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ABSTRACT. Given a finite group G, the faithful dimension of G over C, denoted by
mfaithful(G), is the smallest integer n such that G can be embedded in GLn(C). Continuing
the work initiated in [BMKS19], we address the problem of determining the faithful
dimension of a finite p-group of the form GR := exp(gR) associated to gR := g ⊗Z R in the
Lazard correspondence, where g is a nilpotent Z-Lie algebra and R ranges over finite
truncated valuation rings.

Our first main result is that if R is a finite field with pf elements and p is sufficiently large,
then mfaithful(GR) = fg(pf ) where g(T ) belongs to a finite list of polynomials g1, . . . , gk,
with non-negative integer coefficients. The latter list of polynomials is uniquely determined
by the Lie algebra g. Furthermore, for each 1 ≤ i ≤ k the set of pairs (p, f) for which
g = gi is a finite union of Cartesian products P ×F , where P is a Frobenius set of prime
numbers and F is a subset of N that belongs to the Boolean algebra generated by arithmetic
progressions. Previously, existence of such a polynomial-type formula for mfaithful(GR) was
only established under the assumption that either f = 1 or p is fixed.

Next we formulate a conjectural polynomiality property for the value of mfaithful(GR) in
the more general setting where R is a finite truncated valuation ring, and prove special
cases of this conjecture. In particular, we show that for a vast class of Lie algebras g that are
defined by partial orders, mfaithful(GR) is given by a single polynomial-type formula.

Finally, we compute mfaithful(GR) precisely in the case where g is the free metabelian
nilpotent Lie algebra of class c on n generators and R is a finite truncated valuation ring.

1. INTRODUCTION

The faithful dimension of a finite group G over C is the smallest possible dimension
of a faithful complex representation of G. Throughout this paper we denote the faithful
dimension of G by mfaithful(G). It is known that edC(G) ≤ mfaithful(G) for a finite group G
(see [BF03, Proposition 4.15]), where edK(G) denotes the essential dimension of G over a
field K as defined by Buhler and Reichstein [BR97]. It follows from a theorem of Karpenko
and Merkurjev [KM08] that equality holds for all finite p-groups (see also [Mer17]).

The current work is a continuation of [BMKS19] in which the question of determining
the faithful dimension was systematically studied for finite p-groups associated to Z-Lie
algebras via the Lazard correspondence. Let f be a finite Z-Lie algebra which is nilpotent
and has cardinality pk for a prime number p that is strictly larger than the nilpotency class
of f. Then to f we can associate a finite p-group with underlying set f and with group
multiplication defined by the Baker-Campbell-Hausdorff formula, that is

x ∗ y :=
∑
n>0

(−1)n+1

n

∑
(a1,b1),...,(an,bn)

aj+bj≥1

(
∑

1≤i≤n ai + bi)
−1

a1!b1! · · · an!bn!
(adx)

a1(ady)
b1 . . . (adx)

an(ady)
bn−1(y),
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for x, y ∈ f. By a result of Lazard [Khu98, Chapter 9] every finite p-group of nilpotency
class strictly smaller than p is obtained in this way from a unique Lie algebra f. It is natural
to denote this p-group by exp(f).

A general class of examples of the above construction can be given as follows. Let g be a
nilpotent Z-Lie algebra that is finitely generated as an abelian group, and let R be a finite
commutative unital ring of cardinality pk where p is a prime number strictly larger than
the nilpotency class of g. Then the above construction yields a finite p-group GR := exp(gR)
where gR := g⊗Z R. For example, for p ≥ n ≥ 2 the group of n× n unitriangular matrices
over R is obtained in this fashion from the Lie algebra of n × n strictly upper triangular
matrices over R (which has nilpotency class n− 1).

Let Fq denote a finite field of order q := pf . A central result of our previous
work [BMKS19] is about the dependence of mfaithful(GFq) on p and f . More precisely, we
proved the following two assertions (see Theorems 2.5 and 2.7 of [BMKS19]):

(A) There exist finitely many polynomials g1, . . . , gk with non-negative integer
coefficients such that for every prime p we have mfaithful(GFp) = g(p) where g = gi
for some 1 ≤ i ≤ k. The set of p for which g = gi is definable in terms of existence
of solutions of polynomial systems modulo p.

(B) Given any sufficiently large prime p, there exist finitely many polynomials
g1, . . . , gk, depending only on g and on p, such that for every q := pf with f ∈ N
we have mfaithful(GFq) = fg(q) where g = gi for some 1 ≤ i ≤ k. The set of f ∈ N
for which g = gi is a finite union of arithmetic progressions.

In statement A only p varies, while in statement B only f varies and it is not clear how
the gi depend on p. Statements A and B suggest that mfaithful(GFq) should possess a stronger
polynomiality-type property, where both p and f are allowed to vary simultaneously. We
did not succeed in proving a unifying assertion in [BMKS19] (see Remark 2.8 of the latter
reference).

The first major result of the present paper (Theorem 1.1) proves such a unifying
assertion. For a polynomial g(T ) ∈ Z[T ], we denote the set of primes p for which the
congruence g(T ) ≡ 0 (mod p) has a solution by Vg. We call a set of prime numbers a
Frobenius set if it is in the Boolean algebra generated by the sets Vg. The Frobenius sets
are closely related to Serre’s Frobenian sets (see [BMKS19] or [Lag83] for a precise
statement). Henceforth, by an arithmetic progression in N we mean a subset of N of the
form

{
a+ kb : k ∈ Z≥0

}
where a ∈ N and b ∈ Z≥0.

Theorem 1.1. Let g be a nilpotent Z-Lie algebra which is finitely generated as an abelian
group. Then there exist

(a) a constant M = M(g) only depending on g,
(b) a partition {P1, . . . ,Pr} of the set of primes larger than M into Frobenius sets,
(c) a partition {F1, . . . ,Fs} of natural numbers into arithmetic progressions, and
(d) polynomials gij(T ), for 1 ≤ i ≤ r and 1 ≤ j ≤ s, with non-negative integer

coefficients,

such that for all q := pf where (p, f) ∈Pi ×Fj for some 1 ≤ i ≤ r and 1 ≤ j ≤ s, we have

m
faithful

(GFq) = fgij(q).
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We remark that the groups GFq have exponent p, so that by a result of Brauer Q(e2πi/p) is
a splitting field of GFq . It follows from [KM08] that edK(GFq) = m

faithful
(GFq) for every field

K that contains Q(e2πi/p).
A natural extension of the class of p-groups GFq is the groups GR with R ∼= O/pd, where
O is the valuation ring of a local field and p is the prime ideal of O. Up to isomorphism,
every finite local ring with a nilpotent and principal maximal ideal is of the form O/pd
(see [Del84, McL73]). Such rings are called finite truncated valuation rings.

Let R be a finite truncated valuation ring with maximal ideal m. We use d = dR to denote
the smallest positive integer satisfying md = 0. If p = pR := char(R/m), then pR = me for
some e = eR ≥ 1 and O/m ∼= Fpf for some f = fR ≥ 1. Henceforth we refer to the
quadruple (d, p, e, f) as the associated parameters of R. It turns out that we can formulate
the problem (and our results) only in terms of (d, p, e, f), even though these parameters
do not identify R uniquely up to isomorphism. We conjecture the following extension of
Theorem 1.1 for m

faithful
(GR).

Conjecture 1.2. Let g be as in Theorem 1.1. Then the constant M(g), the partitions
{P1, . . . ,Pr} and {F1, . . . ,Fs}, and the polynomials gij(T ) can be chosen such that for
every finite truncated valuation ring R with associated parameters (d, p, e, f) we have

m
faithful

(GR) = f
e−1∑
`=0

gij(p
f(d−`)) whenever (p, f) ∈Pi ×Fj.

We are unable to prove Conjecture 1.2 in full generality, but we establish two results
that support this conjecture. The first result, Theorem 1.3, shows that m

faithful
(GR) is not

greater than the conjectural value, but grows with the same rate as d tends to infinity.

Theorem 1.3. Let g, {Pi}ri=1, {Fi}si=1, and the gij(T ) be as in Theorem 1.1. Fix 1 ≤ i◦ ≤ r
and 1 ≤ j◦ ≤ s. Then there exists a constant M > 0 such that for every finite truncated
valuation ring R with associated parameters (d, p, e, f) satisfying (p, f) ∈ Pi◦ × Fj◦ and
p > M , we have

fgi◦j◦(p
fd) ≤ m

faithful
(GR) ≤ f

e−1∑
`=0

gi◦j◦(p
f(d−`)).

Remark 1.4. Note that the above theorem establishes Conjecture 1.2 in the case e = 1.
In this case, the rings R are of the form O/pd where O is the ring of integers of a finite
unramified extension of Qp.

The second result, Theorem 1.5, establishes the conjecture for groups associated to
pattern Lie algebras. Before stating Theorem 1.5 we recall some definitions. Let ≺ be a
partial order on the set [n] := {1, 2, . . . , n}. To this partial order, we assign the Z-Lie
subalgebra g≺ of gl(n,Z) that is spanned by the eij satisfying i ≺ j, where the eij denote
the standard basis vectors of gl(n,Z). Many nilpotent Lie algebras of interest
(e.g., nilradicals of parabolic subalgebras of semisimple Lie algebras) are pattern Lie
algebras.

Without loss of generality we assume that ≺ is compatible with the usual ordering of
[n], so that elements of g≺ are strictly upper triangular matrices. For any i ≺ j define

(1.1) α(i, j) := #{k ∈ [n] : i ≺ k ≺ j}.
A pair (i, j) with i ≺ j is called extreme if i is minimal and j is maximal with respect to ≺.
The set of extreme pairs will be denoted by Iex.
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Theorem 1.5. Let g := g≺ with g≺ as above, and let R be a finite truncated valuation ring
with associated parameters (d, p, e, f) such that

p > max{α(i, j) : i ≺ j}+ 1.

Then

(1.2) m
faithful

(GR) =
e−1∑
`=0

∑
(i,j)∈Iex

fpf(d−`)α(i,j).

Special cases of Theorem 1.5 were proved in [BMKS19] (for R = Fq) and [BMKS16]
(for Heisenberg and unitriangular groups over general R). The Heisenberg Lie algebra
(which is the nilradical of the parabolic subalgebra of gln with Levi factor gl1⊕ gln−2⊕ gl1)
corresponds to the partial order

1 ≺ 2, 3, . . . , n− 1 ≺ n,

and the unitriangular Lie algebra corresponds to the total order 1 ≺ · · · ≺ n.
We conclude this paper by computing m

faithful
(GR) when g ∼= mn,c, where mn,c is the free

metabelian nilpotent Lie algebra of class c on n generators. Recall that

mn,c := fn,c/[[fn,c, fn,c], [fn,c, fn,c]],

where fn,c denotes the free nilpotent Z-Lie algebra of class c on n generators. Indeed mn,c

is the largest metabelian quotient of fn,c. The following theorem is a generalization of
[BMKS16, Theorem 2.15], which corresponds to the special case m2,c. Special cases of
m3,5,m3,6 and mn,4 for all n ≥ 2 over finite fields were computed by Tielker [Tie18].

Theorem 1.6. Set g := mn,c where n, c ≥ 2. Then for p sufficiently large we have

m
faithful

(GR) = (c− 1)

(
n+ c− 2

c

) e−1∑
`=0

fpf(d−`).

Let us now explain the key ideas that are used in the present paper. Similar to our
previous work [BMKS19], we heavily use the Kirillov orbit method for finite p-groups, as
well as the notion of the commutator matrix associated to a nilpotent Lie algebra, defined
originally by Grunewald and Segal [GS84]. Another important tool is a theorem from
[BMKS19] which relates the faithful dimension to the question of existence of rational
points in general position on certain rank varieties. However, the proof of Theorem 1.1
requires two new ideas: first, a theorem of Ax from his seminal work [Ax68] (see also
[vdD91]) which roughly states that any elementary statement in the language of finite
fields is equivalent to one about single-variable polynomials; second, a theorem of
Dedekind about factorization of the reduction modulo p of a monic polynomial with
integer coefficients. In addition, in the proof of Theorem 1.3 we need a (not so well
known) variant of the multivariate Hensel’s lemma that does not require any smoothness
or genericity assumption (see Proposition 3.4). This variant was first established by Ax
and Kochen [AK65] using ultrafilter methods (for further references, see Section 3).

Acknowledgement. The authors thank Emmanuel Breuillard, Jamshid Derakhshan, Julia
Gordon, Zinovy Reichstein, and Christopher Voll for stimulating conversations, and the
anonymous referees for reading the paper carefully. The research of Hadi Salmasian was
partially supported by an NSERC Discovery Grant (RGPIN-2018-04044).
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2. POLYNOMIALITY ALONG ALL FINITE FIELDS

In this section we will prove Theorem 1.1. We begin with recalling a result of Ax from
model theory of finite fields. Let Q := {pf : p is prime and f ∈ N} be the set of all prime
powers. For n ≥ 1, denote by Bn the Boolean algebra on Q generated by the subsets

Zh1,...,hk := {q ∈ Q : the equations hi(T1, . . . , Tn) = 0, 1 ≤ i ≤ k, have a solution in Fq},

where h1, . . . , hk range over all polynomials in Z[T1, . . . , Tn]. Also, let B be the Boolean
algebra generated by finite subsets of Q and the sets Zh where h ∈ Z[T1]. In [Ax68,
Theorem 11], Ax proved that for all n ≥ 1, we have Bn ⊆ B. This statement
generalizes [Ax67, Theorem 1], which proves a similar assertion for primes. It also
follows from a result of van den Dries in [vdD91, Subsec. (2.3)].

In order to prove Theorem 1.1 we need a refinement of the aforementioned result of
Ax (see Proposition 2.4). This refinement may be well known to the experts in the field
(see e.g. [Ax68, Theorem 11’] for a somewhat similar statement), but we were unable to
locate the required formulation in the literature. For this reason and for convenience of the
reader we will supply a proof. We would like to thank J. Derakhshan for communicating
the main steps of this proof to us.

Let us recall some basic facts from algebraic number theory. Let h(T ) ∈ Z[T ] be a monic
polynomial. The discriminant of h(T ) is defined to be

Disch :=
∏

1≤i<j≤n

(αi − αj)2,

where α1, . . . , αn are the roots of h(T ). Note that since h(T ) is monic, Disch ∈ Z. We
denote the splitting field of h(T ) by E, that is, E := Q(α1, . . . , αn), and the ring of algebraic
integers of E by OE.

Let p be a prime number that does not divide Disch. Then p is unramified in every simple
extension Q(αi) (see [Mar18, Theorem 3.24]), hence by [Mar18, Theorem 4.31] it is also
unramified in the compositum of the Q(αi), that is, in E. Therefore to every prime ideal
q of OE that lies over pZ (i.e., q ∩ Z = pZ) one can associate a Frobenius automorphism
[Mar18, Theorem 4.32], which is the unique element σq ∈ Gal(E/Q) that satisfies

σq(α) ≡ αp mod q for all α ∈ OE.

The σq form a conjugacy class of Gal(E/Q), denoted by the Artin symbol
(
E/Q
p

)
.

Denote the reduction of h(T ) modulo p by h̄(T ). Since p - Disch, the roots of h̄(T ) are
also simple. For the proof of the next theorem, see [Jac85, Theorems 4.37 and 4.38].

Theorem 2.1 (Dedekind). Let h(T ) and p be as above. Suppose

(2.1) h̄(T ) = h1(T ) · · ·hr(T )

is the factorization of h̄(T ) into irreducible polynomials over Fp. Set ni := deg hi for 1 ≤ i ≤ r.
Let q be a prime ideal ofOE that lies over pZ. Then the cycle decomposition of σq, when viewed
as a permutation of the roots of h(T ), is of the form ς1 · · · ςr with each ςi a cycle of length ni.

Remark 2.2. Theorem 2.1 is not stated in [Jac85] exactly in the given form. Jacobson
proves (by an argument originally due to Tate) that for every prime ideal p of Oh :=
Z[α1, . . . , αn] that lies over pZ, there exists a unique σp ∈ Gal(E/Q) such that for all α ∈ Oh
one has σp(α) ≡ αp mod p, and furthermore the restriction of σp to the roots of h(T ) has
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the desired cycle decomposition. Now if q ⊂ OE is a prime ideal that lies over pZ, then σq
also satisfies σq(α) ≡ αp mod p for α ∈ Oh, where p := q ∩ Oh. Thus by the uniqueness of
σp we obtain σp = σq.

Lemma 2.3. Let h(T ), p, σq, and ni for 1 ≤ i ≤ r be as in Theorem 2.1. Denote by Sp(h) the
set of integers f ≥ 1 such that h̄(T ) has a root in Fpf . Then

Sp(h) =
r⋃
i=1

niN = {k ≥ 1 : Fix(σkq ) 6= ∅},

where Fix(σkq ) is the set of fixed points of σkq , viewed as a permutation of the roots of h(T ).

Proof. From the cycle decomposition of σq in Theorem 2.1 it follows immediately that σkq
has a fixed point if and only if ni|k for some 1 ≤ i ≤ r. This proves the second equality.
Thus it remains to verify that Sp(h) =

⋃r
i=1 niN.

First observe that for each 1 ≤ i ≤ r, the quotient Fp[x]/(hi(x)) is a field of order pni

in which h̄(x) has a root. Recall that k|l if and only if Fpl has a subfield isomorphic to
Fpk . Thus if k ∈ niN for some 1 ≤ i ≤ r, then h̄(x) has a root in Fpk . This proves
Sp(h) ⊇

⋃r
i=1 niN. For the reverse inclusion, assume that h̄(x) has a root in Fpk . It follows

that there exists 1 ≤ i ≤ r such that hi(x) has a root in Fpk . Call this root α. Since hi(x)
is irreducible over Fp, it follows that the subfield Fp(α) has pni elements. Thus Fpni is
isomorphic to a subfield of Fpk , and consequently ni divides k. �

Define an equivalence relation ∼ on Gal(E/Q) by

τ1 ∼ τ2 iff τ1 = στ j2σ
−1 for some σ ∈ Gal(E/Q),

where gcd(j, ord(τ2)) = 1. An equivalence class of ∼ is called a division, or an Abteilung.
Following [Lag83], for any division C ⊆ Gal(E/Q) we consider the set

E (C) :=

{
p :

(
E/Q
p

)
⊆ C

}
.

In the following proposition, let S(h;M) for M > 0 and a monic polynomial h ∈ Z[T ]
denote the set of pairs (p, f) where p > M is prime, f ≥ 1, and the reduction modulo p of
h(T ) has a root in Fpf .

Proposition 2.4. Let h(T ) ∈ Z[T ] be monic. Then there exists M◦ > 0, only depending on
h(T ), such that S(h;M◦) =

⋃r
i=1Pi ×Ni for some r ∈ N, where the Pi and the Ni satisfy the

following properties:
(a) The Pi form a partition of the set of primes bigger than M◦ into Frobenius sets, and
(b) Each Ni is a finite union of sets of the form kN for k ∈ N.

Proof. Without loss of generality we can assume that h(T ) is irreducible over Q. As before
let E denote the splitting field of h(T ). We denote the divisions of Gal(E/Q) by C1, . . . , Cr.
We set M◦ := 1 + |Disch|. First we show that if p, p′ > M◦ are primes such that(

E/Q
p

)
∪
(
E/Q
p′

)
⊆ Ci for some 1 ≤ i ≤ r,

then Sp(h) = Sp′(h). Choose σq ∈
(
E/Q
p

)
and σq′ ∈

(
E/Q
p′

)
. Then σq′ = τσjqτ

−1, where

gcd(j, ord(σq)) = 1. By Lemma 2.3, if n ∈ Sp(h) then Fix(σnq ) 6= ∅, hence also Fix(σnjq ) 6= ∅.
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Since σnq′ is conjugate to σnjq , it follows that Fix(σnq′) 6= ∅, so that n ∈ Sp′(h). This proves
Sp(h) ⊆ Sp′(h), and by symmetry we have the reverse inclusion, hence Sp(h) = Sp′(h).

From what we just proved it follows that Sp(h) depends only on the index 1 ≤ i ≤ r

for which
(
E/Q
p

)
⊆ Ci. It is shown in [Lag83, Theorem 1.1] that every set of primes that

differs by only a finite set from E (C) for some division C is a Frobenius set.1 Thus we can
set Pi := E (Ci) for 1 ≤ i ≤ r. The existence of the Ni now follows from Lemma 2.3. �

Remark 2.5. Let Q1 ⊆ Q denote the set of prime numbers. Then S(h,M) is the inverse
image of Zh ∩ QM , where QM := {pf ∈ Q : p > M}, under the bijection Q1 × N → Q
given by (p, f) 7→ pf .

For the proof of Theorem 1.1 we need one more ingredient: a result from our previous
work [BMKS19] which relies on the Kirillov orbit method for finite p-groups. To state this
result, we need to recall the notion of the commutator matrix of a nilpotent Z-Lie algebra.

Given a finitely generated abelian group Γ, we call a subset S ⊆ Γ a semibasis if it
represents a basis over Z of the free abelian group Γ/Γtor, where Γtor denotes the subgroup
of torsion elements of Γ. Clearly #S = rkZΓ, where rkZΓ is the rank of Γ as a Z-module.

Now let g be a nilpotent Z-Lie algebra which is finitely generated as an abelian group.
Let w1, . . . ,wl1 be a semibasis of Z(g) ∩ [g, g]. Let wl1+1, . . . ,wm be elements of g that
represent a semibasis of [g, g]/(Z(g) ∩ [g, g]). Finally, let z1, . . . , zl2 be elements of g that
represent a semibasis of Z(g)/(Z(g) ∩ [g, g]). Then the vectors {w1, . . . ,wm, z1, . . . , zl2} are
Z-linearly independent and rkZ(Z(g) + [g, g]) = l2 +m.

Let v′1, . . . ,v
′
n be elements of g that represent a semibasis of g/Z(g). For 1 ≤ i < j ≤ n,

there exist integers ηkij, l1 + 1 ≤ k ≤ m, such that if we set

v′i,j :=

(
[v′i,v

′
j]−

m∑
k=l1+1

ηkijwk

)
,

then v′i,j + ([g, g]∩Z(g)) ∈ ([g, g]/[g, g]∩Z(g))tor. Set K equal to the exponent of the group
([g, g]/[g, g] ∩ Z(g))tor. Then Kv′i,j ∈ [g, g] ∩ Z(g) for 1 ≤ i < j ≤ n. Now set vi := Kv′i for
1 ≤ i ≤ n. Then there exist integers λkij such that

[vi,vj]−
m∑
k=1

λkijwk ∈
(
[g, g] ∩ Z(g)

)
tor

for 1 ≤ i < j ≤ n.

We remark that λkij = K2ηkij for l1 + 1 ≤ k ≤ m. We set λkii := 0, and for i > j we define
λkij := −λkji. Finally, for 1 ≤ i, j ≤ n we define the linear forms

Λij(T1, . . . , Tm) :=
m∑
k=1

λkijTk ∈ Z[T1, . . . , Tm].

It is clear that Λii = 0 and Λij = −Λji for 1 ≤ i, j ≤ n. The commutator matrix of g (relative
to the chosen ordered basis) is the n×n skew-symmetric matrix of linear forms defined by

(2.2) Fg(T1, . . . , Tm) := [Λij(T1, . . . , Tm)]1≤i,j≤n.

1We remark that Lagarias uses different terminology. In particular, in [Lag83] our Frobenius sets are
called SPC sets, the sets E (C) are called elementary Frobenius sets, and the sets in the Boolean algebra
generated by the E (C) for divisions C are called Frobenius sets.
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See [GS84, Vol05, Vol04, OV15, AKOV13, SV14] as other references for Fg. In the
following theorem, rkFq(·) denotes the rank of a matrix with entries in the field Fq.

For a given g we set SBg := (w1, . . . ,wm, z1, . . . , zl2 ,v
′
1, . . . ,v

′
n). This (m + l2 + n)-tuple

of vectors is the semibasis data that uniquely determines Fg. For an isomorphism class of g
we can fix this semibasis data, thereby fixing the commutator matrix Fg whenever needed.

Theorem 2.6. Let g be a nilpotent Z-Lie algebra which is finitely generated as an abelian
group. Then there exists a constant M > 0, depending only on g and the choice of SBg, such
that for every prime power q := pf with p > M and f ≥ 1 we have

(2.3) m
faithful

(Gq) = min


l1∑
`=1

fq
rkFq (Fg(x`1,...,x`m))

2 :

x11 . . . x1l1
... . . . ...
xl11 . . . xl1l1

 ∈ GLl1(Fq)

+ fl2,

where m := rkZ([g, g]), l1 := rkZ([g, g] ∩ Z(g)) and l2 := rkZ(Z(g)/Z(g) ∩ [g, g]).

Proof. This is proved in [BMKS19, Theorem 5.3]. �

Remark 2.7. (a) Let X ⊆ N belong to the Boolean algebra generated by arithmetic
progressions. Then X can be expressed as a disjoint union of arithmetic progressions
(note that any singleton {a} ⊂ N is also considered an arithmetic progression). This can
be seen as follows. Set Aa,b := {a + kb : k ∈ Z≥0} where a ∈ N and b ∈ Z≥0. Then
Aa,b ∩ Aa′,b′ is either the empty set, or a singleton, or a set of the form Aa′′,b′′ where b′′ is
the least common multiple of b and b′. Furthermore,

N \ Aa,b =
⋃

1≤a′ 6=a≤b

Aa′,b ∪
⋃

a′′ ≡ a mod b
1 ≤ a′′ < a

{a′′}.

Finally, by De Morgan’s Law the case of Aa,b ∪ Aa′,b′ can be reduced to the cases of
intersection and complement. From these observations it follows that every subset of N
that is obtained by finite intersection, complements, and finite unions is expressible as a
disjoint union of the sets Aa,b.

(b) Recall that Q1 ⊆ Q denotes the set of prime numbers. Suppose that X ⊆ Q1 × N
belongs to the Boolean algebra generated by product sets P × F where P ⊆ Q1 is a
Frobenius set and F ⊆ N is in the Boolean algebra generated by arithmetic progressions.
Then X can be expressed as a union of the generators P × F . This is a consequence of
part (a) and the following relations:

(i) (P × F) ∩ (P ′ ×F ′) = (P ∩ P ′)× (F ∩ F ′).
(ii) (Q1 × N) \ (P × F) = ((Q1 \ P)×F) ∪ (Q1 × (N \ F)) ∪ ((Q1 \ P)× (N \ F)).

Note that as in (a), the union (P × F) ∪ (P ′ × F ′) can be expressed by intersection and
complement.

Lemma 2.8. Let X and Y be two arbitrary sets, and let {Zi}i∈I be a partition of X × Y
into finitely many sets such that Zi =

⋃Ni

j=1Xi,j × Yi,j for i ∈ I, where Ni ∈ N. Then there
exist partitions {Xk}k∈IX of X and {Yl}l∈IY of Y , where |IX |, |IY | < ∞, such that the
following hold.

(a) The Xk belong to the Boolean algebra generated by the Xi,j.
(b) The Yl belong to the Boolean algebra generated by the Yi,j.
(c) Each Zi is a union of Cartesian product sets of the form Xk × Yl.
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Proof. Every finite Boolean algebra is isomorphic to the power set of a finite set. From
this statement it follows that there exists a finite family of disjoint sets FX := {Xk}k∈IX
in the Boolean algebra generated by the Xi,j such that each Xi,j can be expressed as the
union of elements of a subset of FX . Similarly, there exists a finite family of disjoint
sets FY := {Yl}l∈IY in the Boolean algebra generated by the Yi,j such that each Yi,j can
be expressed as the union of elements of a subset of FY . It is clear that each Zi is a
union of the sets Xk × Yl. Since

⋃
i∈I Zi = X × Y , we have

⋃
i∈I
⋃

1≤j≤Ni
Xi,j = X and⋃

i∈I
⋃

1≤j≤Ni
Yi,j = Y , hence

⋃
k∈IX Xk = X and

⋃
l∈IY Yk = Y . �

Proof of Theorem 1.1. Let p be a prime number and set q := pf for some f ≥ 1. Since
Fg(T1, . . . , Tm) is a skew-symmetric n × n matrix where n := rkZ(g/Z(g)), the rank of
Fg(x1, . . . , xm) for x1, . . . , xm ∈ Fq is an even number no larger than n. Let M be the set
of all integer vectors µ = (a1, . . . , al1) ∈ Zl1 satisfying 0 ≤ a1 ≤ · · · ≤ al1 ≤ n/2. To each
µ ∈M we assign a polynomial gµ(T ) defined by

gµ(T ) := T a1 + · · ·+ T al1 + l2.

We order the vectors µ according to the reverse lexicographical order C, defined by µ C µ′

if the rightmost non-zero component of the vector µ′ − µ is positive. If µ C µ′ and q > l1,
then we can easily see that

(2.4) gµ(q) < gµ′(q).

We sort elements ofM as µ1 C · · ·C µN , where N := #M. For µ = (a1, . . . , al1) ∈ M, we
define an affine variety

Xµ :=
{

(xij) ∈ Matl1×m(C) : rkCFg(xi1, . . . , xim) = 2ai for 1 ≤ i ≤ l1, det (xij)1≤i,j≤l1 6= 0
}
.

Note that the non-vanishing condition on the determinant can be turned into an equation
by introducing a new variable, standing for the inverse of the determinant. We also remark
that Xµ is defined over Z because Fg(T1, . . . , Tm) is an integer matrix. For µ ∈M set

Σµ :=
{
pf : p is prime, p > max{l1,M1}, f ≥ 1, and Xµ(Fpf ) 6= ∅

}
,

where M1 is the lower bound constant of Theorem 2.6. Theorem 2.6 and (2.4) imply that
m

faithful
(Gpf ) = fgµk(pf ) for the value of k that satisfies

pf ∈ Qk := Σµk \
⋃

1≤i<k

Σµi .

Recall that Q denotes the set of prime powers. By Ax’s theorem [Ax68, Theorem 11]
stated in the beginning of this section, the sets Qk can be expressed in terms of unions,
intersections, and complements of finitely many of the generators of the Boolean algebra
B, that is, finite subsets of Q and the sets Zh for h(T ) ∈ Z[T ]. Recall that for M > 0 we set

QM := {pf ∈ Q : p > M}.
For a non-constant polynomial h(T ) ∈ Z[T ], there exists a monic polynomial h1(T ) ∈ Z[x]
and a constant Mh > 0 such that Zh∩QMh = Zh1 ∩QMh (we obtain h1 from h by a suitable
change of variable T 7→ T/T0 and then clearing the denominators, so that it suffices to
choose Mh > |T0|). It follows that for M ′ sufficiently large, the sets Qk ∩ QM

′ are in
the Boolean algebra of subsets of QM ′ that is generated by the sets Zh ∩ QM

′ for monic
h(T ) ∈ Z[T ]. Proposition 2.4, Remark 2.5 and Remark 2.7(b) imply that there exists
a constant M(g) such that each of the sets Q̃k :=

{
(p, f) : pf ∈ Qk and p > M(g)

}
for
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1 ≤ k ≤ N is a finite union of Cartesian products P × N where P is a Frobenius set
and N is an arithmetic progression. The existence of the desired partitions P1, . . . ,Pr

and F1, . . . ,Fs now follows from Lemma 2.8 where we set X := QM(g), Y := N, and
Zk := D̃k for 1 ≤ k ≤ N . �

The proof of Theorem 1.1 has the following consequence, which we will need when
considering m

faithful
(GR) for finite truncated valuation rings R.

Corollary 2.9. Let g, {Pi}ri=1, {Fi}si=1, and the gij(T ) be as in Theorem 1.1. Fix 1 ≤ i◦ ≤ r
and 1 ≤ j◦ ≤ s. Set P := Pi◦, F := Fj◦, and g(T ) := gi◦j◦(T ). Then g(T ) = l2 + ĝ(T ),
where ĝ(T ) ∈ Z[T ], such that the following statements hold.

(a) ĝ(T ) =
∑deg(ĝ)

i=0 ĝiT
i where the ĝi are non-negative integers and

∑deg(ĝ)
i=0 ĝi = l1.

(b) For any q := pf where (p, f) ∈ P ×F , there exist l1 vectors ai ∈ F⊕mq , 1 ≤ i ≤ l1,
such that their projections on the first l1 components form an Fq-basis of F⊕l1q and

#
{
i : 1 ≤ i ≤ l1 and rkFq(Fg(ai)) = 2j

}
= ĝj for 0 ≤ j ≤ deg(ĝ).

Proof. From the right hand side of (2.3) it is clear that g(T )− l2 is expressible as a sum of l1
powers of q with non-negative coefficients. Indeed the coefficient ĝi is equal to the number
of summands qi. This proves (a). The minimum value on the right hand side of (2.3)
corresponds to a choice of l1 vectors a1, . . . , al1 that satisfy the assumptions of (b). �

3. BOUNDS FOR m
faithful

(GR)

In this section we turn our attention to m
faithful

(GR), where R is a finite truncated
valuation ring. It is known (see for example [McL73]) that any such R is isomorphic to
O/pd for some d ≥ 1, where O is the ring of integers of a p-adic field and p is the maximal
ideal of O (thus, in the notation of Section 1 we have m = p/pd). Henceforth we assume
that R = O/pd.

By analogy with the special case where R is a finite field, one expects that a suitable
variation of Theorem 2.6 holds form

faithful
(GR). Indeed the method of proof of Theorem 2.6

can be adapted to prove Proposition 3.2 below. Recall that p = char(O/p), #O/p = pf ,
and p(O/pd) = pe/pd. It follows that O/pe is an Fp-vector space. We define the map

(3.1) proj : (O/pd)⊕m → (O/pe)⊕l1

to be the natural projection on the first l1 components, i.e.,

proj(a1, . . . , am) := (ā1, . . . , āl1),

where a 7→ ā denotes the natural projection O/pd → O/pe.

Remark 3.1. Any finitely generated abelian group A can be expressed as a direct sum
A ∼= AF ⊕ AT where AF is free abelian and AT is torsion. Tensoring A (over Z) with a
commutative ring R whose characteristic is a prime number larger than the exponent of
AT annihilates AT . Furthermore, if A and B are finitely generated abelian groups and
A → B is an injective group homomorphism, then the induced map AF → B/BT

∼= BF

is also an injection. In particular a basis of AF is mapped to a linearly independent set of
vectors. After tensoring with R, if the charatecteristic of R is a sufficiently large prime, the
image of the basis still remains linearly independent (because the determinant of a square
minor of maximum size will remain nonzero). It follows that a short exact sequence of
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finitely generated abelian groups will remain exact upon tensoring with a finite truncated
valuation ring R as long as p is sufficiently large (depending on the exact sequence).

In the proof of Theorem 1.3 we need the following extension of Theorem 2.6.

Proposition 3.2. Let g be as in Theorem 2.6 and let R be a finite truncated local ring. Let
O(d,m, e, l1) denote the set of fel1-tuples (a1, . . . , afel1) such that ai ∈ (O/pd)⊕m for all
1 ≤ i ≤ fel1, and the projections {proj(ai)}fel1i=1 form a basis of the Fp-vector space (O/pe)⊕l1.
Then there exists a constant M > 0, depending only on g and the choice of the semibasis data
SBg that is used to define Fg, such that for p > M we have

m
faithful

(GR) = fl2e+ min

{
fel1∑
i=1

(
pfd(rkZ(g)−l1−l2)

# kerO/pd(Fg(ai))

) 1
2

: (a1, . . . , afel1) ∈ O(d,m, e, l1)

}
.

Proof. Since the argument is nearly identical to the proof of Theorem 2.6, we will only
explain the points of divergence from [BMKS19]. In what follows, we will refer to the
notation of [BMKS19]. We will not give an explicit value of M , but it can be computed
similar to [BMKS19]. Using Remark 3.1 and some elementary arguments, one can verify
that Z(gR) = Z(GR) = Z(g)R, [gR, gR] = [g, g]R, and Z(g)R ∩ [gR, gR] = (Z(g) ∩ [g, g])R.
In addition, the latter R-modules embed as free submodules of gR. We choose a primitive
additive character ψ : O/pd → C∗ as follows. Let ψ◦ : Qp → C∗ be the additive character
defined by ψ◦(x) := e2πi{x}p, where {x}p denotes the p-adic fractional part of x. Note that
kerψ◦ = Zp. Now let K denote the fraction field of O, and set

D :=
{
x ∈ O : TrK/Qp(xO) ⊆ Zp

}
.

Then D = p−` for some ` ≥ 0. Fixing a uniformizer $ ∈ p, we obtain an isomorphism of
the character group Ô/pd with O/pd via the map b + pd 7→ ψb ∈ Ô/pd, where
ψb(x) := ψ◦(TrK/Qp($−d−`bx)). Note that ψb(x) = ψ(bx) where ψ := ψ1. From this it
follows that ker(ψ) does not contain any nontrivial ideal of O/pd. Choose u1, . . . ,ul3 ∈ g
to be representatives of a semibasis of g/(Z(g) + [g, g]). Then by the above remarks for p
sufficiently large gR is a free R-module with generators w1, . . . ,wm, z1, . . . , zl2 ,u1, . . . ,ul3.
Consequently, additive characters of gR are of the form

ψa := ψ

(
m∑
i=1

aiwi +

l2∑
i=1

bizi +

l3∑
i=1

ciui

)
,

where a := (a1, . . . , am, b1, . . . , bl2 , c1, . . . cl3) ∈ R⊕(m+l2+l3). The dimension of the
irreducible representation of GR corresponding to ψa is equal to(

qd(rkZ(g)−l1−l2)

# kerO/pd Fg(a1, . . . , am)

) 1
2

.

The rest of the argument is essentially the same as the proof of Theorem 2.6. We remark
that in the proof given in [BMKS19] we used Rado-Horn’s Theorem to reduce the
mimimum from being over Fp-bases to over Fq-bases. We are unable to extend this step to
the setting of finite truncated valuation rings, which is why in the statement of
Proposition 3.2 the minimum is taken over a family of Fp-bases. �

Definition 3.3. Let {φi}i∈I be a finite family of polynomials in Z[T1, . . . , Tm]. A solution
(z1, . . . , zm) ∈ (O/p)⊕m to the system of equations φi = 0, i ∈ I, is called refinable to O if
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there exists a solution (z̃1, . . . , z̃m) ∈ O⊕m to this system whose reduction modulo p equals
(z1, . . . , zm).

In the proof of Theorem 1.3 we need a variation of Hensel’s Lemma, which has no
constraint on the derivative, but assumes that the residual characteristic is sufficiently
large. This result (see Proposition 3.4 below) has been proved by Ax and Kochen [AK65]
over Qp using ultrafilters, and by Greenleaf [Gre65] and Greenberg [Gre74] over
arbitrary p-adic fields (with a quantitative lower bound on p) using algebraic geometry.
An elementary argument for Greenberg’s theorem was given by Kneser in [Kne78]. We
remark that a minor adaptation of the proof of Ax and Kochen establishes Proposition 3.4.

Proposition 3.4. Let {φi}i∈I be a finite family of multivariate polynomials with integer
coefficients. Then there exists a constant M > 0 such that for every p-adic field K with ring of
integers O, such that the characteristic of the residue field O/p is bigger than M , every
solution in O/p of the system of equations φi = 0, i ∈ I, is refinable to a solution in O.

Proof of Theorem 1.3. Set P := Pi◦, F := Fj◦, and g(T ) := gi◦j◦(T ). As in Corollary 2.9,
we express g(T ) as g(T ) = l2 + ĝ(T ) where ĝ(T ) :=

∑deg(ĝ)
i=0 ĝiT

i. First we prove the upper
bound. Set g̃k :=

∑k
i=0 ĝi for 0 ≤ k ≤ deg(ĝ) and g̃−1 := 0. Recall that n := rkZ(g/Z(g))

is the size of the commutator matrix Fg. For 0 ≤ k ≤ bn
2
c let D(k) be the n × n diagonal

matrix whose diagonal entries are defined by D(k)
i,i = 1 for i ≤ 2k and D(k)

i,i = 0 for i > 2k.
Consider the system of polynomial equations with integer coefficients in variables x(i)

a,b, y
(i)
a,b,

r(i), s(i), and a
(i)
j , for 1 ≤ a, b ≤ n, 1 ≤ i ≤ fl1, and 1 ≤ j ≤ m := rkZ([g, g]), that is defined

by

(3.2)


X(i)F (a

(i)
1 , . . . , a

(i)
m )Y (i) = D(k) for fg̃k−1 + 1 ≤ i ≤ fg̃k and 0 ≤ k ≤ deg(ĝ),

r(i) detX(i) = 1 for 1 ≤ i ≤ fl1,

s(i) detY (i) = 1 for 1 ≤ i ≤ fl1,

where X(i) and Y (i) are n × n matrices with entries x
(i)
a,b and y

(i)
a,b, respectively. Now fix

(p, f) ∈P ×F , and let a1, . . . , al1 ∈ (O/p)⊕m be chosen as in Corollary 2.9. Next choose
any Fp-basis β1, . . . , βf for O/p, and consider the vectors a′i,j := βjai for 1 ≤ i ≤ l1 and
1 ≤ j ≤ f . The projections of the a′i,j on the first l1 coordinates form a basis for the
Fp-vector space (O/p)⊕l1. Furthermore,

#
{

(i, j) : rkO/p(F (a′i,j)) = 2k
}

= fĝk,

because # kerO/p(F (βjai)) does not depend on j. It follows that for all (p, f) ∈ P ×F ,
the polynomial system (3.2) has a solution in O/p, where the vectors (a

(u)
1 , . . . , a

(u)
m ) for

fg̃k−1 + 1 ≤ u ≤ fg̃k are equal to the a′i,j satisfying rkO/p(F (a′i,j)) = 2k. By Proposition 3.4,
for p sufficiently large (depending only on the system (3.2), hence only on g) this solution
is refinable to a solution in O. In particular there exist vectors ãi ∈ O⊕m for 1 ≤ i ≤ fl1
such that XiF (ãi)Yi = D(k) for fg̃k−1 + 1 ≤ i ≤ fg̃k and 0 ≤ k ≤ deg(ĝ), where Xi and
Yi are invertible n × n matrices with entries in O. If $ ∈ p is a uniformizer then for
0 ≤ j ≤ e − 1 we have # kerO/pd F ($jãi) = pfd(n−2k)+2kfj. Since rkZ(g) − l1 − l2 = n, we
obtain (

pfd(rkZ(g)−l1−l2)

# kerO/pd(F ($jãi))

) 1
2

= pkf(d−j).
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Furthermore, the projections to the first l1 coordinates of the list of vectors

{$jãi : 0 ≤ j ≤ e− 1 and 1 ≤ i ≤ fl1}

forms a basis of the Fp-vector space (O/pe)⊕l1. The upper bound part of the theorem
follows from Proposition 3.2.

For the lower bound, it suffices to assume that p > max
{
l1 + l2, l2 +

∑deg(ĝ)
i=0 ĝi

}
.

Suppose that the fel1-tuple (a1, . . . , afel1) of vectors in (O/pd)⊕m corresponds as in
Proposition 3.2 to the value of m

faithful
(GR). Let proj : (O/pd)⊕m → (O/p)⊕l1 be the natural

projection map defined similar to proj (see (3.1)). The vectors proj(ai) form a spanning
set of the Fp-vector space (O/p)⊕l1 , hence without loss of generality we can assume that
{proj(ai)}fl1i=1 is an Fp-basis of (O/p)⊕l1. For d ≥ 1 and 1 ≤ i ≤ fl1 set

xi,d :=

(
pf(rkZ(g)−l1−l2)

# kerO/pd(F (ai))

) 1
2

.

Note that x2
i,d is the cardinality of the subgroup of (O/pd)⊕m that is generated by the

columns of F (ai), and since F (ai) is a skew symmetric matrix, we also have xi,d = pfyi,d

for a non-negative integer yi,d. It follows that xi,d ≥ xdi,1. By Proposition 3.2 (for R = Fpf )
and Theorem 1.1,

(3.3) fl2 +

fl1∑
i=1

pfyi,1 ≥ fg(pf ).

Setting yi,d = 0 for fl1 + 1 ≤ i ≤ f(l1 + l2) and d ≥ 1, from (3.3) it follows that

(3.4)
f(l1+l2)∑
i=1

pfyi,1 ≥ fg(pf ).

Our strategy is to prove that

(3.5)
f(l1+l2)∑
i=1

pfdyi,1 ≥ fg(pfd).

Without loss of generality we assume that y1,1 ≥ · · · ≥ yf(l1+l2),1. Set N := deg(ĝ). There
are two cases to consider:

Case 1. yi,1 ≤ N for all i. We claim that yi,1 = N for 1 ≤ i ≤ fĝN : otherwise since
p ≥ 1 + l1 + l2 and the coefficients of ĝ(T ) are non-negative, we have

f(l1+l2)∑
i=1

pfyi,1 ≤ (fĝN − 1)pfN + f(l1 + l2)pf(N−1) < fĝNp
fN ≤ fĝ(pf ) ≤ fg(pf ),

which is a contradiction. It follows from above that yi,1 = N for 1 ≤ i ≤ fĝN . If yfĝN+1,1 =

N then from p ≥ l2 +
∑N

i=0 ĝi it follows that

m
faithful

(GR) ≥
f(l1+l2)∑
i=1

xi,d ≥
f(l1+l2)∑
i=1

xdi,1 =

f(l1+l2)∑
i=1

pfdyi,1 ≥ (fĝN + 1)pfdN

= fĝNp
fdN + pfd(N−1)pfd ≥ fĝNp

fdN + pfd(N−1)f

(
l2 +

N−1∑
i=0

ĝi

)
≥ fg(pfd).
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If yfĝN+1,1 < N , then by cancelling out the summands pfN from both sides of (3.4) we
obtain a similar relation for a polynomial of lower degree on the right hand side of (3.5),
and we can repeat the above argument (leading to either Case 1 above, or Case 2 below).

Case 2. y1,1 ≥ N + 1. Then from p ≥ l2 +
∑N

i=0 ĝi it follows that

m
faithful

(GR) ≥ pfdy1,1 ≥ pfd(N+1) ≥ (1 + l2 +
N∑
i=0

ĝi)
fpfdN(3.6)

≥ fl2 + fpfdN
N∑
i=0

ĝi ≥ fg(pfd). �

4. POLYNOMIALITY OVER RINGS FOR PATTERN GROUPS

In this section we prove Theorem 1.5, which in particular establishes Conjecture 1.2 for
pattern groups. Throughout this section we set g := g≺. We begin with recalling some
notation and general facts from [BMKS19] and [BMKS16]. For an abelian p-group Γ, set

Ω1(Γ) := {g ∈ Γ : gp = 1}.

Note that Ω1(Γ) is an Fp-vector space. For an abelian group A we set Â := Hom(A,C∗).
When A is an elementary abelian p-group, Â is canonically an Fp-vector space and there
exists an isomorphism Â ∼= Hom(A,Z/pZ) obtained by identifying Z/pZ with the subgroup
of p-th roots of unity in C∗.

Recall that R ∼= O/pd for d ≥ 1. Fix a primitive character ψ : R → C∗ (for example the
character described in the proof of Proposition 3.2), and also set ψb(x) := ψ(bx) for b ∈ R
and x ∈ R, so that the map

(4.1) R→ R̂ , b 7→ ψb

is a group isomorphism. Now let a be an ideal in R and set Ann(a) := {r ∈ R : ra = 0}.
From surjectivity of the restriction R̂→ â it follows that the map

R/Ann(a)→ â , b+ Ann(a) 7→ ψb
∣∣
a

is a group isomorphism. Notice that Ann(pk/pd) = p(d−k)/pd for 0 ≤ k ≤ d, so that we
obtain the following lemma.

Lemma 4.1. Every additive character of the group pk/pd, where 0 ≤ k ≤ d, is of the form

ψb : pk/pd → C∗ , x 7→ ψ(bx),

for a unique b+ p(d−k)/pd ∈ (O/pd)/(p(d−k)/pd) ∼= O/pd−k. In particular p̂k/pd ∼= O/p(d−k).

Hereafter, for a finite p-group G the Z/pZ-vector space Hom(Ω1(Z(G)),C∗) will be
denoted by Ω̂1(Z(G)). By the central character of an irreducible representation (ρ, V ) of G
we mean the group homomorphism χ : Z(G)→ C∗ satisfying ρ(g) = χ(g)1V for g ∈ Z(G).

Lemma 4.2. Let G be a finite p-group.

(i) Let (ρi, Vi)1≤i≤k be a family of irreducible representations of G with central characters
χi. Suppose that {χi|Ω1(Z(G))

: 1 ≤ i ≤ k} spans Ω̂1(Z(G)). Then ⊕1≤i≤kρi is a faithful
representation of G.
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(ii) Let ρ be a faithful representation of G of dimension m
faithful

(G). Then ρ decomposes
as a direct sum of exactly r := rG irreducible representations, where rG denotes the
minimum number of generators of the abelian group Z(G). Furthermore, the
restrictions to Ω1(Z(G)) of the central characters of these representations form a
Z/pZ-basis for Ω̂1(Z(G)).

Proof. For (i), see [BMKS19, Lem. 3.4] or [MR10]. For (ii), see [BMKS19, Lem. 3.5] �

Remark 4.3. For a finite abelian group A, the minimum number of generators is equal to
the number of invariant factors of A (this is a consequence of elementary divisor theorem
for finite abelian groups). By a similar argument, if A is a finite abelian p-group, then the
minimum number of generators of A is equal to dimZ/pZ(A ⊗Z Z/pZ). In particular, the
minimum number of generators of the abelian group O/pd is equal to fe. This is because
O/pd ⊗Z Z/pZ ∼= (O/pd)/(p(O/pd)) ∼= O/pe and #pi/pi+1 = pf for 0 ≤ i ≤ e− 1.

Next we establish a general combinatorial lemma about bases of direct sums.

Lemma 4.4. Let V1 and V2 be two vector spaces of dimensions d1 and d2 over an arbitrary
field. Let S = {(vi, v′i) : 1 ≤ i ≤ d1 +d2} be a basis for V1⊕V2. Then S can be partitioned into
two sets B1 and B2, of sizes d1 and d2 respectively, such that the Vi-components of the vectors
in Bi form a basis of Vi for i = 1, 2.

Proof. The following argument is communicated to us by I. Bogdanov. Let {e1, . . . , ed1} and
{e′1, . . . , e′d2

} denote bases of V1 and V2, respectively. Then for 1 ≤ j ≤ d1 + d2 we obtain

vj =

d1∑
i=1

aijei and v′j =

d2∑
i=1

bije
′
j.

Consider the square matrix A of size d1 + d2 whose i-th column, for 1 ≤ i ≤ d1 + d2, is the
transpose of the row vector

(a1i, · · · , ad1i, b1i, . . . , bd2i).

Since S is a basis, A is invertible. Set I := {1, . . . , d1} and consider the generalized Laplace
expansion

det(A) =
∑

J⊆{1,...,d1+d2}
|J |=d1

(−1)
∑

i∈I i+
∑

j∈J j detAI,J detAI′,J ′ ,

where I ′ := {d1 + 1, . . . , d1 + d2}, J ′ is the complement of J in {1, . . . , d1 + d2}, and AI,J
(respectively, AI′,J ′) is the minor of A corresponding to rows and columns indexed by I and
J (respectively, by I ′ and J ′). Since det(A) 6= 0, there exists J with detAI,J detAI′,J ′ 6= 0.
The desired sets are B1 := {(vj, v′j) : j ∈ J} and B2 := {(vj, v′j) : j ∈ J ′}. �

Lemma 4.4 and induction yield the following.

Lemma 4.5. Let V be a finite dimensional vector space over an arbitrary field and let S be a
basis for V ⊕k where k ≥ 1. Then S can be partitioned into subsets B1, . . . , Bk such that each
of the sets {π`(w) : w ∈ B`} is a basis of V for 1 ≤ ` ≤ k, where π`(v1, . . . , vk) := v`.

The following simple lemma was also used in [BMKS16].

Lemma 4.6. Let a0, . . . , am−1 be non-negative real numbers with
∑m−1

`=0 a` = m. Assume that
for any 0 ≤ ` ≤ m − 1 we have a` + · · · + am−1 ≤ m − `. Then for any decreasing sequence
x0 ≥ · · · ≥ xm−1, we have

∑m−1
`=0 a`x` ≥

∑m−1
`=0 x`.
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Proof. Define A` :=
∑m−1

j=` aj for 0 ≤ ` ≤ m − 1 and set Am := 0. Then A` ≤ m − ` and
A0 = m. Set ∆A` := A` − A`+1 and ∆x` := x` − x`−1. Since ∆x` ≤ 0, we have

m−1∑
`=0

a`x` =
m−1∑
`=0

∆A`x` = A0x0 +
m−1∑
`=1

A`∆x` ≥ mx0 +
m−1∑
`=1

(m− `)∆x` =
m−1∑
`=0

x`. �

For the proof of Theorem 1.5 we need some standard facts from the orbit method for
describing irreducible representations of finite p-groups. The tools that we need from the
orbit method can be found in various references, including [Kaz77], [How77],
and [BS08]. For the reader’s convenience, we briefly review the pertinent results from the
orbit method (we follow [BS08] closely; see also [BMKS19, Sec. 3.2]). Let f and exp(f)

be as in Section 1. Then we can define a coadjoint action of exp(f) on f̂ := HomZ(f,C∗) as
follows. For x ∈ exp(f) = f and θ ∈ f̂, we define θx ∈ f̂ by

θx(y) := θ

(∑
k≥0

adkx(y)

k!

)
, for y ∈ f.

Note that only finitely many summands are nonzero.

Theorem 4.7. Assume that p is an odd prime that is strictly larger than the nilpotency class of
f. Then there exists a bijection between the orbits of the coadjoint action on f̂ and characters of
irreducible representations of exp(f). Furthermore, if ρΘ denotes the irreducible representation
corresponding to the coadjoint orbit Θ ⊆ f̂, then the following statements hold.

(a) The character of ρΘ is given by χΘ(x) := |Θ|−1/2
∑
θ∈Θ

θ(x) for x ∈ exp(f) = f.

(b) dim(ρΘ) =

(
#f

#Stabf(θ0)

)1/2

for θ0 ∈ Θ, where Stabf(θ0) := {x ∈ f : θ0([x, f]) = 1} .

(c) ρΘ(g) is multiplication by the scalar θ(g) for g ∈ Z(exp(f)) and θ ∈ Θ.

Recall that in this section g := g≺. Our next goal is to use the orbit method to study
irreducible representations of GR := exp(gR).

Remark 4.8. The nilpotency class of g is max{α(i, j) : i ≺ j} + 1, where α(i, j) is defined
as in (1.1). To see this, note that the l-th term in the lower central series of g is the Z-span
of the eij where α(i, j) ≥ l. It is also straightforward to verify that Z(g) is the Z-span of the
eij where (i, j) ∈ Iex (see [BMKS19, Lemma 4.2]). The same argument proves that Z(gR)
is a free R-module generated by the eij for (i, j) ∈ Iex.

By the isomorphism (4.1), elements of ĝR are of the form ψb for a vector b := (bij)i≺j
with entries in R, where

(4.2) ψb

(∑
i≺j

xijeij

)
:= ψ

(∑
i≺j

bijxij

)
.

Definition 4.9. We define the level of b := b̃+ pd ∈ R to be the smallest k such that b̃ 6∈ pk+1,
and we denote it by lev(b).

Proposition 4.10. Let bij = b̃ij + pd for i ≺ j be elements of R. Set b := (bij)i≺j, and let ρ
b

be the irreducible representation of GR corresponding to the orbit of ψb under the coadjoint
action. Then dim ρ

b
≥ pf(d−lev(bi1j1 ))α(i1,j1) for all (i1, j1) ∈ Iex.
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Proof. We use Theorem 4.7(b). Let x =
∑

i≺j xijeij ∈ gR be an element of StabgR(ψb).
Then for any y =

∑
i≺j yijeij ∈ gR we have

1 = ψb([x, y]) = ψb

( ∑
i≺j, k≺l

xijykl[eij, ekl]

)

= ψ

(∑
i≺j

∑
i≺k≺j

bij(xikykj − xkjyik)

)
= ψ

(∑
i≺j

(∑
k≺i

bkjxki −
∑
j≺l

bilxjl

)
yij

)
.

Since the yij ∈ R are arbitrary and ψ is primitive, the stabilizer of ψ
b

is equal to the solution
set of the system of linear equations L := {Lij(xst) = 0 : i, j ∈ [n] and i ≺ j}, where

(4.3) Lij(xst) :=
∑
k≺i

bkjxki −
∑
j≺l

bilxjl.

In particular since (i1, j1) ∈ Iex, the linear forms Li1i(xst) and Ljj1(xst), for i1 ≺ i ≺ j1 and
i1 ≺ j ≺ j1, yield 2α(i1, j1) linear equations that can be written as

(4.4) bi1j1xij1 = −
∑
i≺k 6=j1

bi1kxik and bi1j1xi1j = −
∑
i1 6=l≺j

blj1xlj.

The cardinality of the kernel of the map R → R, x 7→ bi1j1x, is pf lev(bi1j1 ). To see this,
note that the ideal generated by bi1j1 is p`/pd, with ` = lev(bi1j1). The above fact now
follows from Ann(p`/pd) = p(d−`)/pd in combination with #(pi/pi+1) = pf for 0 ≤ i ≤ d−1.

It follows that for any choice of values for the variables on the right hand side of (4.4),
there exists at most pf lev(bi1j1 ) choices for each of the 2α(i1, j1) variables xi1i and xjj1 such
that the corresponding equation in (4.4) is satisfied. Therefore the number of solutions of
the linear system L is at most

(4.5) pfd(|I|−2α(i1,j1))+2fα(i1,j1)lev(bi1j1 ),

where I := {(i, j) : i ≺ j}. Using Theorem 4.7(b) it is now straightforward to verify that
dim ρ

b
≥ pf(d−lev(bi1j1 ))α(i1,j1). �

Lemma 4.11. Let b = b̃ + pd ∈ R. Fix (i1, j1) ∈ Iex and let b := (bij)i≺j where bi1j1 = b and
bij = 0 for all other pairs (i, j). Then the dimension of the irreducible representation of GR
that corresponds to the coadjoint orbit of ψb ∈ ĝR is equal to q(n−lev(b))α(i1,j1).

Proof. We write the linear system in the proof of Proposition 4.10 explicitly, and determine
the number of its solutions. In this case the only nonzero equations in the linear system
L are the Lij1 and the Li1j for i1 ≺ i, j ≺ j1, and they are of the form bi1j1xi1j = 0 and
bi1j1xij1 = 0. The values of the variables xij1 and xi1j can be chosen independently of each
other, and the only restriction is that

lev(xi1j), lev(xij1) ≥ d− lev(bi1j1).

Thus, for each of these variables there are pf lev(bi1j1 ) possible values. There is no restriction
on the values of the other variables of the linear system and each of them can be chosen
arbitrarily, from pfd possible values. Thus the number of solutions of the linear system
is equal to (4.5). Since the number of solutions of the linear system is also equal to the
cardinality of StabgR(ψb), the assertion of the lemma follows from Theorem 4.7(b). �

In the next lemma we prove that m
faithful

(GR) ≤
∑e−1

`=0

∑
(i,j)∈Iex

fpf(d−`)α(i,j).
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Lemma 4.12. The group GR has a faithful representation of dimension

e−1∑
`=0

∑
(i,j)∈Iex

fpf(d−`)α(i,j).

Proof. Let ω1, . . . , ωf be units in O such that {ω1 + p, . . . , ωf + p} forms a basis for O/p over
Fp. Set b̃k` := ωk$

` and bk` := b̃k` + pe for 1 ≤ k ≤ f and 0 ≤ ` ≤ e− 1. The bk` form a basis
of the Fp-vector space O/pe. Since Z(GR) ∼= Z(gR) as abelian groups, from Remark 4.8 it
follows that

(4.6) Ω̂1(Z(GR)) ∼= Ω̂1(Z(gR)) =
⊕

(i,j)∈Iex

Ω̂1(O/pd).

Note that Ω1(O/pd) = pd−e/pd, so that Lemma 4.1 yields an isomorphism of abelian groups
O/pe ∼= Ω̂1(O/pd). Given i◦, j◦ ∈ [n] such that i◦ ≺ j◦, we define b(i◦, j◦, k, `), for 1 ≤ k ≤ f
and 0 ≤ ` ≤ e− 1, to be the vector in

⊕
i≺j O/pd with exactly one nonzero component, at

the (i◦, j◦)-position, equal to b̃k`.
Since Z(gR) ∼=

⊕
(i,j)∈Iex

O/pd (see Remark 4.8), from (4.6) it follows that the restrictions

of the characters ψb(i◦,j◦,k,l) to Z(GR) form an Fp-basis of Ω̂1(Z(GR)). Let ρb(i◦,j◦,k,`) denote
the irreducible representation of GR that corresponds to the coadjoint orbit of ψb(i◦,j◦,k,`)

(see Theorem 4.7). Then by Lemma 4.2, the representation

ρ :=
⊕

1≤k≤f
0≤`≤e−1

⊕
(i,j)∈Iex

ρb(i,j,k,`)

is faithful. The set {bk` : 1 ≤ k ≤ f, 0 ≤ ` ≤ e − 1} contains exactly f elements of any
given level ` where 0 ≤ ` ≤ e − 1, and by Lemma 4.11 we have dim ρb(i,j,k,`) = pf(d−`)α(i,j)

for any (i, j) ∈ Iex. These imply that dim ρ =
∑e−1

`=0

∑
(i,j)∈Iex

fq(n−`)α(i,j). �

Proof of the Theorem 1.5. By Lemma 4.12 it suffices to prove that

m
faithful

(GR) ≥
e−1∑
`=0

∑
(i,j)∈Iex

fpf(d−`)α(i,j).

Let ρ be a faithful representation of GR of dimension m
faithful

(GR). By Lemma 4.2(ii) and
Remark 4.3, ρ is a direct sum of N := ef(#Iex) irreducible representations. Thus we can
express ρ as

ρ =
N⊕
k=1

ρψak
,

where each ρψak
is the irreducible representation of GR corresponding (according to

Theorem 4.7) to the coadjoint orbit of the character ψak
of gR (and ak is a vector in⊕

i≺j O/pd). Furthermore, by Theorem 4.7(c) and Lemma 4.2(ii) the restrictions of the
ψak

to Ω1(Z(GR)) form a Z/pZ-basis of Ω̂1(Z(GR)). Since Ω1(O/pd) = pd−e/pd, Lemma 4.1
implies that Ω̂1(O/pd) ∼= O/pe as Z/pZ-vector spaces, from which it follows that the
projections of the vectors ak onto

⊕
(i,j)∈Iex

O/pe form a Z/pZ-basis. Using Lemma 4.5 we
can partition the set {ak}Nk=1 into #Iex sets of cadinality ef , say {A(r,s) : (r, s) ∈ Iex}, such
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that the (r, s)-components of the elements of A(r,s) form a basis of O/pe. To complete the
proof, it suffices to verify that

(4.7)
∑

a∈A(r,s)

dim(ρψa) ≥ f

e−1∑
`=0

pf(d−`)α(r,s) for (r, s) ∈ Iex.

Fix (r, s) ∈ Iex, and denote the (r, s)-component of any a ∈ A(r,s) by a(r,s). For 0 ≤ ` ≤ e−1
set

N` := #{a ∈ A(r,s) : lev(a(r,s)) = `},
where lev(·) is the level as in Definition 4.9. From Proposition 4.10 it follows that if
lev(a(r,s)) = ` then dim(ρψa) ≥ pf(d−`)α(r,s). This implies that

(4.8)
∑

a∈A(r,s)

dim(ρψa) ≥
e−1∑
`=0

N`p
f(d−`)α(r,s).

Note that
∑e−1

`=0 N` = ef , and

e−1∑
k=`

Nk ≤ dimZ/pZ(p`/pe) = (e− `)f.

Thus by Lemma 4.6 for m := e, a` := N`/f and x` := pf(d−`)α(r,s) we obtain

(4.9)
e−1∑
`=0

N`p
f(d−`)α(r,s) ≥ f

e−1∑
`=0

pf(d−`)α(r,s).

Inequality (4.7) now follows from (4.8) and (4.9). �

5. THE FAITHFUL DIMENSION IN THE CASE g := mn,c

In this section we prove Theorem 1.6. We begin by introducing some notation. Recall
that [n] := {1, . . . , n} for n ∈ N. For k ≥ 1, the set of sequences

i = (i1, . . . , ik), i1, . . . , ik ∈ [n]

is denoted by A (n, k). We say that i is decreasing if i1 ≥ · · · ≥ ik. The set of decreasing
sequences in A (n, k) is denoted by D(n, k). There is an obvious sorting map

¯ : A (n, k)→ D(n, k).

For example (5, 4, 4, 2, 3, 1) = (5, 4, 4, 3, 2, 1). We say that i ∈ A (n, k) is a Hall sequence if
the initial sequence (i1, . . . , ik−1) is decreasing and ik−1 < ik (by convention, every element
of A (n, 1) is a Hall sequence). The subset of Hall sequences in A (n, k) is denoted by
H (n, k).

Lemma 5.1. (a) For n, k ≥ 1 we have #D(n, k) =

(
n+ k − 1

k

)
.

(b) For n ≥ 2 and k ≥ 2 we have

#H (n, k) =
n−1∑
m=1

m

(
k +m− 2

k − 2

)
= (k − 1)

(
k + n− 2

k

)
.
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Proof. For part (a), note that cardinality of D(n, k) is equal to the number of solutions of
the equation t1 + · · ·+ tn = k in non-negative integers, where tj = #{` ∈ [k] : i` = j}.

For part (b), fix n, k ≥ 2 and for m ∈ [n − 1] denote by Am the subset of H (n, k)
consisting of those sequences (i1, . . . , ik) ∈ H (n, k) such that ik−1 = m. Note that since
ik−1 < ik ≤ n, we must have ik−1 ∈ [n − 1]. Once m is fixed, there are n − m options
left for ik. Moreover, the sequence (i1, . . . , ik−1) can be any decreasing sequence in [n]
for which ik−1 = m. Using the map (i1, . . . , ik−2) 7→ (i1 − m + 1, . . . , ik−2 − m + 1) these
sequences stand in one-to-one correspondence with elements of the set D(n−m+1, k−2),
whose cardinality by part (a) is equal to

(
n−m+k−2

k−2

)
. Since the two choices can be made

independently of each other we have

#H (n, k) =
n−1∑
m=1

(n−m)

(
n−m+ k − 2

k − 2

)
.

Replacing m by n−m in this expression yields the first equality in part (b). For the second
equality note that

n−1∑
m=1

m

(
k +m− 2

k − 2

)
=

n−1∑
m=1

(k − 1)

(
k +m− 2

k − 1

)
= (k − 1)

n−1∑
m=1

(
k +m− 2

k − 1

)
,

and
∑n−1

m=1

(
k+m−2
k−1

)
counts the number of subsets of size k of [k+n−2], where the summand(

k+m−2
k−1

)
corresponds to subsets of [k + n− 2] with maximum equal to k +m− 1. �

Since fn,2 = mn,2, the case c = 2 of Theorem 1.6 follows from [BMKS16, Theorem 2.13].
Thus from now on we assume that c ≥ 3. We denote the standard generators of mn,c by
Xn := {vi : i ∈ [n]}. For each k-tuple i = (i1, . . . , ik) ∈ A (n, k), write

vi := [vi1 , [vi2 , . . . , [vik−1
, vik ] . . . ].

Set H ≤c−1 :=
⋃c−1
j=1 H (n, j) and H ≥2 :=

⋃c
j=2 H (n, j).

Lemma 5.2. Let n and c be as above. For each 1 ≤ j ≤ c, the set {vi : i ∈H (n, j)} is a basis
for the vector space mj

n,c/m
j+1
n,c . In particular,

(a) {vi : i ∈H (n, c)} forms a basis for Z(mn,c).
(b) Elements in

{
vi : i ∈H ≤c−1

}
represent a basis of mn,c/Z(mn,c).

(c) Elements in
{
vi : i ∈H ≥2

}
form a basis for [mn,c,mn,c].

Proof. This is well known. See [ABRdS18] for a proof. �

In the sequel, we will carry out a close study of the commutator matrix of mn,c with
respect to the bases for mn,c/Z(mn,c) and [mn,c,mn,c] described in Lemma 5.2. For i, j ∈
H ≤c−1 let λkij ∈ Z be the structural constants defined by

[vi, vj] =
∑

k∈H ≥2

λkijvk.

Let T := (Ti)i∈H ≥2 be a vector of variables, and for i, j ∈H ≤c−1, define the linear forms

Λij(T) :=
∑

k∈H ≥2

λkijTk.
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The commutator matrix of g relative to the chosen bases is the N × N skew-symmetric
matrix of linear forms given by

Fg(T) := [Λij(T)]i,j∈H ≤c−1 , where N := #H ≤c−1.

For any (i1, . . . , ic) ∈ H (n, c), set i := (i1) and j := (i2, . . . , ic) ∈ H (n, c − 1). Then the
(i, j) entry of Fg(T) is equal to T(i1,...,ic). Further, for any i := (i1, . . . , ik) and j := (j1, . . . , jl),
we have Λij = 0 unless min(k, l) = 1.

Lemma 5.3. Let i := (i1) ∈H (n, 1) and j := (i2, . . . , ic) ∈H (n, c− 1). Then

Λij(T) =

{
T(i1,...,ic−1,ic) if i1 ≥ ic−1,

T(i2,...,ic−1,i1,ic) − T(i2,...,ic−2,ic,i1,ic−1) if i1 < ic−1.

Proof. First observe that for a, a′ ∈ mn,c and a′′ ∈ [mn,c,mn,c] we have

(5.1) [a, [a′, a′′]] = [a′, [a, a′′]],

because [a, [a′, a′′]] = −[a′, [a′′, a]] − [a′′, [a, a′]] = [a′, [a, a′′]], where the second equality
follows from the fact that mn,c is metabelian and a′′ is a commutator.

Suppose that i1 ≥ ic−1, and let 2 ≤ r ≤ c − 1 be the smallest integer with i1 ≥ ir. By
the assumption such an r exists. If c = 3, then we must have r = 2, hence i1 ≥ i2. Thus
(i1, i2, i3) ∈H (n, 3), hence [vi1 , v(i2,i3)] = [vi1 , [vi2 , vi3 ]] = v(i1,i2,i3), from which it follows that
Λij(T) = Λ(i1),(i2,i3)(T) = T(i1,i2,i3).

For c > 3, set ηk := [vik , [vik+1
, . . . , [vic−1 , vic ] . . . ]. It follows from (5.1) that

[vi1 , [vi2 , . . . , [vic−1 , vik ] . . . ] = [vi1 , [vi2 , η3]] = [vi2 , [vi1 , η3]].

By repeating this process, we can keep swapping vi1 with subsequent terms vi3 , . . . until
we arrive at vir where the process is terminated. Note that

(i2, . . . , ir−1, i1, ir, . . . , ic−1) = (i1, . . . , ic).

This proves the lemma for the case i1 ≥ ic−1.
Let us now consider the case i1 < ic−1. In this case, the process described above can be

continued all the way until vi1 arrives in the innermost commutator, that is,

[vi1 , [vi2 , . . . , [vic−1 , vik ] . . . ] = [vi2 , [vi3 , . . . , [vic−2 , [vi1 , [vic−1 , vic ]] . . . ].

We can now use the Jacobi identity to write [vi1 , [vic−1 , vic ]] = [vic−1 , [vi1 , vic ]]−[vic , [vi1 , vic−1 ]].
Similar to the previous case, by a repeated application of (5.1) we can move vic inside to
the location so that the resulting sequence is decreasing. This proves the claim. �

From now on we set F̃g(T) to be equal to the submatrix of Fg(T) that lies in the
intersection of rows i ∈ H (n, 1) and columns j ∈ H (n, c − 1). We remark that the only
variables that appear in the entries of F̃g(T) are the Ti for i ∈H (n, c).

Lemma 5.4. Let K be any field and fix scalars αi, λj ∈ K for 1 ≤ i ≤ n and 0 ≤ j ≤ n− 1.
For each i := (i1, . . . , ic) ∈H (n, c) set

(5.2) Ti :=

(
c−2∏
k=1

αik

)∣∣∣∣ αic−1 αic
λic−1−1 λic−1

∣∣∣∣ .
Set T := (Ti)i∈H (n,c). Then the matrix F̃g(T) has rank at most 1.
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Proof. First we show that for every i := (i1) ∈H (n, 1) and j := (i2, . . . , ic) ∈H (n, c− 1),

(5.3) F̃g(T)ij =

(
c−2∏
k=1

αik

)∣∣∣∣ αic−1 αic
λic−1−1 λic−1

∣∣∣∣ .
We consider two different cases. If i1 ≥ ic−1, then it follows from Lemma 5.3 that

Λij(T) = T(i1,...,ic−1,ic).

Since the sequence (i2, . . . , ic−1) is decreasing, and i1 ≥ ic−1, it follows that ic−1 is also
the least element of (i1, . . . , ic−1, ic) and hence the first c − 2 terms of (i1, . . . , ic−1, ic) are
precisely i1, . . . , ic−2, perhaps in a different order. Thus (5.3) follows from the fact that the
last two terms of the sequence are ic−1 and ic, in the same order.

If i1 < ic−1, then it follows from Lemma 5.3 that

Λij(T) = T(i2,...,ic−1,i1,ic) − T(i2,...,ic−2,ic,i1,ic−1).

Since both (i2, . . . , ic−1, i1, ic) and (i2, . . . , ic−2, ic, i1, ic−1) are Hall sequences, we have

Λij(T) = αic−1 ·

(
c−2∏
k=2

αik

)
·
∣∣∣∣ αi1 αic
λi1−1 λic−1

∣∣∣∣− αic ·
(
c−2∏
k=2

αik

)
·
∣∣∣∣ αi1 αic−1

λi1−1 λic−1−1

∣∣∣∣
=

(
c−2∏
k=2

αik

)
·
(
αic−1 ·

∣∣∣∣ αi1 αic
λi1−1 λic−1

∣∣∣∣− αic · ∣∣∣∣ αi1 αic−1

λi1−1 λic−1−1

∣∣∣∣)
(5.4)

After applying the elementary identity

r′
∣∣∣∣q r
s t

∣∣∣∣− r ∣∣∣∣q r′

s t′

∣∣∣∣ = q

∣∣∣∣r′ r
t′ t

∣∣∣∣
to the expression on the right hand side and merging the prefactor q := αi1 with the
product

∏c−2
k=2 αik we obtain (5.3). From (5.3) it follows that for i := (i1) ∈ H (n, 1)

and j := (i2, . . . , ic) ∈ H (n, c − 1), we have F̃g(T)ij = αi1βj for some βj ∈ K. Thus
F̃g(T) is expressible as the product of the column vector (αi)i∈H (n,1) and the row vector
(βj)j∈H (n,c−1), so that rk(F̃g(T)) ≤ 1. �

Example 5.5. We compute F̃g(T) for g := m3,3 using Lemma 5.3. The rows are indexed by
(1), (2), (3) ∈H (3, 1) and the columns are indexed by (1, 2), (1, 3), (2, 3) ∈H (3, 2). Thus

F̃g(T) =

T(112) T(113) T(213) − T(312)

T(212) T(213) T(223)

T(312) T(313) T(323)

 .

Lemma 5.6. Suppose r,m, δ ≥ 1. Let K be any field.
(a) Suppose f ∈ K[x1, . . . , xm] is a polynomial in m variables over K such that the

degree of f as a polynomial in xi is at most δi for all 1 ≤ i ≤ m. Assume that
#K ≥ 1 + max(δ1, . . . , δm), and f(x1, . . . , xm) = 0 for all (x1, . . . , xm) ∈ Km. Then
f is the zero polynomial.

(b) Suppose f1, . . . , fr ∈ K[x1, . . . , xm], and the degree of each one of f1, . . . , fr in the
variable xi is at most δi for 1 ≤ i ≤ m. Let f : Km → Kr be the polynomial map
defined by f = (f1, . . . , fr). Assume that the K-subspace of K[x1, . . . , xm] spanned
by f1, . . . , fr has dimension at least δ. If #K ≥ 1 + max(δ1, . . . , δm), then there exist
u1, . . . , uδ ∈ Km for which f(u1), . . . , f(uδ) are linearly independent vectors in Kr.
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Proof. Part (a) follows by induction on m. For m = 1, the statement is clear. Assuming that
(a) holds for m − 1, write f(x1, . . . , xm) :=

∑δm
i=0 cix

i
m where the ci ∈ K[x1, . . . , xm−1]. Fix

(x1, . . . , xm−1) ∈ Km−1 and consider the one-variable polynomial

g(xm) := f(x1, . . . , xm−1, xm).

Since g(xm) = 0 for all xm ∈ K, and #K > deg g, it follows that all the coefficients of g
vanish. The claim follows by the induction hypothesis applied to the ci.

For (b) by choosing a maximal linearly independent subset of f1, . . . , fr, we can assume
that δ = r. Thus the goal is to find u1, . . . , ur ∈ Km for which f(u1), . . . , f(ur) are linearly
independent vectors in Kr. If this is not the case, then the image of f must lie in a proper
subspace of Kr. This implies that there exists a non-zero vector (c1, . . . , cr) ∈ Kr such that
c1f1(u) + · · · + crfr(u) = 0 for all u ∈ Km. By part (a), this implies that the polynomial
c1f1 + · · ·+ crfr is the zero polynomial, which is a contradiction. �

We are now ready to prove Theorem 1.6 in the case where R is a finite field. In this case,
we need to show that for p sufficiently large we have

(5.5) m
faithful

(GFq) = (c− 1)

(
n+ c− 2

c

)
fq for all f ≥ 1,

where q := pf . Recall that Ti is chosen as in (5.2). We set λ0 := 0 and λ1 := 1. Then
the entries of F̃g are polynomials in variables α1, . . . , αn and λ2, . . . , λn−1. Thus F̃g takes
values in the vector space of matrices of size n × #H (n, c − 1) with entries in the ring
Fq[α1, . . . , αn, λ2, . . . , λn−1]. First we prove the following claim:

The set {Ti}i∈H (n,c) is linearly independent in Fq[α1, . . . , αn, λ2, . . . , λn−1].

To prove this claim suppose that∑
i∈H (n,c)

ci ·

(
c−2∏
k=1

αik

)
·
∣∣∣∣ αic−1 αic
λic−1−1 λic−1

∣∣∣∣ = 0,

for some coefficients ci ∈ Fq. We will show that all the coefficients must be zero. For
each such linear dependence, define r to be the largest value of ic for which there exists
i = (i1, . . . , ic) ∈H (n, c) such that ci 6= 0. Note that clearly r ≥ 2. First suppose that r = 2.
This implies that ic−1 = 1 and hence the linear dependence equation simplifies to∑

(i1,...,ic−2)∈D(n,c−2)

c(i1,...,ic−2,1,2)

c−1∏
k=1

αik = 0.

Consider a monomial g := αi1 · · ·αic−1 that appears in the above linear combination. Then
degαi

(g) = #{j : 1 ≤ j ≤ c− 1 and ij = i}. Since the sequence (i1, . . . , ic−1) is decreasing,
the sequence (degα1

(g), . . . , degαn
(g)) uniquely determines the values i1, . . . , ic−2, hence

uniquely determines g as well. Thus the monomials in the above linear combination have
distinct degree sequences and therefore there is no possibility of cancellation between
them. Next suppose that r ≥ 3. This implies that there are some monomials involving λr−1

and that there are no terms involving λj for j > r − 1. It is also clear that the only terms
involving λr−1 correspond to those sequences (i1, . . . , ic) for which ic = r and hence these
terms are of the form

c−2∏
k=1

αik(αic−1λr−1 − αrλic−1−1).
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By considering only the terms involving λr−1 we obtain∑
(i1,...,ic−1)∈D(n−1,c−1),ic−1<r

ci

c−1∏
k=1

αik = 0.

As in the previous case the monomials corresponding to different i are distinct, and hence
this can only happen if ci = 0 for all such terms. This contradicts the choice of r. This
completes the proof of linear independence of the {Ti}i∈H (n,c).

Next set f := F̃g(T
′) in Lemma 5.6(b), where T′ := (Ti)i∈H (n,c). Note that the

components of f are the entries of F̃g(T
′) which are polynomials in the αi and the λi.

Furthermore, for every i := (i1, . . . , ic) ∈ H (n, c) if we set i′ := (i1) and j′ := (i2, . . . , ic)

then by Lemma 5.3 we have F̃g(T)i′j′ = Ti. From linear independence of the set
{Ti}i∈H (n,c) and Lemma 5.6(b) it follows that for q ≥ c one can find #H (n, c) linearly
independent vectors T′ := (Ti)i∈H (n,c) with entries in Fq for which the values F̃g(T

′) are
linearly independent. By Lemma 5.4 it follows that rk(F̃g(T

′)) = 1 for all such T′. We can
extend each such vector T′ to a vector T := (Ti)i∈H ≥2 by setting Ti = 0 for i ∈ H (n, k),
where 2 ≤ k ≤ c − 1. For the latter vectors T we have rkFq(Fg(T)) = 2. Since Fg is skew
symmetric and each variable Ti where i := (i1, . . . , ik) appears in the (i′, j)-entry of Fg(T),
where i′ := (i1) and j := (i2, . . . , ik), we have rkFq(Fg(T)) ≥ 2 whenever T 6= 0. In view of
Theorem 2.6 this proves the assertion in the case that R is a finite field.

Let us now consider the case where R = O/pd. Using Theorem 1.3 and equality (5.5)
which was just proved, the upper bound follows immediately. Let us now turn to
establishing the lower bound. We start with the following lemma. Recall the notion of
level of an element of O/pd from Definition 4.9.

Lemma 5.7. Let B be an r × r skew-symmetric matrix with entries in O/pd. Suppose B has
an entry of level `. Then

# kerB ≤ pfd(r−2)+2f`.

Proof. Write B = (Bij)1≤i,j≤r. If ` = d, there is nothing to prove. Next assume that the
entry in question is non-zero, and hence non-diagonal. After possibly permuting rows and
columns, we can assume that lev(B12) = `. Consider a vector (x1, . . . , xr) ∈ (O/pd)⊕r in
kerB. Then the following equations hold:

B12x2 = −
r∑
j=3

B1jxj and B21x1 = −
r∑
j=3

B2jxj.

Once the values of the xj for 3 ≤ j ≤ r are set, the number of choices for each one of
x1 and x2 is pf`. Since the number of choices for (x3, . . . , xr) is pfd(r−2), the claim follows
immediately. �

In order to avoid confusion with parameters n and c of mn,c, henceforth we will denote
the parameters l1, l2, n,m that were associated to g in Section 2 by l1, l2, n,m. Thus in
particular we have

m = #H ≥2 , l1 = #H (n, c) = (c− 1)

(
n+ c− 2

c

)
and l2 = 0.

Moreover, the commutator matrix Fg(T) is an n× n matrix with n = rkZ(mn,c)− l1.
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Lemma 5.8. Let a := (a(i))i∈H ≥2 ∈ (O/pd)⊕m. Then

# kerO/pd Fg(a) ≤ min
i∈H (n,c)

pfd(n−2)+2f lev(a(i)).

Proof. By Lemma 5.2 we have n =
∑c−1

j=1 #H (n, j) and the rows and columns of Fg(a) are
indexed by elements of H ≤c−1 =

⋃c−1
j=1 H (n, j). Now fix any i′, j′ ∈H ≤c−1. By Lemma 5.7

for B := Fg(a), r := n, and ` := lev(Fg(a)i′j′) we have

# kerO/pd Fg(a) ≤ pfd(n−2)+2f lev(Fg(a)i′j′ ).

In particular, if for any i ∈H (n, c) we set i′ := (i1) and j′ := (i2, . . . , ic) then by Lemma 5.3
we obtain # kerO/pd Fg(a) ≤ pfd(n−2)+2f lev(a(i)). Finally, by taking the minimum over all
i ∈H (n, c) we obtain the assertion of the lemma. �

Let S = {a1, . . . , afel1} ⊆ (O/pd)⊕m be a set of vectors that corresponds to m
faithful

(GR)
in Proposition 3.2 (thus we assume that p is sufficiently large accordingly). Let πi for
i ∈H (n, c) denote the natural projection⊕

i∈H (n,c)

(O/pe)→ O/pe,

that maps a to a(i). Using Lemma 4.5, we partition S into sets Si, each of cardinality ef ,
such that πi(proj(Si)) is a basis for the Fp-vector space O/pe. By Lemma 5.8 we have

m
faithful

(GR) =

fel1∑
i=1

(
pfdn

# kerO/pd(Fg(ai))

) 1
2

=
∑

i∈H (n,c)

∑
a∈Si

(
pfdn

# kerO/pd(Fg(a))

) 1
2

≥
∑

i∈H (n,c)

∑
a∈Si

pf(d−lev(a(i))).(5.6)

Recall that for every 0 ≤ ` ≤ e − 1, the set of x ∈ (O/pe) with lev(x) ≥ ` is an Fp-
subspace of dimension f(e − `). Let us call this subspace W`. Fix i ∈ H (n, c), and set
a` = 1

f
#{a ∈ Si : lev(a(i)) = `}. Since {πi(proj(a)) : a ∈ Si} is a basis for O/pe, it follows

that for every 0 ≤ ` ≤ e − 1, the set of a ∈ Si with lev(a(i)) ≥ ` is a linearly independent
subset ofW`. Thus, the cardinality of the latter set of vectors is at most dimW` = f(e− `).
Hence a` + · · · + ae−1 ≤ e − ` for all 0 ≤ ` ≤ e − 1. Using Lemma 4.6 for m = e and
x` = pf(d−`), where 0 ≤ ` ≤ e− 1, we deduce

(5.7)
1

f

∑
a∈Si

pf(d−lev(a(i))) =
e−1∑
`=0

a`x` ≥
e−1∑
`=0

x` =
e−1∑
`=0

pf(d−`).

Equivalently,
∑

a∈Si
pf(d−lev(a(i))) ≥ f

∑e−1
`=0 p

f(d−`). The assertion of Theorem 1.6 follows
immediately from combining (5.6) and (5.7).
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