaluation of a polynomial in the highest weight \, with respect to b.

To prove this, we require several lemmas. As in Lemma let b, be the closest very
even Borel subalgebra to b; we will relate Té“n to the function 7, that was defined in
Theorem For ease of notation, set ¢; = £;, and j; = j;p in what follows.

For each k € Ty, the de sequence for b contains

.. 52k6m—j2k .. 6m—]2k_1+152k71 RS

whereas that for b, contains

(29) e Bk Ok 1€ € b1 -
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Thus ¢; = 2k—1 and /; 5, = 2k—2 for m—jop—1+1 < i < m— joy; similarly, jor_16, = Jok,p.
whereas by hypothesis jor_1 — jor > 1.
We have
Ty = T, T Z Todd,b,k
kET,

as in , where
Toddbk = (02k—1 = Em—jo;.) + (O2k—1 = €m—jpy—1) + -+ + (G2k—1 — Em—joy_1+1)-

To obtain b from b., we must apply the reflections in the roots dor_1 — €; in decreasing
lexicographic order, that is, for k decreasing in T and then i decreasing from m — jop until
m — jog—1 + L.

Definition 5.18. Write (k,4) = (K,4) if we have k, k' € Ty, m — jop—1 + 1 < i < m — jox,
m—jopr—1+1<i <m—jopr and k > k', i > ¢'. Write (k,7) = (k',7) if (k,7) = (K',4") and
(k,0) # (K, 7).

Note that we retain the index k in the notation only for convenience. For two such
pairs, the statement (k,i) = (k’,4') is equivalent to stating i > ', as in each pair the first
term is fully determined by the second. In particular, we may write (k,4) > (k’,4) for any
1 <i" < m, not only those corresponding to k¥’ € Ty and m — jorr 11 < i’ < m — jops, without
ambiguity. We require two technical lemmas.

Lemma 5.19. Fiz M, € C[fuu and let k € Ty. Suppose the coefficient of €m—j,, i Ay, is
zero. Then we have

(30) To. (Ap,) + My E Todd,ok' ~ To.(Ap,) + My E Todd,o,k’ T (€m—jor — €m+k)
k'>k k'>k
where ~ denotes monoidal symmetry.

Proof. Recall that 7, (2) = My, x + Xo, = Mox + Morp, + Xo. As in the proof of Proposi-
tion by a direct calculation using we have

m  lije
Mo(re, — (A be) = > (€i — €mtj)-
=I5, j=Ni+1
Hence
m  zlive
(31) 7o, (Ao,) = Mo Xg, + Xo, = Modg+ Xo+ D D (ei—emyy).

i=I5 b, j=Ait1
The hypothesis implies 2, —j,, < £y—j,p 0. = 2k — 2. Thus for 7 > m — jg;, we have
200 < 2Mm—joi < bn—joy b < bip. — 2-

This implies that Iy p, < m — jor + 1.

Recall the formula for the sums 7,445 1 defined in . First note that the coeflicients
of e—jy,, and ey g in My Y1001 Todd,p ks are zero. Namely, by the definition of M, we have
that My(e;) = —%ei and My(dopr—1) = %em,j%, — emak- The only pairs (K, i) occuring in
this sum have ¥ > k and i > m — jox.

Next we compute the coefficients of e,,—j,, and eyt in 7, (Xp,) = D, Ties.

Let us begin with x,,,—j,, . The coefficient of e,,—j,, in Mo\ is Ap,—j,, and in Xq is Fy,—j,, -
If it happens that Iy p, < m — joi, then the index ¢ = m — jo;, occurs in the sum whence



20 MENGYUAN CAO, MONICA NEVINS, AND HADI SALMASIAN

the coefficient of e,,—j,, in this sum is %gm—jzkabe — AMm—jg,- Since %Em—jzk,be =k—1, we
deduce that z,,—j,, = Fm—j,, +k — 1. If indeed I, = m — jor, + 1, then we must have
2Mm—jy, = 2k — 2 and the index ¢ = m — jg;, does not occur in , hence again we have

LTm—jor, = /\m—jzk + Em—jzk = Em_j2k + k-1

Next we compute x,, . Since 2\, < 2Mp_jy, < L—jo 6. = 2k — 2, we deduce from the
structure of the hook partition that par—1 = por = 0, so the coefficient of e, in Moyl is
zero. The coefficient of e, in Xg is Fi. The coefficient of e,,1f in the sum is the
number of indices ¢ such that \; < k < £;5./2. The inequality k < ¢; . implies ¢; is to the
left of d9y, in b, in and in particular ¢ > m — joi; but then A\; < A, <k — 1 holds.
Thus the coefficient is —(m — (m — jox)) = —jok, whence 1k = F — jox.

Now note that E,,_; + %Fj = % + %z — 7, so that

1 3 1. . 1
e 5 Tmtk = + 5J2k — k+k—1—jop = E
which implies that monoidal symmetry may be applied, yielding the result. ([l

Lemma 5.20. Fiz M, € C,Eun. Let k € Ty and suppose m — jop—1 +1 < i < m — jor.
Suppose the coefficient of €; in Ay, is zero. Then we have

(32) T, (Ap)+ My > (b1 —€i)
(K1)~ (k,2)

1 1
~g  To (o) + Mo Z ‘ (O -1 — €r) + (26m—j2k + 96~ €m+k>
(K'i") - (ki)

although they are not related by monoidal symmetry.

Proof. We set i9g = m — joi, and show that with = ), x4e; equal to the left hand side
above, we may apply Lemma to the triple (7,149, k). Since %em_m + %ei — eém+k has
coefficients (%, %, —1), it then follows that the left side of the relation lies in orb(x) as well,
as required.

As noted in the previous proof, the coefficients of {e;, €;,, €4k} in x coincide with those
of

(33) To.(No,) + My > (Oop—1 — €x)

i<t/ <m—jgg

as the terms with &' > k cannot contribute.

First we compute the coefficients of {e;, €, €mtx} in the right hand side of (3I). Since
the coefficient of €; in A, is zero, we have A\p,—j,, < A < Uiy, /2 =k — 1. It follows that for
1 > m — jor, we have

Air < /\m—jzk <k-1< &17[,6/2

and in particular, Ip, < m — jor + 1.

Now consider any s < m. The coefficient of es in Moo+ Xg is As + F,. If s > Iy p,, then
the coefficient of ez in the sum on the right hand side of is %Ks,be —As = k—1—)Xs. Hence
the coefficient of e — s on the right hand side of iSAs+Es+(k—1—-Xs)=FEs+k—1.
If i <s < Ip, then e; does not occur in the sum on the right hand side of but we
have

k_lz‘gi,beSes,bes)\sg)\igk_la
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from which it follows that A; = &k — 1. This means that in this case also the coeflicient of
es on the right hand side of is equal to A\ + E5s = E5s + k — 1. As a consequence, we
obtain that the coefficient of eg for s = 7,7y in is Es+k—1.

On the other hand, from A, < k — 1 it follows that por_1 = per = 0 so the coefficient
of etk in Moo + X is Fy. As in the proof of Lemma [5.19] the coefficient of e, in the
sum on the right hand side of is —jok.

We now compute the contributions of the second term in . First note that

m—jak
Z (O2k—1 — €r) = (M — jJo — i)02k—1 — Z €ir-
i<i’ <m—jo i'=it1
Therefore from the definition of My we have
m—jok
My > (bok—1—€r) = (m— jop — i) Mybye—1 — Y Myey
i<i! <m—jiog i'=it1
1 m—jok 1
= (m — jok — i)(iemfjgk — em+k) — Z (*§€i')~
i'=i+1

Therefore, altogether we have

1

1 . .
Tim—jor, = Em—joy, +k—1+ §(m — Jok — 1) + 9

Tk = Fi — Jor — (m — jop — 1) = Fr — m +i.
We compute

1 . .
Ti = Tm—jyy, = i = Emjy, — 5(m — jop —i+ 1)

2
= (-2 20m — o)) — g (m— oy — i+ 1) = —
U ¢ m — J2k 9 m—Ja —1 =73
and
20 + Ty = 2(F; + k— 1) + (F, — m + 1)
1 1
= 5(m—2n+1—2i)+2k‘—2+§(m+2n+2—4k)—m+i
1 1
= —241=-—2.
2 * 2
It follows from Lemma that the orbit of x is infinite and that = + %em,j% + %ei — emtk
lies in its Zariski closure. g

Proof of Theorem[5.17. We begin by relating T[fu“ to 1p,. Let I = I)p be the least index
i for which 2)\; < ¢;5. Then 2X\; < {5, and so by Remark for every j > I, the
coefficient of ¢; in A, is zero.

Set kx = [(1+£1)]/2; if €1 is odd, this is the index such that m—jor, +1 < I < m—joy,,
and otherwise it need not be a relevant index. Then

r(AbB) =r(Ab) + D> (b1 — €i)
(k)< (kx.D)
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Since My € C and Ay = Ay, — (r(A, b) — (A, b.)), for any A we have
MpAy + Xo = My(Qp, — (r(X,b) = (X, be))) + (Mere + Xo)
= My, + Xo, + My((rp — (A, 0)) = (ro, —7(A, be)))

=70, (Xp) + My > (k-1 — ).
(ki) (. 1)

We now proceed by induction from J = m + 1 down to J = I, showing that (with
Ky =1[(141£56)]/2) if

(34) 7o (Ap,) + Mo Z (62k—1 =€) ~E To.(Xs,)
(k,i)=(Ky,J)

for all A such that the coefficient of €¢; in A, is 0, then this same relation also holds when
we replace J with J — 1 and apply it to all A such that the coefficient of €;_1 in A, is 0.
Note that if the coefficient of €; in Ay, is zero, then so is the coefficient of €; for any j > i;
thus the induction hypothesis will apply.

First suppose that J = m+1 (which corresponds, for example, to the generic case). Then
the sum over (k,i) = (K, J) is empty, so there is nothing to show.

Next suppose the result for J. Let A be such that the coefficient of €;_1 in A, is 0. If
Cj—16 =Lj_1p., then J —1 does not occur as the second index of any pair (k,1) in , SO
we have equality of left hand sides, and are done. Otherwise, let k be the index such that
m—jog—1+1<J—=1<m— jo.

If J—1=m — jo, then k = Kj_1 < Kj. Thus the left hand side of is equal to the
left hand side of . By Lemma with k = K ;_1, this is monoidally equivalent to

To. (Ap,) + My Z Todd,b,k' + (Em—joy, — €mik)-
k'>k
Since Mp(62k—1 — €m—joy,) = Em—jor — Em—+k, the latter formula is for J — 1 and we are
done by the induction hypothesis.
Finally, if m — jor_1 +1 < J —1 < m — jor, then K; = K;_1 = k. Thus the left hand
side of is equal to the left hand side of with ¢ = J — 1. By Lemma this is
equivalent (in the sense of ~p) to

1 1
Toe (Abe) + Mb Z ((52141-/,1 — Ei’) + <2€mj2k + §e¢ — €m+k> .
(K1) (ki)

Since Mp(d9x—1 —€;) = %em_j% + %ei — emk, the latter formula is also (34)) for J — 1, and
again we are done.
Since the relation ~ ensures that composing with P, 1, for any u € 5 (m|n), gives the
2

same value, this completes the proof of the theorem. O

Remark 5.21. Note that if b is very even, then T,f“” = 7y and thus Theorem is a special
case of Theorem 5.171

However, when b is relatively even, then for each k such that jor_1—jor = 1, Deﬁnition
sets M (dokp—1 — €m—j,,) = 0 for each M € Cp, whereas Definition sets M (do—1 —
€m—jor) = €m—jor — €m+k for each M € CIUl. Thus r{"! #£ 7, but (as can be deduced
from the proof of Lemma [5.19)), they are monoidally equivalent on all highest weights \,.
Interestingly, as Example [5.22] below shows, the choice of Mda,_1 made in Definition
cannot be extended to define a valid 7 in the non-relatively even case, and so Corollary
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is a separate solution to the refined Capelli eigenvalue problem that is neither a consequence
nor a special case of Theorem [5.1

Finally, note that the key step of Lemma which is invoked precisely for the non-
relatively even Borel subalgebras, was not one of monoidal equivalence or supersymmetry,
but rather of the weaker equivalence relation ~g, thus showing that monoidal equivalence
alone does not suffice. Nevertheless, a key result of [Ca022] is that for any b’ € B, one can
define piecewise affine functions 7/ that satisfy 7/(Ay) ~ 70(Ag) for all A € Q..

It is natural to ask if the solution in Theorem [5.17]is unique. Here we give an example
to illustrate this can be true.

Example 5.22. Let m = 2 and n = 1, so that g = gl(2|2). The Weyl vector corresponding
to the opposite standard Borel subalgebra is pg = (1/2,3/2,—3/2,—1/2) and thus Xy =
Mopo = (—1/4,-3/4,1), where My is given in (10). Consider the Borel subalgebra b
corresponding to the de sequence doese1dy. This is the smallest example with the property
that jog—16 — jor,p = 2 for some 1 < k < m. Since by corresponds to d201€2€1, we know
Go = {01—¢€2,02—€1}. By Proposition[d.9] we compute the highest weights ), for A € 7(2|1)
as in Table[dl

A Ao Ap (condition)

(r,slt) | —(2r,2s,t,t) | —(2r —1,2s — 1,t +2,t) |r>s>0,t >0, r,s,t €Z
(r) —(2r,0,0,0) —(2r —1,0,1,0) r>0,rez
0 (0,0,0,0) (0,0,0,0)

TABLE 1. The bg- and b-highest weights of W) for all A € J7(2|1).

Suppose now that 7/(z) = M’z + X’ is an affine map such that
(35) PH,%(TI(A[,)) =P, 1(10(}g)) forall A € 7(2|1).

1
2
Note that the orbits of )\; under monoidal symmetry, for A b-generic, are finite, so
holds if and only if the elements are equivalent under monoidal symmetry, and as noted in
Proposition we must have M’ € C, so that it takes the form

-1/2 0 a —a
(36) M =1 0 -1/2 b —b
0 0 -1/24¢ —-1/2-c¢
for some a,b,c € C. Since in this case r, = —e; — €2 + 201, the proposition also yields
X' — Xog = Myry, = (% + 2a, % +2b, —1 +2¢) € C?I1, 50 that
(37) X' = (1/4 +2a,—1/4 + 2b,2c),

with a, b, c as in (36]).

Next consider the highest weights of the form \; = (2r,0,0,0) with > 0. Then we have
Modg + Xo = (r —1/4,-3/4,1). Applying Lemma and separate symmetry in the first
two coordinates, we deduce that for » > 1 this vector is monoidally equivalent only to the
four vectors

1 3 11 3 1 1 1
(T—z,—z,l% (T—Z,* 0)7 (—Z,T—Z,l), and (Z,T—Z71).
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Since this orbit is finite, it again coincides with its equivalence class under ~p. Therefore
to satisfy for each r > 1, the vector M’\, + X’ must occur on this list. Applying

and , we compute
M N+ X' =M (-2r+1,0,-1,0)+ X' =(r—1/4+a,—-1/4+b,1/2 +¢),

whence we must have a = 0 and either ¢ = —b = 1/2 or ¢ = —b = —1/2. These two choices
(which correspond to Definitions and respectively), give

X' =(1/4,-5/4,1) and X' = (1/4,3/4,-1),

respectively.
Finally, to satisfy when A\, = Ay = 0, we apply Lemmato deduce that we should
have X' € UgecO(d), which yields the unique choice X' = (i, 7, —1).
We conclude that 7/ is uniquely determined by in this case, and is given by X' =
(%, %, —1) and
—1/2 0 0 0
M = 0 -1/2 1/2 -1/2],
0 0 -1 0

which corresponds with the map T[fuu of Definition

APPENDIX A. A NORMALIZATION FOR CAPELLI OPERATORS

Let W be a Zo-graded vector space. Then there exists a natural pairing

() WX (WH® 5 C L (1@ Qug,vf @+~ @0} = ﬁ(vd_i+1,v;‘>,
i=1
where (v,v*) := v*(v). This gives an isomorphism
(38) wed =, ((W*)®d)*.
Now recall the canonical isomorphisms
(39) FUW) =2 (WEYSa and  2YW) = 74 (W) = ((W*)®d) o
From the maps and we obtain a linear map
(40) @ SUW) = 2wy
as the composition of the maps
(41) ZUW) B wed S (o)) B iy,

where 4 is induced by the inclusion (W®%)% C W®9 and p is induced by the projection
that is dual to the inclusion ((W*)®4)% — (W*)®4 It is straightforward to verify that
the map ¢ is indeed an isomorphism of gl(W)-modules. In particular, given v € Wy and
v* € (W*)g, for the d-tensors v®¢ € #4W) and (v*)®? € 24(W) we have

(07, (")) = (v, 0%)%.
We can also embed . (W) in End(22(W)) as follows. First for any homogeneous v € W =
(W) we define a superderivation 9, on Z(W) by setting

Dp(v*) == (v,v*)  for v* € W* = 21 (W),
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and then extending 9, to all of (W) by the Leibniz rule
dy(ab) := dy(a)b + (=)l ad, (b).

The resulting derivations 0, supercommute, and therefore we can extend the embedding
0: W — End(Z(W)) to all of #(W) by the universal property of (W), i.e., by setting
Opy.ovg = Oy, -+ Oy, for vy, ..., v € W.

This map identifies . (W) with the algebra (W) of constant-coefficient superdifferential

operators on Z(W).
Clearly 8,(24W)) € 244 (W) for u € .7%(W). In particular, when d’ = d we have
P0(W) =2 C, hence we obtain a linear map

o SUW) s PUW)  us [pe Oupl.
Lemma A.1. ¢ = dlp.

Proof. The proof of Lemma is an exercise in super linear algebra, and we omit the
details. Here we only outline one proof strategy. First one proves that both ¢ and ¢’ are
gl(W)-module isomorphisms and .#¢(W) is an irreducible gl(W)-module. Thus, it suffices
to compare the values of ¢ and ¢’ on one nonzero vector. For instance, if Wg # 0 then for
nonzero v € Wy and v* € Wy we have

0u((1")*%) = d{u,v*) (")),
hence by induction we obtain d,ea((v*)®?) = d!(v, v*)¢, which completes the proof. O

Lemmacan be used to fix a normalization for the Capelli operator D* in Deﬁnition
as follows. Recall the g-module decomposition

PW) = P W
AeQ
The map ¢ results in an isomorphism (W) = @,.qWy. For A € Q, the operator
Capelli D* is constructed as follows. We choose a basis wi,. .. ,w:‘i‘A for Wy, and a dual
basis wy,...,wg, for W{. From the definition of D?* it is straightforward to check that
DA = Zf;l w?Oy,. In particular, if Wy C 24(W) then for 1 < j < d) we have
dy dy
DMt = Zwl O, w; = d! sz (wi, w}) = dwj.
i=1 i=1

Consequently, D* acts on Wy, by the scalar d!.
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