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THE SPECTRAL METHOD FOR GENERAL MIXTURE MODELS*

RAVINDRAN KANNANT, HADI SALMASIAN?, AND SANTOSH VEMPALAS

Abstract. We present an algorithm for learning a mixture of distributions based on spectral
projection. We prove a general property of spectral projection for arbitrary mixtures and show that
the resulting algorithm is efficient when the components of the mixture are logconcave distributions in
R™ whose means are separated. The separation required grows with k, the number of components, and
logn. This is the first result demonstrating the benefit of spectral projection for general Gaussians
and widens the scope of this method. It improves substantially on previous results, which focus
either on the special case of spherical Gaussians or require a separation that has a considerably
larger dependence on n.
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1. Introduction. Mixture models are widely used for statistical estimation,
unsupervised concept learning, and text and image classification [12, 17]. Roughly
speaking, a finite mixture model is a weighted combination of a finite number of
distributions of a known type. More precisely, the problem of learning or estimat-
ing a mixture model is formulated as follows. We assume that we get samples from
a distribution F' on R™ which is a mixture (convex combination) of unknown dis-
tributions Fi, Fy, ..., Fy, with (unknown) mixing weights wy,ws,...,w; > 0, i.e.,
F = Zle w; F;, where Zle w; = 1. The goal is to (a) classify the sample points
according to the underlying distributions and (b) estimate essential parameters of the
components such as the mean and covariance matrix of each component. This problem
has been widely studied, particularly for the special case when each F; is a Gaussian.

One algorithm that is often used is the expectation-maximization (EM) algorithm
[5, 21]. Tt is quite general but does not have guarantees on efficiency and could even
converge to an incorrect or suboptimal classification. A second known technique, from
statistics, projects the sample points to a random low-dimensional subspace and then
tries to find the right classification by exploiting the low dimensionality and exhaus-
tively examining all possible classifications. The trouble is that two different densities
may overlap after projection—the means of the projected densities may coincide (or
get closer), making it hard to separate the samples.

In this paper, we investigate a learning method which is based on principal com-
ponent analysis (PCA). The idea of this method is known as spectral projection, i.e.,
representation of data in the subspace spanned by its top k principal components. We
present our results following a discussion of the relevant literature.
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1142 R. KANNAN, H. SALMASIAN, AND S. VEMPALA

1.1. Recent theoretical work. There has been progress in recent years in
finding algorithms with rigorous theoretical guarantees [3, 2, 4, 19], mostly for the
important special case of learning mixtures of Gaussians. These algorithms assume a
separation between the means of each pair of component distributions which depends
on the variances of the two distributions and also on n and k. For a component F; of
the mixture let u; denote its mean and o; denote the maximum standard deviation
along any direction in R™ (see section 1.3). In order for the classification problem to
have a well-defined (unique) solution with high probability, any two components i, j
must be separated by o; 4 o times a logarithmic factor; if the separation is smaller
than this, then the distributions may “overlap” significantly; namely, some of the
samples have a good chance of coming from more than one component. Dasgupta [3]
showed that if each mixing weight is (1/k) and the variances are within a bounded
range, then a separation of (the Q* notation suppresses logarithmic terms and error
parameters)

i = ] = (05 4 0)2" (n/2)
is enough to efficiently learn the mixture.

Shortly thereafter, this result was improved by Dasgupta and Schulman [4] and
Arora and Kannan [2], who reduced the separation required to

i = 3| = (04 + 0,)Q" (/%)
In [4], the algorithm used is a variant of EM (and requires some technical assumptions
on the variances), while the result of [2] works for general Gaussians using distance-
based classification. The idea is that at this separation, it is possible to examine just
the pairwise distances of the sample points and infer the right classification with high
probability.

The dependence on n is critical; typically n represents the number of attributes
and is much larger than k, the size of the model. Further, the underlying method used
in these papers, namely, distance-based classification, inherently needs such a large
separation that grows with n [2].

In [19], a spectral algorithm was used for the special case of spherical Gaussians,
and the separation required was reduced to

i — p;| = (o7 + 0;) Q" (k4).

Since in several applications k is a constant which is much less than n, this result is a
substantial improvement for the spherical case. The algorithm uses a projection of the
sample onto the subspace spanned by the top k& singular vectors of the distribution
(i.e., the singular vectors of a matrix, each of whose rows is one of the independent
and identically distributed (i.i.d) samples drawn according to the mixture), also called
the SVD subspace. The idea there is that the SVD subspace of a mixture of spherical
Gaussians contains the means of the k components. Hence, after projection onto this
subspace the separation between the means is preserved. On the other hand, each
component is still a Gaussian and the dimension is only k, and so the separation
required is only a function of k. Further, the SVD subspace computed from a random
sample is “close” to the means, and this is used in the algorithm.

1.2. New results. Given the success of the spectral method for spherical Gaus-
sians, a natural question is whether it can be used for more general distributions, in
particular for nonspherical Gaussians. At first sight, the method does not seem to
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THE SPECTRAL METHOD FOR MIXTURE MODELS 1143

be applicable. The property that the SVD subspace of the distribution contains the
means is clearly false for nonspherical Gaussians; e.g., see Figure 1. In fact, the SVD
subspace can be orthogonal to the one spanned by the means, and so using spectral
methods might seem hopeless.

D

Fia. 1. The SVD subspace W; the plane that minimizes the average squared distance and is
represented by the horizontal line might miss the means of the components.

The key insight of this paper is that while according to this (misleading) example
the SVD subspace may not contain the means, it is always close (in an average sense)
to the means of the distributions (Theorem 1). As a result, upon projection onto
this subspace, the intermean distances are approximately preserved “on average.”
Moreover, this property is true for a mixture of arbitrary distributions.

It is then a reasonable idea to project the sample to the SVD subspace to reduce
the dimensionality. To identify individual components in this subspace, we need them
to remain nonoverlapping. If the mixture is arbitrary, then even though the means
are separated on average, the samples could intermingle. To overcome this, we assume
that the component distributions are logconcave.

A function f: R™ — R, is logconcave if its logarithm is concave; i.e., for any two
points x,y € N and any A € [0, 1],

FOz+ 1 =Ny) = f@)  fy)'

These functions have many useful properties; e.g., the product, minimum, and convo-
lution of two logconcave functions are also logconcave [6, 11, 15]. Logconcave densities
are a powerful generalization of Gaussians. Besides Gaussians, many other common
probability measures, such as exponential families and the uniform measure over a
convex set, are logconcave. So, for example, one component of the mixture could
be a Gaussian while another is the uniform distribution over a cube. The following
properties make these distributions suitable for our purpose: (a) the projection of a
logconcave distribution remains logconcave; (b) the distance of a random point from
the mean has an exponentially decreasing distribution.

In section 3, we give an iterative spectral algorithm that identifies one component
of the mixture in each iteration. It should be emphasized that there are many possible
alternatives for identifying the components after projection (e.g., the EM algorithm),
and we expect they will also benefit from the enhancement provided by projection.
For the postprojection algorithm presented here, we assume that each mixing weight
is at least € and the pairwise separation satisfies

s = 1] = (05 + 050" (3 /%),
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1144 R. KANNAN, H. SALMASIAN, AND S. VEMPALA

More precisely, our algorithm requires only a lower bound &, a probability of error
6, an upper bound k, and a sample set from an n-dimensional mixture distribution
of size Q(Z—é‘ log®(nk/6)) which satisfies the given separation, and it classifies all but
a fixed number with probability at least 1 — §. For a precise statement of our main
result together with the exact form of the required separation, see Theorem 3. It is
easy to see that it requires time polynomial in n,e,log(). After classification, the
means and covariance matrices of the components can be estimated efficiently. For
the special case of Gaussians, O(nlog®(n/6)/e?) samples suffice. Table 1 presents a
comparison of algorithms for learning mixtures (logarithmic terms are suppressed).

TABLE 1
Comparison.
Authors Separation Assumptions Method
1
Dasgupta [3] nz Gaussians, bounded variances, | random projection
and w; = Q(1/k)
1
Dasgupta and Schulman [4] n4 spherical Gaussians EM + distances
1
Arora and Kannan [2] n4 Gaussians distances
1
Vempala and Wang [19] k2 spherical Gaussians spectral projection
3
This paper ’2—3 logconcave distributions spectral projection

1.3. Notation. This section introduces the notation used throughout the paper.
For readers’ convenience, in Table 2 we provide a quick reference to some of our
notation. A mixture F has k components Fi, ..., Fy. We denote their mixing weights
by wi,...,w, and their means by pq,...ur. The maximum variance of F; in any
direction is denoted by 2. For any subspace W, we denote the maximum variance of
F; along any direction in W by o7 y;,. Namely, we set

o; = max T — i-v2Fixd1:}
s = ) o R

[

and

o2y = max {/n(zm).m?ﬂ(x)dx}.

veEW,||v]|=1

Let S be a set of i.i.d. samples from F. One can think of S as being picked
as follows: first, ¢ is picked from {1,2,...,k} with probability w; (unknown to the
algorithm); then a sample is picked from F;. We can partition S as

S=5USU---US,

where each S; is from F; (note: this partition of S is unknown to the algorithm). For
each i, we denote by p7 the sample mean, i.e.,

For a subspace V and a vector x, we write d(x, V") for the orthogonal distance of
x from V.
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THE SPECTRAL METHOD FOR MIXTURE MODELS 1145

TABLE 2
Notation.
Symbol Appears for the first time in:
d(z, W) section 1.3
iy M;S section 1.3
fuis section 4.3
0,'2, 3? section 1.3
6?W76$W(S) section 1.3
g (P)2 section 3
T(p) ALGORITHM
Ag, A;7 A,/L-' section 3

For any set of points S, we can form a matrix A whose rows are the points in S.
The subspace spanned by the top k right singular vectors of A will be called the SVD
subspace of S. The SVD subspace can be found efficiently (i.e., in polynomial time).
For more on properties and applications of SVD subspaces, see [8].

For any subspace W, we denote the maximum variance of a set of sample points
in S =5;U---USy which belong to S; along any direction in W by [737W(S). Namely,
we set

52 _ 2
Giw(S) = ve%%ﬁzf”:l { S; | Z (= ) - v }

If there is no ambiguity about the set .S or the space W, we use a simplified notation
2

such as 62W or &;.

2. The SVD subspace. In this section, we prove an important property of
spectral projection. The theorem says that the SVD subspace of a sample is close to
the means of the samples from each component of the mixture, where “close” is in
terms of the sample variances. Note that the theorem holds for any mixture, but in the
analysis of our algorithm, we will apply it only to mixtures of logconcave distributions.
We prove that

k k
(1) Zwid(MmW)Q S kazof
i=1 =1

Here W is the SVD subspace of the entire distribution (subspace spanned by the
top k principal components of the distribution). In Theorem 1 we state and prove a
variation of this inequality for samples, but it can also be proved in a similar fashion.

THEOREM 1. Let S = S U Sy U---U S, be a sample from a mizture F with
k components such that S; is from the ith component F;, and let W be the SVD
subspace of S (see section 1.3). For each i, let p7 be the mean of S; and 67y, (S) be
the maximum variance of S; along any direction in W. Then

k
D ISild(us, w)? < ka 67w (S
i=1
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1146 R. KANNAN, H. SALMASIAN, AND S. VEMPALA

Proof. We begin by stating a general lemma which follows immediately from the
Pythagorean theorem.
LEMMA 2. Given p,p1,...,px € R", if up = % ZiK:lpi, then

K K
Z Ipi —p|* = Klp — ppl? + Z Ipi — pp|*.
i=1 =1
Lemma 2 is used in the proof of the following theorem.
Let M be the span of pf, 5, ..., uy. For x € R, write mps(x) for the projection
of x onto M and my (x) for the projection of x onto W.
Using Lemma 2 and the facts that ; is the average of x € S; and pf € M, we
write

k k
Yo lmu(@)P =30 Imar(e) — w1+ D 1Sl
i=1

x€S i=1 x€S;
k
> Z 1Sl |2
i=1
k k
(2) =D ISillmw ()P + D [Sild (s, W)
i=1 i=1
Let €1, ..., € be an orthonormal basis for W. Using Lemma 2 and the fact that the
variance of S; along any direction in the k-dimensional subspace W is at most &127 w(S),
we have
k k
Dolrw @) =03 lrw (@ — )P+ Y 1Sl lww (1)
z€eS i=1 xz€S; i=1
k k
<Y Imwle - )G+ 3 Silmw P
i=1 j=1=z€S,; i=1
k E
(3) < kY 18il62w () + Y ISillmw ().
i=1 i=1

It is well known that the SVD subspace maximizes the sum of squared projections
among all subspaces of rank at most k (alternatively, it minimizes the sum of squared
distances to the subspace; see, e.g., [8]). From this, we get

Do lmw @) =) ().

zeS zeSs

Using this, the right-hand side (RHS) of (3) is at least the RHS of (2), and the theorem
follows. ]

Although we will apply Theorem 1 only for logconcave component distributions,
it suggests a benefit for spectral projection more generally. Inequality (1) puts a lower
bound on the average squared distance between component means after projection; if
the means are well separated to begin with, they continue to be, in an average sense.
On the other hand, the distance of a point from the mean of its distribution can
shrink only upon projection, thus magnifying the ratio of intercomponent distance to
intracomponent distance. This aspect is studied further along with empirical results
in [20].
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THE SPECTRAL METHOD FOR MIXTURE MODELS 1147

3. An iterative spectral algorithm. In this section, we describe the algo-
rithm. It follows the method suggested by Theorem 1, namely, to project onto the
SVD subspace and to try to identify components in that subspace. However, since
pairwise distances are preserved only in an average sense, it is possible that some
means are very close to each other in the projected subspace and we cannot separate
the corresponding samples. To get around this, we will show that all “large” compo-
nents remain well separated from the rest and there is at least one large component.
We identify this component, filter it from the sample, and repeat. For technical rea-
sons (see below), the samples used to compute the SVD are discarded. The input to
the algorithm below is a set of IV i.i.d. samples, a weight lower bound 0 < ¢ < 1, a
maximum probability of error §, a lower bound k for the number of distributions, and
a parameter Ng < V.

ALGORITHM.

Repeat while there are samples left:

1. For a subset S of size Ny, find the k-dimensional SVD
subspace W.

2. Discard S and project the rest, 71, to the subspace W.

3. For each projected point p:
--- Find the closest ¢N/2 points. Let this set be T(p)
with mean u(p).
--- Form the matrix A(p) whose rows are z-u(p) for each
2 in T'(p). Compute the largest singular value o(p) of
A(p) (note: this is the maximum standard deviation of
T(p) over all directions in W).

4. Find a point py for which o(pg) is maximum. Let Ty be
the set of all points of 7' whose projection to W is

. . . 28\/E10g(¥)

within distance ~———2+0(p) of po.

5. Label Tj as one component; estimate its mean and
covariance matrix.

6. Delete Ty from T'.

In step 3 of the algorithm, for any point p, the top singular value o(p) of A(p)
can also be expressed as follows:
2

1 1
o(p)’= max —— > g’ — | == > q-v
veWilel=1 [T(p)| Tl &
This value is an estimate of the maximum variance of the entire subsample of the
component to which p belongs.

There is a technical issue concerning independence. If we use the entire sample
to compute the SVD subspace W, then the sample is not independent from W. So
we use a subset S to compute the SVD subspace in each iteration and discard it. The
rest of the sample, i.e., the part not used for SVD computation, is classified correctly
with high probability. The size of the subset S in each iteration is Ny, where

s nk
5
Let 0 < €,6 < 1. Our main result is the following guarantee for the proposed algorithm.

Ny = 100~ log
g
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1148 R. KANNAN, H. SALMASIAN, AND S. VEMPALA

THEOREM 3. Suppose we have N i.i.d. samples from a mizture F' of k logconcave
distributions with mizing weights at least € and the means of the components separated

as follows:
. " k2 Nk
Vi, g i — gl =27 (00 +0j) == log” < |

There exists an absolute constant C such that if N > CMEV“ , then the iterative spectral

algorithm correctly classifies N — kNq samples with probability at least 1 — 6 (a subset
of kNo samples is used by the algorithm and discarded).

Remark. A crude upper bound of C' < 10° can be obtained quite easily by tracing
through the proof of Theorem 3. More careful estimates should yield a much smaller
upper bound.

We will prove Theorem 3 in the next section. The following corollary of Theorem
3 provides a second guarantee for the algorithm in terms of estimating the means and
covariances of the distributions.

COROLLARY 4. Let 0 < n < 1, and suppose we are given N i.i.d. samples from
a mizture F of k logconcave distributions in R™, with mizing weights at least £ and
the means separated as stated in Theorem 3. For any 1 < i < k, let u; be the mean
and A; = Ep, ((z — pi)(@ — p;)") be the covariance matriz of F;. If N = Q*((Ji}%),
then using the iterative spectral algorithm we can find approzimations i, ..., uj, to
the means and A', ..., A} to the covariance matrices of the components Fi, ..., Fy of
the sample such that with probability at least 1 — 6, for 1 <i <k,

i — pil <moy and ||A; — Al| < no?,
where || - || is the spectral norm of the matrix.
The proof of Corollary 4 is given in section 4.4.
4. Analysis.

4.1. Preliminaries. We begin with some properties of logconcave distributions,
paraphrased from [13]. The proof of the first uses a theorem from [16] (see also Propo-
sition 2.11 of [7]).

LEMMA 5. Let 0 < < 1 and y1,...,Ym be i.i.d. samples from a logconcave
distribution G in R™ whose mean is the origin. There is an absolute constant C such

that for
n 5 n

with probability at least 1 — 6, for any vector v € R™,
1 m
(1= EG(070)) < 17 320" < (14 ("))

The next lemma is an adaptation of Lemma 5.7 of [13].
LEMMA 6. Let F' be any logconcave distribution in R™ with mean p and second
moment Er(|X — pu|?) = R2. There is an absolute constant ¢ such that, for any t > 1,

Pr(|X — pu| > tR) < e' ™.
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THE SPECTRAL METHOD FOR MIXTURE MODELS 1149

Lemma 5.5 of [13] implies the following lemma.

LEMMA 7. Let f : R — R, be a logconcave density function with variance .
Then
1

max f(z) .

4.2. Sample properties. Assume that m > Ny and T is a set of m elements
consisting of i.i.d. samples generated by the mixture F. Then there is a partition T
asT =T, UTyU---UTj, where T; is the set of samples from F;.

LEMMA 8. With probability at least 1 — §/4k, for every i € {1,2,...,k} we have
the following:

(a) wilT| — |T| < T3] < wi|T| + &[T).

(b) [ =l | < %

(¢) For any subspace W, Lo w < &?M,(T) < %Uﬁw.

Proof.

(a) A point z € T belongs to T; with probability w;. If T = {x1,..., 2z}, define

a random variable Y;,1 < j < m, as follows:

v _[1 ifzer,
771 0 otherwise.

The Y;’s are Bernoulli variables and E(Y;) = w;. Therefore by Chernoff’s
bound (see Theorem 4.1 of [14]) we have

Yi+-+Y, Ty e
(4) Pr (M —w; > E) < 6—5 .
m 4 (1+L)(1+Twi)

4w;

Since w; > ¢, & = 4tw; for some ¢ < 1. The RHS of (4) equals ((Hf)%m)m“’i,
+2

and one can check that for ¢ < i we have (H—Sﬁ < e~ 7. Similarly we have

Y, Ym 2
Pr (1++ oy < _€> < (e Fymes,
m 4

It follows that Lemma 8(a) fails for distribution F; with probability at most
2

2e‘§m“’i, which is equal to 2e” 5w . Now Lemma 8(a) follows immediately
from m > Nj.

(b) For any fixed |T}[, the random variable yif = 7= 3=, 7, @ is a convolution of
logconcave distributions and hence is also logconcave. Its variance is bounded
from above by no?/|T;|. We apply Lemma 6 to the random variable u7". Now
Lemma 8(b) follows from Lemma 8(a).

(¢) The proof follows immediately from Lemma 5. |

In our proof, we would like to apply Theorem 1. However, the theorem holds for

the sample S that is used to compute the SVD subspace. The next lemma derives a
similar bound for an independent sample 7" that is not used in the SVD computation.

LEMMA 9. Let W be the SVD subspace obtained in the algorithm, and suppose

T =T,U---UTy is the set of sample points not used for the SVD computation in the
algorithm. Then we have

k k
(5) > O ITild(pg, W)? < 2k |Ti|67,
=1

i=1
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1150 R. KANNAN, H. SALMASIAN, AND S. VEMPALA

where 6% = &?7W(T) is the mazimum variance of T; along any direction in W.
Proof. First, we apply Theorem 1 to S. Then, using Lemma 8(a), we can relate

|T;| to |S;], and we have

k 3 k
s
;|E‘d(/’l’t7 5 z:: T|01W
Next, Lemma 5 implies that
7
62w (S) < 603 w-
Finally, we use the lower bound in Lemma 8(c) to get the desired inequality. O

4.3. Proof of Theorem 3. We will prove the following claim: With probability
at least 1 — 2k7 the algorithm identifies one component exactly in any one iteration.
We will prove the claim for the first iteration, and it will follow inductively for all
subsequent iterations. From now on, we assume that Lemma 8 holds. Note that this
happens with probability at least 1 — -

Let T=TyUTyU---UTy be the partition of the current sample T" according to
the components F;. For each i, recall that u! is the sample mean, and define i} to
be the projection of u! onto the subspace spanned by W. Similarly, 2 and j; are
the projections of uf and p;. For convenience, we write 6; 1 (T)? as 62. Let

&3

k2 Nk
a =212 1og? () and = —
2 %\ 75 g 21 log?(2k)

We say that a component F, is large if the following condition holds:
(6) T |67 > 3 max |Ti|67.

Recall that |T| > Np. The proof of Theorem 3 is based on the next two lemmas.
LEMMA 10. For any large component F., for every i # r,

|M1 _MT|> (Ji—i—o—r)'

5
Proof. For any 1 < j <r,let d; = d(ujS,W). By (5),

(7) |T|d} < 2k |Ti]67 < —|T |67
Thus
2k2 a?
<52 < 52
(8) r=s3 Ir = 169"
Next, let

Then we have

di =d(p W) = |3 — [if)|
= (1 — )+ (i — ) + (e — p2) 4+ (05 = @2) + (@5 — 5
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THE SPECTRAL METHOD FOR MIXTURE MODELS 1151
and, by the triangle inequality,

di > i — o] — (1 — ) + (e — ) + (3 — 02) + (i — )|
> i — pie| = s — | = e — 2| — dy — |05 — 121

Next, we use the inequality above to show that

(9) d; >

w\Q

To this end, we need inequalities given in (10), (11), and (12). By the separation
assumed in Theorem 3, we have

(10) i = pr| = aloi + o).

From Lemma 8(b) we have

(11) i — | < 4 and [, — p7| <

Moreover, from (8) and Lemma 8(c) it follows that

2a 2
Or W < — Or.

12 d, < e

oy <

From these facts (9) follows immediately.
Next, from Lemma 8(c) and (9) it follows that

d;

| V

a
17

Therefore, using (7) and Lemma 9,

k
—4N”>%§]ﬂ > Y|
=1
>3 T = 3 m)at

i€ER i€ER

As a result,

XZITI< Qﬂ\Tl |T|~

i€ER

However, since each |T;| > §|T'| (by Lemma 8(a)), this implies that R is empty.
Consequently, for any i # r we have

(13) 8 = i1 > G0+ o).

To complete the proof of the lemma, we note that by Lemma 8(b), for any 1 <
J<,

~ ~S S
|0l — 05| < |ud —p3| < ik — pgl + |y — |<2
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1152 R. KANNAN, H. SALMASIAN, AND S. VEMPALA

Therefore, by (13) and the triangle inequality,

.3 .S S .S A
Iz —url—l(uf—uiﬂ(ui—ur)+(uT—urT)l

e S R A B EE

>a( o) oi Oy
Yoy T

=1 2 2

>%(oi+ar). O

LEMMA 11. Let p € T;. With probability at least 1 — 13,

N
o(p)? < 16ké? log? ((f) .

Further, if i is a large component, then

Proof. Consider the samples in T; after projection onto W. These points are i.i.d.
samples from a logconcave distribution with maximum variance at most ko?. Fix a
(projected) sample point p. By Lemma 6,

. 3 Nk 6

Therefore, with probability at least 1 — every projected sample point from any F;

k ’
lies within dlstance at most 7\f koi w l(fg( kY of fi;. Consequently, with probability
at least 1 — Sk, any pair of projected samples from T} are within 3v/k ko w 1og(7) of
each other. Since by Lemma 8(a) |T;| > &€ it follows that elements of T'(p) lie within
a ball of radius at most 3vko; w log( Xk ; ) centered at p. From the definition of o(p),
Lemma 2, and Lemma 8(c) it follows that

1 NE NE
2 12 < Oh2 2 (DR o 6k621002 [ 20
o(p)® < T Z |z — p|® < 9kojyy log ( 5 ) < 16k67; log ( 5 )

z€T(p)

For the second inequality, note that by Lemma 10 the set T'(p) of samples used
to compute o(p) are all from T;. If v is the direction in W for which the distribution
F; has maximum variance, then Lemma 7 implies that for

H= {x e R": MT(I’) -v— %O’LW <vzx < MT(p) -+ %JLW}

we have Fj(H) < —— x 2‘5[“ W= €.

Now we apply a result Wthh follows from VC-dimension techniques (see [10]). To
make the paper self-contained, we will give a proof of this result in section 4.5. For
any interval I along the direction v, let Hy = {x € R" : & -v € I}.

LEMMA 12. Suppose T = T3 UTo U--- U Ty is a set of i.i.d. samples generated
from the mizture F' such that |T| > Ny. Fi:z:i € {1 ,r}, and let I be any interval

along the direction of v such that F;(Hy) < Wzth pmbabzlzty at least 1 — 8k, we
have
|T7, n H[| 15
B 2 pHD| < =
[l ]
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We now complete the proof of Lemma 11. From Lemma 12 we have

3 e|Ti| < 3|T(p)\_
4 2~ 4

3e
T(p) 0 H| < ST <

This means that at least % samples in T'(p) are out of the strip H; i.e., they are

at least as far as So; w apart from puT®) in the direction of v. Hence, using Lemma

8(c),
of > e (o 3 (- T )2
Tl \olE 2=
1 |T(p)] £ 2
= 1T)] 1 (8"”)
g2 e252

2 4

> — o+ >
= 25674W = H12

which completes the proof. 0

We continue with the proof of Theorem 3. First, note that from Lemma 8(a)
it follows that in each iteration the size of the set of samples is at least 2/Ny. The
algorithm uses Ny samples for SVD computation, and the rest are classified. Since
there are at least Ny samples left, all of the necessary lemmas will be valid.

Suppose the point py which maximizes o(p) in step 4 of the algorithm is actually
from a large component F,. (i.e., one which satisfies (6)). By Lemma 6 and the first
part of Lemma 11, we have

N N
(15) %O’T > 2840(17) log <6k> > 3Vko, w log (;) .

It was shown that from (14) it follows that with probability 1— &, any pair of projected

samples onto W from F; are within 3\/%0“41 log(%) of each other. This, together
with (15), means that the output of an iteration contains 7). entirely. Moreover, from
Lemma 10 and the above consequence of (14) it follows that the distance between
any projected samples of F,. and Fj, i # r, is at least go,. This, together with
(15), implies that the output of the iteration does not contain any samples from any
F;, i # r. Therefore the output of the iteration exactly classifies samples from one
distribution.

Next, we will show that the point pg in step 4 of the algorithm must indeed be
from a large component. Let 7 be the component for which |T}.|62 is maximum. Take

any p € T; for an ¢ which is not large, i.e.,

(16) 162 < BIT, |62,
Therefore,
T 20
52 T 52 « P52
O—’L — ﬁlj‘;‘aT‘ — c O—'l"
By Lemma 11,
Nk 32k NE g2
2 ~27 2 ~27 2 A2
16ka; 1 — ) < /=671 — | = —467.
U(p)<6010g<6>_ Earog<6) F120r
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On the other hand, for any point ¢ € T,

&2
> — 2,
a(q)* = 512% > o(p)
Hence the point pg chosen in step 4 of the algorithm will be from a large component.
This completes the proof of Theorem 3.

4.4. Proof of Corollary 4. Assume N > a3n262 log® (% ), where C’ is a large
enough constant. We use our spectral algorithm to obtain a classiﬁcation of N — kNy
samples such as T' =T, U - - - U Tx. By Theorem 3, with probability at least 1 — é the
algorithm classifies the samples correctly. For any 1 < i < k, set

Zx and A = |T|Z Nz — )T

zeT; z€T;

i = py
|T|

From Lemma 8(a) it follows that with probability at least 1 — 6, for every 1 < ¢ < k

we have |T;| > 4” % Jog® (2 k) . Now the samples in T are i.i.d. and all generated from

F;. With a method analogous to the proof of Lemma 8(b) given below, we can prove

that for any 1 <7 < k, with probability at least 1 — —k we have [p; — pi| < 3o
Finally, let G; be the shifted logconcave distribution given by

Clearly the mean of G; is located at the origin. Set

> (= pa) (e — )"

" o__
Y reT;

Since |T;| = Q( "2 log ( b2 = ))7 Lemma 5 implies that for any 1 < ¢ < k, with

(55) )
probability at least 1-— 2 for any vector v € R™ we have

A% = || = 3 @T)?| - Ea((vTy)?)

T.
| 1| yeTi—p;

< 2B (7)) = ST Aw,

which implies that ||, cp (2 — pi)(z — w)")|| < 2]|Ai|| < %o7. Next, a simple
calculation shows that

Af = A7 — (i = p) (i — )"
which, together with |p; — pj| < Zoy, implies that ||4] — 4;]| < no?.

4.5. Proof of Lemma 12. In this section we prove Lemma 12. Our notation
will be the same as in the statement of the lemma. Let £, be the line in the direction
of v. Let t = [3?01 Choose a sequence of closed intervals Iy,...,I; on L, such that
the following hold:

e For any 1 < j <t, we have F'(Hy,) = %

L] £v211UUIt
e The interiors of I, ..., I; are disjoint.
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For any 1 < j <, let 7; be the number of samples in 7; which belong to Hy,. Using
Chernoft’s inequality one can see that

Pr(
B

From Lemma 8(a) it follows that with probability at least 1 — g3, for any j we have
| ‘;{ [~ %| < ﬁ. Next, we show that when this holds, the inequality of the statement
of the lemma holds as well.

Let I be an interval such that F;(Hy) =1 < §. Suppose a,b are chosen such that

Iot1U---ULlpyCcICI,U---Ulp. Then (b—a+1) > It and b—a— 1 < lt. Therefore

[T;

o1
i < 2¢ e,

1
T3] t’ ~ 100t>

\TiﬂH1| T+ -+T7p 1 1 101
boat1) (-4 — ) <@+2)( —
o~ m S Cme DG e < U2 o
—Z+L+@<l+£
" 100 " B0 8

and, similarly,

|TiﬂH]‘ Ta+1 + -+ Tp_1 1 1 99
b—a—1) (== —)>@—-2) (=
T T3] >(b=a=1{3 =300 ) > =2 100

1 99 ZE

TT00t 50t ' 8

5. Concluding remarks. In this paper we showed that assuming a mild sepa-
ration for the means a PCA-based learning algorithm provably classifies samples from
a mixture of logconcave distributions.

From the example in Figure 1, it is not hard to see that spectral projection re-
quires a separation between means that grows with the largest variance of individual
components. Following the preliminary version of our results [18, 9], Achlioptas and
McSherry [1] have improved the polynomial dependence on k and € using a more so-
phisticated algorithm after projection. It remains an open problem to learn (nonspher-
ical) Gaussians at smaller separation. The near disjointness of Gaussian components
(e.g., total variation distance nearly 1 for two Gaussians), and thus their learnability,
is implied by the assumption that the distance between two means is of the order of
the variance in the direction of the line joining the means. Spectral projection fails at
such a small separation, and a different technique will have to be used.

On the other hand, the main technique used in this paper is fairly easy to im-
plement and commonly used in practice for many applications. In [20], Vempala and
Wang present empirical evidence and propose an explanation for why the method is
effective for real data where the assumption that the components are Gaussian (or
logconcave) might not be valid.

Finally, most guarantees for spectral methods assume that the data is gener-
ated from some restricted model such as a random model. Our algorithm is also for
“random” data, but the distributions considered are more general. Spectral projec-
tion seem to be well suited for such models, and our result can be viewed as further
evidence of this.

Acknowledgment. We thank the referees for patiently reading the original ver-
sion of the paper and making several useful suggestions.
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