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Abstract

We give a complete classification of all positive energy unitary representations of the Virasoro
group. More precisely, we prove that every such representation can be expressed in an essentially
unique way as a direct integral of irreducible highest weight representations.

1 Introduction

Let Diff(S1), denote the group of orientation-preserving smooth diffeomorphisms of the circle. It
is well known that Diff(S1); is a smooth Fréchet-Lie group [H82, Ex. 4.4.6]. Let Vir denote
the simply connected Virasoro group, that is, the central extension by R of the simply connected
covering of Diff(S1), (see Section . Unitary representations of Vir have been studied for more
than three decades. Among unitary representations of Vir, the representations of positive energy
play an important role in physics [GKOS86], [K82], [S81]. The positive energy representations are
closely related to the unitarizable modules of the Virasoro algebra vit, which is the (unique) central
extension by C of the Lie algebra 2iff of complex vector fields on the circle with finite Fourier series.
The Lie bracket of vit is given by
2
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The classification of irreducible unitarizable highest weight modules of vir is by now well known
[GKOS86], [KR8T], [L8§|. Furthermore, every such module of vit can be integrated to an irreducible
positive energy unitary representation (m, #) of Vir (see [GW85] and [T99]). Here positive energy
means that the (unbounded self-adjoint) energy operator dmw(—dy), where dy := i%, has a non-
negative spectrum (see Definition .
In this paper, we give a complete classification of the (in general reducible) positive energy
representations of Vir. Our main result is Theorem [4.5.6] in which we prove that every positive
energy representation of Vir can be expressed in an essentially unique way as a direct integral of



irreducible positive energy representations. Note that from [N10b, Prop. 4.11] it follows that the
irreducible positive energy representations of Vir are precisely the irreducible unitary highest weight
representations that have been constructed in [GWS85] and [T99] (see Section [.4). Let us briefly
sketch the main ideas of the proof. It is well known that the homogeneous manifold Diff (S'), /S! has
an invariant complex structure. (This complex manifold is usually called the Kirillov-Yuriev domain
[KY88].) We show that positive energy representations of Vir can be realized on Hilbert spaces of
sections of certain holomorphic vector bundles W, (defined in Section over the Kirillov—Yuriev
domain. The construction of W, is canonical. What is more subtle is to equip W, with an invariant
complex structure. For finite dimensional Lie groups the problem of classifying the invariant complex
structures of associated vector bundles was addressed in [TW70]. Due to the lack of a general theory
for solving the d-equation on infinite dimensional manifolds, the results of [TW70] do not apply to
the infinite dimensional case. For Banach—Lie groups, the aforementioned problem was solved in
[N13]. However, the general strategy of [N13|] is not applicable to the Virasoro group, since the
latter group does not have an analytic structure. We will circumvent this issue by using the key
observation that the vector bundles W, are indeed bundles associated to a “universal” holomorphic
principal bundle S,, (defined in Section . Therefore the invariant complex structure on S, will
induce the suitable invariant complex structures on the W,. The complex structure of the principal
bundle S, is in turn obtained using the one-parameter family of complex structures on Vir that is
constructed by Lempert [L95]. After realizing positive energy representations on Hilbert spaces of
holomorphic sections, we can use the technique of holomorphic induction from [N13], as well as some
new ideas concerning holomorphic reproducing kernels with values in a C*-algebra, to obtain the
existence and uniqueness of the desired direct integral decomposition.

We now summarize the content of each of the sections of this paper. In Section [2| we briefly
review the basic theory of infinite dimensional manifolds and Lie groups. In Section |3 we first study
invariant complex structures on a general class of principal bundles that arise from Lie groups that
have a homogeneous space which can be equipped with an invariant complex structure. Next we
study the properties of G-invariant reproducing kernel Hilbert spaces of sections of vector bundles
associated to the aforementioned principal bundles. For reducible positive energy representations,
self-adjoint operators such as the energy operator can have a continuous spectrum and therefore
one cannot expect to use methods that are typically based on weight vectors. To circumvent this
issue, we need a technical tool, called Arveson spectral subspaces, which will be presented in Section
[3.5] It is worth mentioning that the setup of Section 3 is quite general and we expect that it will
be applicable to other classes of Fréchet-Lie groups. In Section [4 we focus our attention on Vir.
Using the general results of Section [3| about complex structures on principal bundles, and the main
result of [L.95], we construct a holomorphic section and consequently an invariant complex structure
on the principal bundle S,. In Section [4.5| we construct suitable direct integrals of positive energy
representations and prove our main theorem.
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2 Infinite dimensional manifolds

Let F and F be locally convex spaces and U C E be open. Given amap f: U — F, for every x € U
and every v € E we define the directional derivative 0, f(z) by

1

0uf (2) = lim —(f(z + tv) — f(x))
-0t

if the limit exists. A continuous map f : U — F is called continuously differentiable, or C', if the

maps O, f : U — F are defined for all v € E, and the map

df :UXE — F, (z,v) = df(z)(v) := 0, f(x)
is continuous. Similarly, the map f is called C* for some positive integer k, if the maps
dfUxE - F, (x,v1,...,05) — djf(x)(vl,...,vj) = (Opy +++ Oy, f) ()

are defined and continuous for every 1 < j < k. Finally, f is called smooth, or C*, if it is C* for
every k € N.

Based on the above notion of smooth maps we can define smooth locally convex manifolds (see
[H82] and [NO6] for detailed expositions). From now on, all manifolds are assumed to be smooth. If
M and N are manifolds, then the set of smooth maps from M to N is denoted by C* (M, N).

Let M and N be manifolds and f : M — N be a C! map. If p € M and v € T,M, then
we sometimes write d,f instead of df(v) or df(p)(v). We extend df : TM — TN to a map
between the complexified tangent bundles, that is, if v = v; +ivy € T;,CM =T,M ® C, then we set
df(v) :==df(v1) +idf(ve) € T}C(p)N.

An almost complex structure on a manifold M is a smooth bundle map J : TM — T M with the
property that J, := J\TPM : Ty,M — T, M is an R-linear map satisfying Jg = —1. We can write

Cas _ 1,0 0,1
TyM=T,"M&T," M

where Ty ' M := {v —iJyw : v e T,M} and Ty"' M := {v +iJ,v : v € T,M} are the +i eigenspaces
of the C-linear extension of .J,. The canonical injection T, M — T I(,CM results in an isomorphism
M = T]()CM /T;E) M as complex vector spaces. A smooth map f : M — N between two almost
complex manifolds is called holomorphic if J ) © df =df oJ, The set of holomorphic maps from
M to N is denoted by O(M, N).

A manifold M is called a complex manifold if it is locally biholomorphic to a complex locally
convex space, and the transition maps between the local charts of M are holomorphic. For the
theory of holomorphic maps between complex manifolds we refer the reader to [H89].



An almost complex structure on a real manifold M is called integrable if it is induced by a
complex manifold structure on M. The almost complex structure is called formally integrable if the
Nijenhuis tensor N(x,y) := [x,y] + J[Jx,y] + J[x, Jy] — [Jx, Jy| vanishes for every two locally
defined vector fields x,y. If M is finite dimensional, then by the Newlander—Nirenberg Theorem the
notions of integrable and formally integrable coincide. This is no longer true for infinite dimensional
manifolds [L95].

2.1 Two lemmas on vector fields

Let E be a locally convex space and U C F be an open set. Every smooth vector field x on U
results in a derivation of C*°(U, C) defined by x - f(u) := dy(, f for every u € U. The proof of the
following lemma is a straightforward induction.

Lemma 2.1.1. Let x1,...,%X, be smooth vector fields on an open set U C E. Then there exists a
family of smooth vector fields {y,q : 1 <p<n—1and1<q<n,} onU, depending onxi,...,X,,
such that

n—1 Np

xp - (X2 (- (%n e ) )W) = d"f(xa(u), X (W) + 3 Y dPf(y1g(u), .. ypg(u)

p=1 q=1
for every f € C*(U,C) and every u € U.

Lemma 2.1.2. Let E be a complex locally convex space, U C E be open, {Xq : o € L} be a family
of smooth vector fields on U, f € O(U,C), andp € U. Let d be a positive integer such that

Xay * (Xag - (- Xay - f)--+))(p) =0 for every 1 <r <d and every a,...,a, € I.

If Spanc{x.(p) : « € I} is dense in Ty)U = E, then d" f(v1,...,v,) = 0 for every 1 <r < d and
every vy, ..., v, € TyU.

Proof. If d = 1 then df(x4(p)) = X - f(p) = 0 for every a € Z. Since the map v — df(v) is C-linear
and continuous, it follows that df(v) = 0 for every v € T,U. The case d > 1 is proved by induction
ond. If 1 <r <d, then Lemma implies that the difference

Xay (- Koy - f) - )(0) = d"f(Xay (D), - -, X0, (P))

is a sum of derivatives of the form d’ f(y1,...,y;) =0 where 1 <j <r—1landy,...,y; € T,U. By
the induction hypothesis, all of the latter terms vanish, and therefore d” f (x4, (p), . - ., X4, (p)) = 0 for
every aq,...,q, € Z. Since d"f is C-multilinear and continuous, it follows that d" f(v1,...,v,) =0
for every vy,...,v, € T,U. O



2.2 Infinite dimensional Lie groups and representations

We assume that all Lie groups are modeled on Fréchet spaces and have a smooth exponential
map. The exponential map g — G, where g := Lie(G), will be denoted by x — e*. Lie group
homomorphisms are always assumed to be smooth. The universal enveloping algebra of g := g@rC
will be denoted by U(gs). The complex conjugate of a Lie subalgebra a C g will be denoted by
a. By a complex Lie group we mean a Lie group that is also a complex manifold with holomorphic
multiplication and inversion maps. If G; and Gs are complex Lie groups, by a homomorphism of
complex Lie groups f : G1 — G2, we mean a holomorphic map which is also a group homomorphism.

For a Lie group G we define ¢, : G — G and g, : G — G by {4(h) := gh and g4(h) := hg. If
v € T}, G for some h € G, then for simplicity we write g - v and v - g instead of d ¢, and d, 0.

Let G be a Lie group and M be a manifold. If f: U — M is a smooth map, where U C G is
open, then we define

L.f(g) :=df(g-x) =dy(foly) for every g € G and every x € g := Lie(G).
If M has an almost complex structure J : TM — T M, then we define

Lotiyf(9) := Laf(9) + Jp(q) Ly f(g) for every z,y € g. (2)

Let E be a complex locally convex space. We denote the vector space of continuous linear
operators on E by B(E). Let GL(E) denote the group of invertible continuous linear operators on
E. By a strongly continuous representation of a Lie group G on E we mean a group homomorphism
7w : G — GL(FE) such that for every v € E, the orbit map 7¥ : G — E defined by 7"(g) := 7(g)v is
continuous. Given a strongly continuous representation 7 : G — GL(E), we define
tx)

1
dr(z)v := lim n (m(e"")v —v) for every z € g:= Lie(G) and every v € E,

t—0
if the limit exists. The group of unitary operators of a complex Hilbert space J# will be denoted
by U(4€). A strongly continuous representation 7 : G — U(%) is called a unitary representation.
A unitary representation (7, ) is called smooth if the set > :={v e H : w¥ € C®(G,H)} is
a dense subspace of J#. Note that when (7, %) is smooth, we can extend dr(x) to all z € U(ge).
We equip B(7), GL(%), and U(.%°) with the operator norm topology. Note that GL(.%) is a
complex Banach—Lie group and U(.) is a real analytic Banach—Lie group.

3 Invariant complex structures and unitary representations

Let G be a connected Lie group and H C G be a subgroup which is also a Lie group. We assume
that H is a split Lie subgroup, that is, there exists an open subset > of some locally convex vector
space F and a smooth map o : ¥ — G such that the map

Sx H— G, (2,h) = o(2)h (3)



is a diffeomorphism onto an open 1-neighborhood of G. It follows that GG is a smooth principal
H-bundle over G/H for a suitable manifold structure on G/H. (In fact the standard argument
from the finite dimensional case carries over.) Set M := G/H, g := Lie(G), and § := Lie(H). Let
q: G — M be the canonical projection, and set mo := q(1).

Let S be another connected Lie group and set s := Lie(S). Let v : H — S be a Lie group
homomorphism, and S := G %, S denote the associated bundle corresponding to the smooth action

HxS— S, (h,s)~— v(h)s for every (h,s) € H x S.
Thus, S is the quotient of G x S by the right action of H defined by
(g,8) - h:= (gh,v(h™1)s) for every (g,s) € G x S and every h € H. (4)

The associated bundle S is a G-homogeneous principal S-bundle over M. We will denote the elements
of S by equivalence classes [g, s] where g € G and s € S. There is a transitive left action of G x S
on S given by

(9,5) g, 5] :=[g9g',s's™] for every (g,s) € G x S and every [¢, '] € S.

Let I'(y) := {(h,v(h)) : h € H} denote the graph of 7. The group I'(v) is a split Lie subgroup of
G x S because the map

EXxSxH—=-GxS, (2,8,h) = (0(2),1)(1,s)(h,v(h)) = (c(z)h, sy(h))

is a diffeomorphism onto an open subset of G x S. Therefore G x S is a smooth principal I'(y)-bundle
over (G xS)/I'(y). The Lie algebra of I'(y) is I'(dy) := {(z,dy(z)) : x € h} C gbs wheredy: h — s
is the differential of v at 1 € H. The map

V:S— (Gx8)/T(), [g.5] = (9,5 T(7) (5)
is G x S-equivariant, and using local charts one can prove that ¥ is a diffeomorphism. We set
mo := ¥([1,1]). In what follows, it will be easier to work with (G x S)/T'(y) than with S.

3.1 Formally integrable invariant almost complex structures on S

From now on we assume that S is a complex Lie group, and M is a complex manifold with a
G-invariant complex structure that corresponds to a closed Lie subalgebra q C g satisfying

Ad(H)g=q, qng=be, and g+7q=gc. (6)
The latter correspondence is given by the canonical isomorphism 7, (M) = g/b = g/q.

Remark 3.1.1. In fact every G-invariant formally integrable almost complex structure on M cor-
responds to a Lie subalgebra q C g satisfying @



Proposition 3.1.2. The formally integrable G-invariant almost complex structures on S for which
the projection map qs : S — M and the right action of S on S are holomorphic are in one to one
correspondence with continuous Lie algebra homomorphisms B : q — s which satisfy B}h =dvy and

B(Ad(h)x) = Ad(v(h))B(x) for every x € q and every h € H. (7)

Proof. Suppose that S is equipped with an almost complex structure that satisfies the properties of
the proposition. By the diffeomorphism , the almost complex structure of S can be transferred
to a G x S-invariant formally integrable almost complex structure on (G x S)/I'(y) with the extra
property that the projection map (G x S)/T'(y) — M and the action map

Sx (G x 8)/T(7)) = (G x S)/T(v) , (s, (g,5)T (7)) = (g,5's)L'(7) (8)

are holomorphic. Let p C g. @ s denote the Lie subalgebra corresponding to the almost complex
structure of (G x S)/I'(y) by the canonical identification T, ((G x S)/I'(7)) = (9¢ © 5¢)/p- Thus,
p satisfies

AdT()p Sp, pNp=I(dy)c, and p+p=gcDsc. (9)

Let 5o = sg ® s¢, where 5E = T11 05 and Sc = Tf g Holomorphy of the map implies that
s¢ Cpandsg Cp. Butif 2 € pnst then z € pNpNse = {0}, hence p N s = s¢.

Let Pry. : 9cDsc — O be the projection onto the first component. Holomorphy of the projection
map (G x S)/T'(y) — M implies that Pry. (p) = §. Writing p = p, @ sc, where P, :=p N (g¢ ® 5¢),
we obtain that Prg. (Po) = q and p, Nsc = {0}. Thus there exists a C-linear map S+ : q — EE such
that p, = T(87) := {(z,8%(z)) : = € q}. Since p, is a Lie subalgebra of g @ s¢, the map g7 is
a Lie algebra homomorphism. Moreover, the Closed Graph Theorem for Fréchet spaces [T67, Sec.
17] implies that 87 is continuous.

Let J1 : s — s be the complex structure of s and set 3 := j;l ofBt:q— s, where j; : 5 — sg is
the canonical identification j, (x) := 4 (x — iJyz). Since j; is a Lie algebra homomorphism, so is j.

2
By the above discussion p = I'(87) @ s. Setting I'(8) := {(«, 8(x)) : = € q}, we obtain

p:=T(B) ®s:. (10)

Therefore the relation I'(dy) C p implies that B‘b = d~, and follows from Ad(T'(v))p = p.

Conversely, suppose we are given a 3 : ¢ — s which satisfies the conditions of the proposition. We
define p as in . It is straightforward to check that p is a Lie subalgebra of g @ s which satisfies
p+Pp=gc®sc. The relation Ad(I'(y))p C p follows from . Next we prove that I'(dy): = pNp.
The relation B‘h = dv implies that I'(dvy)- C pNp, and from it follows that

pNPChe®se, PNsc=sz, and pNsc=si.

Therefore p NP Nse = 5o Nsd = {0}, which implies that p Np C I'(dy)e.



We now identify T, ((G x S)/T'(v)) with (gc @© s¢)/p to obtain a formally integrable G' x S-
invariant almost complex structure on (G x S)/I'(y). By the invariance of almost complex structures,
holomorphy of the projection (G x S)/I'(y) — M is equivalent to pry. (p) = q, which is a consequence

of (10). Similarly, holomorphy of the action of S on (G x S)/T'(y) follows from sz C p. O

3.2 Holomorphic principal S-bundle structures on S

Let 8 :q — s be a continuous Lie algebra homomorphism which satisfies the conditions of Proposi-
tion [3:1.2] Suppose that S is equipped with the formally integrable almost complex structure that
corresponds to 8. Our next goal is to determine if S is indeed a holomorphic principal S-bundle.
This is achieved in Theorem 3.2.2 N

Let U C M be an open set and f : U — S be a smooth section. Then we can write f as

flgH) = [g, f(g)] for every g € q~(U),

where q : G — M is the canonical projection, and f : q~}(U) — S is a smooth map satisfying
f(gh) =~(h)~'f(g) for h € H and g € q~'(U).

Lemma 3.2.1. The section f is holomorphic if and only if
Lo f(9) = —B(x) - f(9) (11)
for every g € q~1(U) and every x € 1.
Proof. Let ¥ : S — (G x S)/T(7) be defined as in (f]). The section f is holomorphic if and only if
d(W o f o ly)(@/be) € dhig s(g)-1) (B/T(dy)c) for every g € g~ (U). (12)
Let ¢ : q~1(U) — S be defined by ¢(g) := f(g)~'. Then is equivalent to
(97, dp(g-x)) € dlig ,(g))(P) for every g € q_l(U) and every x € q. (13)

From and it follows that if fis holomorphic, then for every g € q~1(U) and every z € q,
there exists an s~ € s¢ such that dp(g-z) = ¢(g) - (B(z) + s7). The latter equality can be written
asdf(g-z) = —(B(z)+s7) - f(g). Writing @ = x1 + ixo, where 21,5 € g, and s~ = y+iJ1y, where
y € s and Jy : § = s is the complex structure of s, we obtain

df(g-x1) +idf(g-x2) = =B(z)- f(9) —y- f(g9) —iJry - f(g)

It follows that df(g- 1) = —B(z) - f(g) =y - f(9) and df(g - 2) = —ry - F(g) = —J ) (y - F(9)),
hence L, f(g) =df(g-x1)+ Jf(g)df(g -x2) = —p(z) - f(g). The proof of the converse is similar. [J

Theorem 3.2.2. Suppose that S is equipped with the almost complex structure that corresponds to
B :q— s according to Proposition [3.1.2] Then the following two statements are equivalent.



(i) S is a holomorphic principal S-bundle over M.
(ii) There ezists an open 1-neighborhood V- C G and a smooth map f :V — S satisfying

L,f(g) = —pB(z)- f(g) for every x € q and every g € V.

Moreover, when (ii) holds, the complex manifold structure of S is uniquely determined by the holo-
morphic section of S given by gH + (g, f(g)] in some open neighborhood of the base point ms € M.

Proof. The implication (i)=-(ii) is an immediate consequence of Lemma Next we prove
(ii))=-(i). Recall that H is a split Lie subgroup of G, that is, the map ¥ x H — G given in
is a diffeomorphism. After shrinking V' we can assume that there exists a connected open subset
¥/ C ¥ and a connected open 1-neighborhood Uy in H such that the map

Y x Uy — G, (2,h) = a(2)h

is a diffeomorphism onto V. Let g € o(¥') and « : [0,1] — H be a smooth curve such that «(0) = 1.
For every ¢ € [0, 1] we have o/(t) = a(t) - £(t), where £ : [0,1] — b is a smooth map. Then

d

= (va@)fga))| _, =alte)) - Ly Flgalta)) + (o @) (k) - flgalte))

- —(a(to)) - B(§(to)) - fgalto)) +(alto)) - B(§(ts)) - flga(to)) = 0.

Therefore f(gh) = v(h)~1f(g) for every g € o(X’) and every h € Uy. As a result, we obtain an
extension of f to a smooth map f : o(X')H — S defined by f(gh) := ~v(h)~1f(g) for every g € o(X)
and every h € H. We now define a smooth section

fraV) =S, f(gH) :=1g,f(g)] for every g € o(X')H.
Ifxeq,geo(X),and h € H, then
Lo f(gh) = 7 ()" - Lygguye f(9) = 7)™ Lygyef (9) = = (B(x) - v(W) 1) - f(g) = =B(x) - f(gh).

Therefore Lemma implies that fis a holomorphic section of S.
For every a € G we set V, := £,(q(V)) and define f, : q=1(V,) = S by fo:=f ol,_,. Note that
Ly fa(g) = —B(x) - falg) for every x € § and every g € q~1(V,). Therefore the charts

Yo : Vax S =S, pu(gH,s) = [g,fa(g)s] for every gH € V, and every s € S,

are holomorphic (Lemma [3.2.1)) and turn S into a holomorphic principal S-bundle over M. O



3.3 The holomorphic vector bundle W,

Let 8 :q — s be a Lie algebra homomorphism that satisfies the conditions of Proposition and
Theorem (ii), and suppose that S is equipped with the almost complex structure corresponding
to 8. Let # be a complex Hilbert space, and p : S — GL(#') be a homomorphism of complex Lie
groups. Let W, := G X o, #  denote the vector bundle over M associated to the principal H-bundle
G — M, corresponding to the smooth action

HxW =W, (hyw)— p(y(h))w.
That is, W, is the quotient of G x # by the right action of H defined by
(g,w) - h:= (gh, p(y(R"1))w) for every (g,w) € G x # and every h € H.

We define the associated vector bundle S x, # similarly. Since the principal S-bundle S — M and
the action of S on # are holomorphic, S x, %" is a holomorphic vector bundle over M. The complex
manifold structure on S x, # can be transferred to W, by the G-equivariant diffeomorphism

Sx, # =W, , [lg,s],w] = [g,p(s)w] forge G, s€ S, andw e ¥

From now on, we always assume that W, is equipped with the latter G-invariant holomorphic vector
bundle structure.

Let g5 : S — M be the projection of the principal S-bundle S over M. Then we can write
every holomorphic section o : M — W, as o(qs(p)) = [p, f(p)], where f : S — # is a holomorphic
function. Let I',o1(W,) denote the space of holomorphic sections of the bundle W,. We then obtain
a linear bijection

Thot(Wp) = O, #), = {f € O, #): (WpeS)(¥s € 8) f(p-5) =p(s) ' f(p)}.  (14)
This bijection intertwines the natural action of G on I'ng1(W,) with the action on O(S, #"), defined
by
(g-f)(p) == f(g~'-p) for every p € S and every g € G.

Remark 3.3.1. Suppose that the bundle S = G xS — M has a holomorphic section f: U—S

over the open subset U C M. By Lemma f can be written as f(gH) = g, f(g9)], where
f:q Y (U) — S is a smooth map satisfying f(gh) = v(h)~'f(g) for every g € G and every h € H,
and L, f(g) = —f(x) - f(g) for every g € G and every x € q. The local trivialization of S|y results
in a holomorphic trivialization of W,|¢; given by

UxW —=Wylu, (9H,w) = [g,p(f(g))w]. (15)

10



Sometimes it is also convenient to realize holomorphic sections of W, as functions on G. Let
C*(G, "), denote the vector space of smooth maps f: G — # satisfying

f(gh) = p(v(h™1))f(g) for every g € G and every h € H.

The group G acts on C*°(G, #), by left translation, that is, go - f(g) := f(g95'9) for go,g € G. Let
C*(G, "), denote the vector space of maps f € C>°(G,#’), which satisfy

L.f(g) = —dp(B(x))f(g) for every x € q and every g € G. (16)

Let I'so(W,) denote the space of smooth sections of W,. Then we have a linear isomorphism

Too(W,) — C(G, W), , [ f, (17)

where f(gH) = [g, f(g)]. This isomorphism restricts to a G-equivariant isomorphism
Thot(W) — (G, # ) 5. (18)

3.4 G-invariant Hilbert spaces

We now present some results on unitary representations of G which can be realized on Hilbert spaces
that are embedded in I'yq1(W,), or equivalently, in C*°(G,#"), 3. Our main tool is the theory of
reproducing kernel Hilbert spaces. For a detailed exposition of the theory, see [NOOQ].

Let s C C™(G, ¥ ),p be a Hilbert space such that, for every g € G, the point evaluation
evy: A — W, ev,f:= f(g) is continuous. Set

K:GxG—=B), K(9,¢) := ev, oevy. (19)

where evy : % — J denotes the adjoint of ev,. Now let us denote the manifold S, equipped with
the opposite complex manifold structure, by S. By the isomorphism , we can embed 77 in
O@S,7)p = I'not(W,). The corresponding point evaluations ev,, : # — #, p € S, are continuous.
Set

K:SxS—=B(#), K(p,p') :=ev,0ev),. (20)

We call the maps and the reproducing kernel of 7 on G, resp., S. It is easy to check that

K(lg,s],[g',8']) = p(s ™)K (g, 9")p(s' )"

By a standard fact in the theory of reproducing kernel Hilbert spaces [NOO, Lem. 1.1.5], the Hilbert
space 7 is uniquely determined by K, resp., K.
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Definition 3.4.1. A map K : S x S — B(¥) is called (G, p)-invariant if it is invariant under the
diagonal G-action on S x S and satisfies

K(p-s,p-§)= p(s_l)K(p,p')p(s'fl)* for every (p,p’) €S x S and every s,s" € S. (21)

We call K positive definite if for every n € N, every wq,...,w, € #, and every p1,...,pn € S, we
have Zlgi,j§n<wiaK(pi7pj)wj> > 0.

Definition 3.4.2. A Hilbert space 5 C C*(G,#),, 3 with continuous point evaluations evy, g € G,
is called G-invariant if it satisfies the following conditions.
(i) The map evj : # —  is an isometry.
(i) S is an invariant subspace of C*(G, #), g under the action of G' by left translation. The so
obtained G-representation (7,.7) is unitary.

Remark 3.4.3. Let ¢ C C*(G, %), s be a Hilbert space with continuous point evaluations ev,,
g € G and reproducing kernel K : G x G — B(#/). Then # is G-invariant if and only if K satisfies

K(1,1) = 1y and K(gog,gog) = K(g,g') for every go,9,9' € G (22)

(cf. [INOO, Thm. I.4]). For the sake of completeness, we recall the argument.
Suppose that 7 is G-invariant. Then K (1,1) = ev; oevj = 1y. Since the action of G on J#
by (7(g0)f)(9) :== f(g5'g) is unitary, the equality ev, o 7(go) = evy -1, leads to

K(9579.95'9') = vy oevy = evgom(ge)m(ge)” oevy =evgoevy = K(g,g).

Conversely, suppose that holds. Then (eviw,eviw') = (w, K(1,1)w') = (w,w'), so that
evi is an isometry. Next we set #° := Spanc{evyjw : g € G, w € #} C 5. The relation
(fyevyw) = (f(g), w) implies that 7#° is a dense subspace of 7 because its orthogonal subspace is

trivial. The invariance of the kernel K now implies that ev,—1,0€evy =evgo ev® , which leads to

k
g gog”’

o - EViW = ev)

9 90gW for every g, go € G and every w € /. (23)

From it follows that #° is invariant under the action of G by left translations. Moreover,
also implies that (go - evyw, go - evyw') = (evyw,evyw') for go,9,¢' € G and w,w’ € #'. 1t
follows that the action of every g, € G by left translation on J#° extends uniquely to an isometry

7(go) : S — H. That 7(go)f(g) = f(g5'g) for every g,go € G and every f € # follows from
(evym(g0) ) = (£ (g5 Yevyw) = (F.ov’ 1 w) = {([(g5" g).w).

Finally, from continuity of the matrix coefficients go + (7(go)evyw,eviw) = (w,evy  (evyw)) it
follows that (m, #) is strongly continuous.
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Proposition 3.4.4. For a G-invariant Hilbert space € C C*(G, W), 3, the following statements
are true.

(i) The unitary G-representation (m, ) is smooth. In fact, the subset {evyw : g € G,w € #'}
is a total subset of F consisting of smooth vectors.
(ii) The subspace W' :=eviW C F is closed and H-invariant.
(iii) Set p(h) := W(h)‘Wev for every h € H. Then (po~y, #') is a unitary representation of H and
evy : W — W is a unitary equivalence between the H-representations p oy and p®.
(iv) The reproducing kernel K : S x S — B(#') of 5 is holomorphic and (G, p)-invariant and
satisfies K (po,po) = 1y for po :=[1,1].

Proof. (i) To prove that (7, %) is smooth, it is enough to show that eviw € 7> for g € G, w € ¥#'.
Since evyw € C*°(G, #'),,5, the map G — C, go > (m(go)ev w, evyw) = (w,evy  oevyw) is smooth.
Therefore [N10a, Thm 7.2] implies that evyw € 7.

(ii) Clearly #° is closed because evj is an isometry. For every h € H, ev, = p(y(h™1)) o evq
and therefore ev} = ev} o p(y(h™1))*. Therefore implies that 7(h) o ev} = ev} o p(y(h™1))* for
every h € H. In particular, #° is H-invariant.

(iii) Since m(h) is unitary and ev} is an isometry, from the equality evi = ev} o p(y(h™1))*
(proved in (ii) above) it follows that the operator p(y(h~!))* is also unitary. In particular, we
obtain p(y(h™1))* = p(v(h)). The relation 7(h) oev} = ev’ o p(v(h)) now implies that po~ and p°
are unitarily equivalent.

(iv) For every g € G, ev, = evy om(g1). It follows that K(g,g') = ev, om(g~'g') oev} for every
g,¢ € G. Since (m, /) is unitary, we obtain ||K(g,¢')|| <1, and consequently

1K (g, g/, DI < Nlpls™I - (sl

This means that the map K : S xS — B(#/) is locally bounded. Moreover, by and we can
embed JZ in O,(S,#'), so that the general theory of reproducing kernels [NOO, Lem. A.IIL9(iii)]
implies that the map K : S x S — B(#/) is holomorphic. The remaining statements follow from the
relation between K and K, and K(1,1) = 1. O

Proposition 3.4.5. Let 7 C C*(G,#),s be a G-invariant Hilbert space and (m,7€) be the
unitary representation of G by left translation, defined in Definition [3.4.2] Set #'® = evi# C .
Then,

(i) 7(G)#" .= Spanc{m(g)w : g € G, w € #*'} is a dense subspace of F .

(i) U(ge)# Y :={dnm(z)w : x € U(ge), w € # '} is a dense subspace of H .
Suppose, in addition, that there exists an Ad(H)-invariant decomposition go = 0@ he & n such that
q = be ®n, where q is the Lie algebra defined in @, and n C ker(B). Then,

(iii) Um)# Y is a dense subspace of F.

(iv) #V = (H°)", where (A = {v € A : dn(z)v =0 for every x € n}.
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(v) Assume that every closed pory(H )-invariant subspace of W is also p(S)-invariant. Set p(h) =
W(h)‘Wev for every h € H. Let n(G)', resp., p*(H)', denote the commutants of ©(G), resp.,
pV(H). Then the map

m(G) = p™(H) , T—T|,. (24)

is an isomorphism of von Neumann algebras.

Proof. (i) From Proposition [3.4.4(i) and we have 7(g)eviw = evyw for g € G and w € ¥

Therefore 7(G)# " = Spanc{ev;w : g € G, w € ¥}, and Proposition [3.4.4(i) implies that

m(G)# ¢ is a dense subset of .
(ii) Given a smooth map f: G — £, where J# is a complex Hilbert space, we define

1
R.f(g9) := }1_1)% ;(f(e*mg) — f(g)) for every = € g and every g € G.

We extend R, to x € U(ge) as usual, by setting R,14y := Ry + iRy and Ry, ...z, := Ry, - -+ Ry,,. Set

§: . — Home(U(ge), #) , 0(f)(x) := (Rxf)(1) for every = € U(ge).

Fix f € 2 C C*(G,#),p and w € #, and set v := eviw € #°. By Proposition m(l), the
orbit map 7¥: G — , 7¥(g) := 7(g)v is smooth, and

(f(g),w) = (evym(g) ™" fyw) = (f, 7(g)eviw) = (f,7"(g)).

By differentiating both sides of the latter equality, we obtain

(Ryf(g9),w) = (f, Rzm"(g)) for every g € G and every = € U(ge). (25)

Next we prove that
R, (g) = dr(zM)m"(g) for € U(ge)g € G, (26)
where z — z! is the principal anti-automorphism of U (g¢), defined by zh = —z for x € gc- It
suffices to prove the latter statement for ¢ = x1 - - - x,, where x1,...,x, € g. For n = 1, the statement

is obvious. For n > 1, we prove the statement by induction. For every f, € 52,

<Rx1...xnﬂv(g)7 f1> = lg%% (<Rx2...xnﬂ'v(€78xlg), f1> — <Rx2...xnﬂ'y(g), f1>)

= —({dm(x1)7"(g), dm (w2 - - n) f1) = (=1)™(d7(zn - - 21)7"(9), f1)-

Since £ is a dense subspace of J#, we obtain Ry, .., 7"(g) = (—=1)"dmw(xy, - - - z1)7"(g).
Setting g = 1 in (25)), we now obtain (5(f)(z),w) = (f,dn(z")v). It follows immediately that

ker(6) = (U(ge) 7)™ (27)
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To complete the proof of (i), we need to show that ker(d) = {0}. Fix f € .# such that
5(f)(x) = 0 for every x € U(gg). Asin Remark[3.3.1] let 5: U — S, gH  [g, s(g)] be a holomorphic
section of S|y7, where U is an open connected neighborhood of m,. Then the map ¢ e Uu—w%,
p(gH) = p(s(9)"1) f(g), is holomorphic, and a computation using the Leibniz rule shows that
Ry(¢fo0q)(1) =0 for every € U(ge). Set x,(9H) := —dq(x - g) for every x € g and every g € G.
Then x, is a smooth vector field on M, and R, (¢ o q) = (X5 - ¢) o q for every ¢p € C*°(U,#’) and
every x € g. Lemma implies that, in every local chart, we have d"p 7 (v1,...,v,) =0 for every
r > 0 and every vy, ...,v, € T), M. Since ¢ 7 is holomorphic it vanishes on U. It follows that f = 0.

(iii) First we prove that # ¢ C (#°°)". Let v := evjw, w € #". Applying with ¢ = 1, we
obtain for f € 7 and z € n the relation

{dr(@)v, f) = =(Rom* (1), f) = —(w, (Rzf)(1)) = (w, (Lz[f)(1)) = —(w,dp(5(7)) f(1)) = 0.

Since f € J was arbitrary, we obtain d7(z)v = 0.

From Proposition [3.4.4ii) it now follows that 7w(H)#® C #* and dn(z)#® C #* for every
x € q. Consequently, U(gp)# " = Um)U(bo)U(m)# <" = Um)#¢", and from (ii) we derive that
Um)# ¢ is dense in S .

(iv) We have shown in the proof of (iii) that #'¢V C (2*°)". Next we prove that ()" C 7V,
Let f1 € (2°°)". Then (f1,dn(z)f) = —(dn(Z)f1, f) = 0 for every f € A and every x € n. In
particular, f; € (AU(W)#)*. From (iii) it follows that #¢ +RU(®)#°" is dense in 2. Moreover,
W C (aUM)# )+ because

(f,dm(z) f2) = (dn(Z)f, f2) = 0 for every f, fo € #* and every a € aU(@).

This shows that f; € #°.

(v) First note that (iv) implies that #¢V is invariant under 7(G)’. Thus, the map is well-
defined. Now let T' € 7(G)’ such that T‘Wev = 0. Then T‘W(G) = 0, so that (i) implies that
T = 0. Therefore the map is an injection.

Next we prove surjectivity of . Since every von Neumann algebra is generated by orthogonal
projections [D69, Chap. 1, §1.2], and images of von Neumann algebras under restriction maps are
von Neumann algebras [D69, Chap. 1, §2.1, Prop. 1], it is enough to show that every orthogonal
projection in p®¥(H)' is contained in the image of the map . Let P € p®V(H)'. Setting #;¥ :=
P and #5V .= (I — P)#°' yields an H-invariant orthogonal decomposition

wev

WGV — WleV @ %GV' (28)
Now set 7 := 7T(G)7/j‘3" for j = 1,2. Surjectivity of follows if we can prove that 7 L
Jt, because then 7 = JA & 7 is a G-invariant orthogonal direct sum, and the orthogonal
projection Pe 7(G)' onto 74 satisfies P ‘Wev = P. We now prove that 7 L 7. Because of the
relation m(h)oev} = ev} o p(vy(h)) (Proposition [3.4.4{iii)), the decomposition corresponds to an
orthogonal decomposition # = #1 & #>, where each #j, j = 1,2, is a closed and p o y(H)-invariant
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subspace. Thus, each #; is p(S)-invariant, and since p o vy is unitary, it is also p(S)*-invariant. Fix
w; € #j for j =1,2, and let K : Sx S — B(#) be the reproducing kernel of /¢, as defined in .
By Proposition [3.4.4(iv), the map

SxS—C, (p,p) = (K(p,p)wr,ws) (29)

is holomorphic. But if p = [g, s], then K (p,p) = p(s 1)K (g,9)p(s™1)* = p(s™1)p(s71)*, and there-
fore the map (29) vanishes on the diagonal subset of S x S. Since every holomorphic map on S x S
is uniquely determined by its diagonal values [NOO, Prop. A.II1.7], the map should also vanish
for every (p,p’) € S x S. Consequently, for every w; € W, j = 1,2, we have

o

(m(g)eviwy, eviws) = (evywy, eviws) = (wi, K(g, wz) = (w1, K([g, 1], [1,1])ws) = 0.
That is, 7(G)#Y L #5V. This implies that .77 L J%. O

Proposition 3.4.6. Let K : S xS — B(¥#) be a holomorphic, (G, p)-invariant, positive definite
map which satisfies K(po,po) = Ly for po := [1,1]. Then there exists a G-invariant Hilbert space
0 C O(S, W), whose reproducing kernel, as defined in , 1s equal to K.

Proof. This follows from standard facts in the theory of reproducing kernels. Therefore we will only
sketch the argument. By the isomorphisms and it suffices to construct 7 C O(S,#),.
Set

H° = Spanc{Kpw : pES,we W} COS,#),,

where Kp,(p') := K(p/,p)w. We can define a pre-Hilbert structure on J#° by the relation

(Kpaw, Kyt ) = (w, K(p,p')w’). Let S denote the completion of .7#7°. From [NOO, Prop. I.1.9(iii)]
it follows that s C O(S,# ),. Continuity of point evaluations of J# follows from the equality
(f(p),w) = (f,Kpw) for fe s, peS, and w e # (see also [NOO, Thm 1.1.4]). The latter equality
also implies that evjw = Kp,, from which it follows that ev), o ev;;, = K(p,p’). Next note that
(evp w,evy w') = (w, K(po,po)w') = (w,w’), that is, evy is an isometry. Finally, the condition of
Definition [3.4.2[(ii) follows from (G, p)-invariance of K, which implies the G-invariance of the kernel
K on G x G. O

Proposition 3.4.7. For every homomorphism of complex Lie groups p : S — GL(#'), there ezists
at most one G-invariant Hilbert space A C C*(G, W ),3-

Proof. The Hilbert space . is uniquely determined by its reproducing kernel [NOO, Lem. I.1.5].
By and we can assume s C O(S,#),, and it suffices to show that the corresponding
(G, p)-invariant kernel K : S x § — B(#') is uniquely determined by p. Since ev, is an isometry,
we have K (po,po) = 1y . From (G, p)-invariance we obtain

K([g,5],19,8]) = p(s K (Do, po)p(s™)* = p(s™")p(s™H)*

p
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for every g € G,s € S. Therefore K(p,p) is uniquely determined by p for every p = [g,s] € S.
From Proposition M(iv), and the fact that every holomorphic map S x S — B(%#) is uniquely
determined by its diagonal values [NOO, Prop. A.II1.7], it follows that K (p, p) is uniquely determined
by p for every (p,p’) € S x S. O

3.5 Arveson spectral subspaces

We now recall some results from [N13| Appendix A] on Arveson spectral subspaces. These spectral
subspaces were originally introduced in [A74]. Let V' be a complete complex locally convex space.
A strongly continuous representation o : R — GL(V) is called equicontinuous if, for every O-
neighborhood U; C V, there exists a 0-neighborhood U; C V such that «(t)Uy C U; for every
t € R. An equicontinuous representation « yields a representation « : L*(R) — B(V), given by
a(fjv:= [Z_ f(t)a(t)vdt. For every v €V, we set

Io(v) == {f € LY(R) : a(f)v =0} and Spec,(v):={teR : f(t) =0 for every f € I,(v)},

where f(z) = [, f(t)e™dt. Similarly, we set
I(V):={f € L*(R) : a(f) =0} and Spec, (V) :={t R : f(t) =0 for every f € I,(V)}.
For every A C R, we define the Arveson spectral subspace
V(A):=V(a,A) :={v eV : Spec,(v) C A},

where A denotes the closure of A. From [N13, Rem. A.6] it follows that the vector space V(A) is a
closed subspace of V' that is invariant under «(t) for every ¢ € R (see also [A74) p.225]).

Lemma 3.5.1. Let (7, 5) be a smooth unitary representation of G. Let x € g, and set m(t) :=
7(e®) for every t € R. Then m,(f) = f(—idn(x)) for every f € L'(R).

Proof. Let B(R) denote the o-algebra of Borel subsets of R, and E : B(R) — B(J#) denote the
spectral measure associated to the self-adjoint operator —id7(x). Since f € L*°(R), the operator
f(—idn(x)) is bounded. Fix v,v’ € S and set ES" := (Eqv,v’) for every Q € B(R). Then,

[e.e] (e} o . , e
(. (flv, ') = / f@&) (m(e™)v, v )dt = / / f()edt dEVY (u) = (f(—idm(z))v,v'). O
Proposition 3.5.2. Let (7, 5) be a smooth unitary representation of G and x € g. Set m,(t) :=

m(e) and a(t) := Ad(e™) € GL(g¢) for every t € R. Assume that o is equicontinuous. Then the
following statements hold.

(i) 7o (f) > C > for every f € LY(R). Moreover,

dr(y)me(flv = /00 fO)m(e®)dn(Ad(e ™) y)vdt fory € ge, f € L(R), and v € 5.
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(i) Set H°(X) := (g, X) N A for every X CR. Then,
dr(gc (o, A)) #>(B) C A#°(A+ B) for every A, B C R.

(iii) Let E : B(R) — B(H) denote the spectral measure associated to the self-adjoint operator
—idm(x), where B(R) is the o-algebra of Borel subsets of R. Let I C R be an open interval.
Then 70 NE; is dense in E; 2.

(iv) Assume that x € b, and that (7, ) is obtained, according to Proposition from an
embedding S — C*(G, W ),p as a G-invariant Hilbert space, where p : S — GL(#') is
a homomorphism of complex Lie groups. Furthermore, suppose that there exists an Ad(H)-
invariant decomposition g- = 1@ b ® n such that q = b © n, where q is the Lie algebra
defined in @, andn C ker(B). Set # ¥ :=evi# . Then,

Spec, () C Spec, (#°) + NoSpec, (n),
where Ng := NU{0}, and the right hand side denotes the closure of Spec, (# ") + NoSpec, (1).

Proof. (i) This is a special case of [NSZ14, Thm 2.3].

(ii) This is a special case of [NSZ14, Thm 3.1].

(iii) Fix v € E; and € > 0. Choose w € £ such that |[v — w| < e. Choose compact
intervals Iy C Iy C --- such that I = |J;2, I, and a sequence (fn)nen in C2°(R) such that 0 <
fulz) <1, fu(z) =1 for all € I,,, and supp(f,) C I. Let hy, ho,... be Schwartz functions such
that h, = f, for every n > 1. Set wy := fn(—idm(z))w. From (i) and Lemma it follows
that w1 = 7 (hy)w € . Let x; denote the characteristic function of I, so that f, = x;fn-
Then E; = x;(—idm(x)), and therefore w; = f,(—idn(z))w = x;(—idnw(x)) frn(—id7(z))w € E; 2.
Moreover, ||(fn — x;)(—idm(do))w|| < [|[Ep g, (see [DS63, Thm XI1.2.6(c)]), and consequently,

[o = wi] < [[Bpo = Epw|| + [[Erw —wil] < [jo = w]| + [[Ep g, w]-

Finally, since I = (J I, we obtain lim;, . [|[Ep ,w[| = 0.

(iv) Set A := Spec,(n) and B := Spec, (#°) + NoSpec,(n). Then A+ B C B, so that (ii)
implies that Um)# ¢ C J(n, B), where UM)# ¢ := {dn(z)w : x € Uln) and w € #*°'}. By
Proposition [3.4.5(iii), U(W)# " is a dense subspace of .. Therefore J#(r,, B) is also a dense
subspace of J¢. Since % (7, B) is also closed in ¢, we obtain J¢ = 5 (m,, B). O

4 The Virasoro group

In this section we use the general results of Section [3|in the special case of the Virasoro group. Let
Diff(S'), denote the smooth Fréchet-Lie group of orientation-preserving smooth diffeomorphisms
of the circle [H82, Ex. 4.4.6]. Note that m(Diff(S1)y) = Z, and the simply connected covering of
Diff(S1), is

Diff(S'); == {¢ € C®(R,R) : ¢(t+27) = ¢(t) + 27, and ¢'(£) > 0 for every t € R},
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From now on G will denote the simply connected Virasoro group Vir, that is, the central extension
of Diff(S'); by R whose multiplication is defined by

(¢,a)(¥,b) := (pop,a+ b+ B(¢,v)) for every ¢, 9 € ]315?(5’1)4r and every a,b € R,
where B(¢, 1) is the Bott cocycle B(¢, 1) := % 027r log(¢ o 1) dlog)’. The center of G is
Z(G):={(¢n,a) € G: ne€Zand a e R} =Z xR,

where ¢, (x) := 2+ 27n for every x € R. Let g := Lie(G). We can represent every element of x € g
by an infinite series x = zc + ZnGZ and,, where z,a, € C and

||k == |2| + Z(\n\k +1)|an| < oo for every k € N.
neZ

int d

Here d, :=ie"" Z,

and ¢ € Z(g) is chosen such that the Lie bracket of g is given by
[din,dn] = (n—m)dpin + 27rim36m+n’0c for every m,n € Z.

Note that in the above formula, the choice of the cocycle is different from (|1)) which is more commonly
used in the literature, but this will not have a significant effect on our presentation. Observe that
g = {z € gc : T = z}, where the complex conjugation = — T is uniquely specified by € = ¢ and
d,, = —d_,,. Moreover, e~?™id0 = (¢, 0) € Z(G) for every n € Z.

From now on, let H denote the connected Lie subgroup of G which corresponds to the Lie subal-
gebra h := Rc @ Ridg C g. By a well-known result of Kirillov and Yuriev [KY88], the homogeneous
manifold M := G/H is a complex manifold (diffeomorphic to a complex Fréchet domain) with a
G-invariant complex structure which corresponds to the Lie subalgebra q = b ®n C g, where

q:= {J:Eg(c : m:zc+Zandn, z,anEC} and n:= {mégc : x:Zandn, anE(C}.

n=0 n=1

4.1 Left invariant complex structures on the Virasoro group

Following [L95], we define a one-parameter family of (integrable) left-invariant almost complex
structures on G. Namely, for every 7 € C\ R we write 7L G = gi’o S gg’l, where

oo [o¢]
gi’o = {m €gc @ T=Tapc+ Zandn} and gg’l = {x €gc : T=TapC+ Za—nd—n}~

n=0

The canonical identification T, G = TG/ g2! yields a left-invariant almost complex structure on
G. This almost complex structure induces an almost complex structure on H corresponding to the
direct sum decomposition b = hi’o P hg’l, where bi’o = b N gi’o and hg’l = beN 99’1. From now
on, to specify the almost complex structures chosen on G and H, we write G, and H,. Note that
H. = C as complex Lie groups.
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Proposition 4.1.1. For every 7 € C\R, the almost complex structure of G is integrable. The
complex manifold G, is a holomorphic principal H:-bundle over M with a global trivialization.

Proof. This is proved in [L95] Thm 4.2]. Actually Lempert gives the proof for G/D where D C Z(G)
is the discrete subgroup of G generated by (¢1,0). Since the pullback of an integrable complex
structure to a covering manifold is also integrable, it follows that Lempert’s result also holds for the
covering group G. O

4.2 The universal bundle S, and the associated vector bundles W,

Let Hc =2 C? denote the complexification of H and 7, : H — Hc denote the canonical embedding,
so that dv, : h <= b is the canonical injection. Set S, := G x, Hc, where the right hand side
is the quotient of the action defined in . We equip S, with the almost complex structure that
corresponds, according to Proposition to the canonical projection 3, : q — be.

Proposition 4.2.1. S, is a holomorphic principal Hc-bundle over M with a global trivialization.

Proof. Fix 7 € C\R and let 3, : § — b, be defined by 3; := p, o 3y, where p; : bo — bc/f)g’l ~p,
is the canonical projection. Set S; := G' x,_ H,, where v, : H — H, is the identity map. We equip
S; with the almost complex structure that corresponds, according to Proposition to B,. Let
$r: M — G be a holomorphic global section for the trivial bundle G, — M, and set

s;:G = Hy , s:(g):=g '3, (¢H).

The map G, — S; given by g — [g,1] is a holomorphic diffeomorphism. Therefore Lemma
implies that
Lys:(9) = —B:(x) - s;(g) for every x € § and every g € G. (30)

For every 7 € C\R, let HY' denote the Lie subgroup of H¢ corresponding to the Lie subalgebra

ho. Now fix 71,7 € C \ R such that 71 # 75. The map H¢ — H, xH_, h— (hH?l’l, hH%’l) is an
isomorphism of complex Lie groups. The map

s:G— He , s(g) := (s7,(9),sr,(9)) € Hr, x Hr, = Hc

is smooth, and from (30) it follows that L,s(g) = —fBu(x) - s(g) for every z € q and every g € G.
Therefore the proposition follows from Theorem O

We now need the following important observation. Let p : H — U(#') be a Lie group homo-
morphism. From [NO6, Thm IIL.1.5] it follows that p can be extended uniquely to a homomor-
phism of complex Lie groups p : Hc — GL(#'). Therefore the construction of Section makes
W, := G X0y, # a holomorphic vector bundle over M. From now on, we assume that W, is
equipped with the latter holomorphic vector bundle structure.
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4.3 Positive energy representations

Let (m, #) be a smooth unitary representation of the simply connected Virasoro group G. The
unbounded self-adjoint operator —dm(dp) is usually called the energy operator of (m, 7).

Definition 4.3.1. A smooth unitary representation (7w, ) of G is said to be a positive energy
representation if Spec(—dn(dp)) € Rt U {0}.

Proposition 4.3.2. Let (7, 7) be a positive energy representation of G, and set W™ = (HA>)".
Then #™ is H-invariant, and 7(G)#™ := Spanc{n(g)w : g € G and w € # ™} is dense in H .

Proof. The H-invariance of #™ follows from the relation dn(z)m(h)v = n(h)dr(Ad(h~!)z)v and
Ad(H)-invariance of n. Next we prove that m(G)# ™ is dense. Set .#”" := (7(G)#™)*. Then 7" is
a closed and G-invariant subspace of 7, and the representation of G on " is of positive energy.
Now set

= inf Spec (—dr(do) ‘ﬁ,) and I == (a—1,a+ 1) CR.

Let E : B(R) — B(%f’) be the spectral measure associated to the self-adjoint operator —dm(dy) ‘%ﬂ,
By Proposition [3.5.2[(iii), there exists a nonzero v € 7 NE#". Now set z := —id, and define
a(t) = Ad(e"®) € GL(g¢) and m,(t) := w(e'*) for every t € R. It is straightforward to check that
v € #°(I) and that « is equicontinuous. In view of

a(t)d, = o —c=inq. and  a(f)d, = f(—n)d,
we obtain with Proposition ii) that

dr(d,)v € H(my, Ja—n—3,a —n+1]) =E 1 = {0} for every n > 0.

a— nfi a— n+
Consequently, v € #™, which is a contradiction. O

Let (7, 7) be a positive energy representation of G. We fix some notation which will appear
in the rest of this article. Set #7™ := (>°)" C . Note that #™ is H-invariant. Now let
(p™, #™) denote the unitary representation of H that is obtained from the restriction of 7. That is,
p"(h) = W(h)}wﬂ for every h € H. Let

E™:B(H) = B¥7™), Q— Ef, (31)

denote the spectral\ measure corresponding to (p”,Z/’T), in the sense of Stone’s Theorem [FD8§,
Thm X.2.1]. Here H denotes the dual of H, and B(H) denotes the o-algebra of Borel subsets of H.

Definition 4.3.3. A positive energy representation (m,.7) of G is said to be of bounded type if
p": H— U(#7™) is a Lie group homomorphism.

Remark 4.3.4. For a unitary representation (p, #') of H, the following statements are equivalent.
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(i) p: H— U(¥) is continuous with respect to the operator norm.

(iii) The spectral measure corresponding to p has compact support.
(iv

The next proposition is a variation of [N13, Thm 2.17].

)

(ii) p: H — U(#) is a Lie group homomorphism.
)
)

p has a unique extension to a homomorphism of complex Lie groups p : Hc — GL(%#).

Proposition 4.3.5. Let (m,7) be a positive energy representation of G, # C H be a closed H -
invariant subspace, and Py : 5 — W be the orthogonal projection on # . Set p(h) := w(h)’W for
every h € H, so that (p,#') is a unitary representation of H. Assume the following statements.

(i) p: H— U(¥) is a Lie group homomorphism.

(ii) 7(G)# := Spanc{m(g)w : g € G, w € #'} is dense in H, and (F'>°)*NW is dense in ¥ .
For the unique holomorphic extension of p : H — U(#) to a homomorphism p : Hc — GL(#) of
complex Lie groups, the map

H = C(G, W), v f, where f,(g9) == Pym(g) '
is an embedding of (7, 7€) in C*(G,# )y, as a G-invariant Hilbert space and W = (F°)".
Proof. If v € #°°, then for every = € § and every w € ()" N # we have

(Pydm(z)m(g)~ v, w) = {dr(z)m(g9) " v, w) = —(m(g) v, dm(T)w)
= (Pym(g) v, dp(Bu(x)) w) = (dp(Bu(x)) Py(g) v, w).

If follows that L, f,(g9) = —Pydr(z)m(9) v = —dp(Bu(x))fs(g) for every z € §. Consequently,
fo €CX(G, W), p, for every v e .

Let I's(W,) denote the space of continuous sections of W,, equipped with the compact-open
topology. By [NOI, Cor. IIL.12], the space I'hoi(W,) of holomorphic sections of W, is a closed
subspace of I'ct(W,). For every v € J, we set

fo: M =W, fo(gH) = [g, fs(g)] for every g € G.

Then f, € I'ct(W,), and the map j : S — T'((W,) defined by j(v) := f» is continuous. We
have shown above that f, € C*(G, %), 3, for every v € J°°. Therefore from the isomorphism
it follows that j(#>°) C I'ho1(W,). Since S is a dense subspace of ., we obtain that
J(I) C Tho(Wy), that is, f, € C(G, #), 3, for every v € .

If f, = 0 for some v € S, then v € (7(G)# )L, that is, v = 0. Therefore the map v — f, is
an injection. Checking the G-equivariance relation fr(y.),(9) = fu(gs lg), and continuity of point
evaluations evyv := f,,(g) for g € G, are straightforward. The reproducing kernel of 77, as defined
in (19), is given by K(g,d) = Pym(g9)~'n(g')P;,, and therefore it satisfies (22)). Remark now
implies that . is G-invariant. The equality % = ()" follows from Proposition [3.4.5(iv). O
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Proposition 4.3.6. Let (w, ) be a positive energy representation of G. Then there exists a
sequence (m;)j_y, where n € NU {oo}, of positive energy representations of bounded type such that

T = @®j_17;, and the spectral measures E™7, as defined in , are mutually singular.

Proof. Let C, = R denote the one-parameter subgroup e®¢ C G, and let E¢ : B(R) — B(J#)
denote the spectral measure of the self-adjoint operator dm(ic). Then = @z, where
HO" = E[Cn’nﬂ)(%”. Since e®¢ C Z(@G), every " is G-invariant. Therefore, from now on, we can
assume that 2 = 2" for some n € Z.

Now let D, = R be the one-parameter subgroup e®do C G and let E9 : B(R) — B(#) denote
the spectral measure of the self-adjoint operator —dm(dg). Set a; = inf(supp(E9°)). Note that
a; > 0, because (7, #) is a positive energy representation. Set I} := (a1 — %,al + %) C R and
W = E‘Iiloff . Then # is H-invariant, and from Proposition @ iii) it follows that J#°° N #; is
a dense subspace of #7. On the other hand, setting x := —idy in Proposition (ii) implies that
AN W C (A7) (cf. the proof of Proposition [4.3.2)). Consequently, (J£°°)* N #; is a dense
subspace of #.

Now let (py, #1) denote the representation of H defined by p,(h) := 7r(h)‘W1 for h € H. The
above arguments imply that the spectral measure of p; is compactly supported, and therefore
py » H — U(#) is a smooth Lie group homomorphism. From [NO6, Thm III.1.5] it follows that
there exists a unique extension of p; to a homomorphism of complex Lie groups p; : Hc — GL(%#4).

Set A = 7(G)#1 where

7(G)#1 := Spanc{n(g)w : g € G, w € #},

and let (71, 71) be the representation of G defined by m1(g) := W(g)‘%p for g € G. By Proposition
‘1

the representation (71, 71) can be realized as a G-invariant Hilbert space in C*°(G, #1),, 5.,
and #1 = (7>°)". Consequently, (m,.74) is of bounded type.

We now repeat the above process with the representation of G on %ﬂll. That is, we set as =
inf(supp(EdO‘%L))7 Iy = (a2 — %,ag + %), W = E‘Ii;,%”ﬁ, 5 = w(G)#4, and so on. Note that it
is possible that1 I N Iy # @, but the spectral measures on #; and #5 will be mutually singular,
because #5 = E‘Ii;e%”lj- = E?QOE%QH%” =Ep\n . O

4.4 The H-spectrum of a positive energy representation

Let (7, #45) be an irreducible positive energy representation of G. Then from [N10b, Prop. 4.11]
it follows that (m.,.#%) is a highest weight representation, that is, Spec(—dm,(dp)) is discrete and
there is a unique eigenvector of —dm,(dg) in .74 corresponding to its smallest eigenvalue. Note that
Proposition and Proposition imply that (7, .#4) is uniquely determined by its highest
weight.

Let f[+ C H be the set of unitary characters of H which appear as highest weights of irreducible
positive energy representations of G. By the results of [GW85] and [T99], I:Br can be identified with
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the set of highest weights of unitarizable modules of the Virasoro algebra, whose description is by
now well known [GKO86], [KR87, Sec. 3.3], [L8§|. (Smoothness of the irreducible positive energy
representations is addressed in [T99, p.499].) It follows that ﬁ+ is a closed subset of H. In this
paper we do not need the explicit description of fLr.

Proposition 4.4.1. Let (77/,:%”) be a positive energy representation of G, and let E™ be defined as
in (31). Then supp(E™) C H,.

Proof. By Propositionwe can assume that (7, ) is of bounded type. Let A C B(#™) denote
the C*-algebra generated by p™ (H). By Remark p has a unique extension to a homomorphism
of complex Lie groups p”™ : Hc — GL(#™). Note that p"(Hc) C A.

Step 1. By Proposition we can assume that (7,.7) is embedded as a G-invariant Hilbert
space in C*(G, #™) = p,. Let K : SxS — B(#™) be the corresponding reproducing kernel. Next we
prove that K(p,p’) € A for every (p,p’) € S x S. If p = [g, 5], then K(p,p) = p™(s71)p™(s71)* € A.
Now let q4 : B(#) — B(#')/A denote the canonical projection. The quotient B(#')/A is a
complex Banach space. The map q4 0 K : S xS — B(#')/A vanishes on the diagonal, and
Proposition (iv) implies that q 4 o K is holomorphic. Therefore q 4 o K(p, p’) vanishes for every
(p,p') €S x S. Consequently, K(p,p’) € A for every (p,p') €S x S.

Step 2. The C*-algebra of H is isomorphic to C,(H), the algebra of complex-valued continuous
functions on H which vanish at infinity. Let I™ denote the kernel of the canonical map

~

Co(H) = BOI™) | s /H B(x)dE™ (). (32)

Then I™ = {¢ € Co(H) : 1/1|supp(Eﬂ) = 0}. Since supp(E™) is compact, it follows that the image

of is a dense subspace of A, and CO(I;T)/I7r = C(supp(E™)), where C(supp(E™)) is the space of
continuous complex-valued functions on supp(E™). By elementary C*-theory [D77, Sec. 1.8] the
map induces an isomorphism ™ : C(supp(E™)) — A of C*-algebras.

Step 3. Fix x € supp(E™) and let A, : A — C denote the character of A defined by the relation
Ay o7 (¢) = 9(x) for every ¢ € C(supp(E™)). Note that A, (p™(h)) = x(h) for every h € H, and
since both sides are holomorphic functions of A € Hg, equality holds for every h € H¢ as well.
Now set K, := A, o K. It is clear that K, : S x S — C is holomorphic and (G, x o p)-invariant.
Moreover, K, is positive definite, because every character A, is completely positive in the sense
of [T02, Def. 1V.3.3]. Consequently, by Proposition there exists a G-invariant Hilbert space
t, € C*(G,C)y g, with reproducing kernel K, .

Step 4. Let (my, #%,) denote the smooth unitary representation of G on 4, that is defined in
Proposition [3.4.4(i). By the isomorphism we can assume 5, C O(S,C)yop. Set Ky p, (p) =
K, (p,po) € C, so that K, ,, € #. Note that %, # {0}, because K, p.(po) = Ay(K(po,po)) = 1.
Now S. Kobayashi’s criterion for irreducibility of holomorphic induction [NOO, Thm IV.1.10] implies
that (m, J%) is irreducible (see also Proposition |3.4.5)).
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It is straightforward to check that my (h) Ky m, = x(h) Ky m, for every h € H. Therefore Propo-
sition iv) implies that im(evy) = im(evy, ) = CKym, = ()", and Proposition W(IV)
implies that (m,,.74 ) is a highest weight representation with highest weight x. Thus from the
definition of I/j\u it follows that y € I;u. Now recall that in Step 3, x is an arbitrary element of
supp(E™). Consequently, supp(E™) C ﬁ+. O

The next proposition is a converse to Proposition |4.4.1

Proposition 4.4.2. Let (p,#) be a unitary representation of H, and E : B(H) — B(¥') denote
the spectral measure corresponding to p. Assume that supp(E) is a compact subset of Hy. Then
there exists a G-invariant Hilbert space A C C*(G, W )p B, -

Proof. Let A C B(#') denote the C*-algebra generated by p(H ). By an argument similar to Step 2 in
the proof of Proposition [4.4.1] we obtain a canonical isomorphism of C*-algebras ¢ : C(supp(E)) — A.
For every x € supp(E), let A, € A be the character of A defined by Ay o () = ¢(x) for every
¢ € C(supp(E)), and let (7, 74) denote the irreducible highest weight representation corresponding
to x. Let W, C J, be the one-dimensional y-weight space of m,. Next we use a construction similar
to the universal representation of a C*-algebra. Set

Iy = @ Iy, TA = @ T, WA = W, and py = @ X,

x€supp(E) x€supp(E) x€supp(E) x€supp(E)

so that (m4,.774) is a representation of G, and (pa, #4) is a representation of H. Set

paA=Ba), pale):= @B Al

x€supp(E)

From the definition of A, it follows that A, (p(h)) = x(h) for every h € H, so that p 4(p(h)) = p4(h)
for every h € H. Moreover, p, is faithful because A supp(E). Consequently, elementary C*-
algebra theory implies that p 4 is an isomorphism of C*-algebras between A and the C*-algebra A
that is generated by p 4(H).

Since p4 is a bounded unitary representation of H, it has a unique holomorphic extension
to Hc and by Proposition we can embed (74, 7y) into C*°(G, WA)pA,ﬁu as a G-invariant
Hilbert space. Let K4 : S x S — B(#4) be the (G, p4)-invariant reproducing kernel of 7. An
argument similar to Step 1 in the proof of Proposition shows that K4(p,p’) € A for every
(p,p') € SxS. Themap (p4) " : A — B(#) is completely positive in the sense of [T02, Def. IV.3.3],
and therefore the kernel K : S x S — B(#/), defined by K (p,p') := (p4) (K a(p,p')), is positive
definite. Furthermore, the kernel K is (G, p)-invariant, holomorphic, and satisfies K(po, po)
14 . Consequently, Proposition [3.4.6] implies that there exists a G-invariant Hilbert space ¢
C*(G,#),p, corresponding to K.

i
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4.5 The direct integral (7, /)

For every x € I:LH let (my, 7%;) denote the irreducible positive energy representation of G with
highest weight x. We will denote the inner product of &, by (-,-)y. Let u be a finite positive Borel
measure on H,. In this section we will construct a direct integral unitary representation

S

Hy

Throughout this section, (p,, #,,) will denote the cyclic unitary representation of H corresponding
to p, that is, #,, := L*(H,du) and the action of H is defined by

h-f(x) = x(h)f(x) for he H, x € Hy, and f € L*(H,,dp). (33)

By Proposition 5|, the representation (m, ,%ﬂx) can be realized as a G-invariant Hilbert space
in C*(G,C)y 5, = (S (C)X, and in fact Proposition implies that there exists a unique (G, x)-
invariant holomorphic kernel K, : S x S — C satlsfylng K, (po,po) = 1. Set K, ,(p') :== K\ (p',p),
so that we have

{Kyp :peS} C 4.
Lemma 4.5.1. The map ﬁ+ xSxS—C, (x,p,p) = Ky(p,p) is continuous.

Proof. It suffices to prove the statement for every subset of the form U xS x S, where U C H + is open
and relatively compact Choose a finite positive Borel measure p on H+ such that supp(p) = U.
By Proposition [4.4.2f there exists a G-invariant Hilbert space 7, C C®(G, #,.),,.5.- Let

K,, :SxS§— B(#) (34)

be the reproducing kernel of 77, as defined in (20)). By Proposition (iv), K,,, is holomorphic.
Let A, C B(#,) denote the C*-algebra generated by p,(H). An argument similar to Step 1 in the
proof of Proposition shows that K, (p,p') € A, for every (p,p') € S x S. By an argument
similar to Step 2 in the proof of Proposition 4.4.1] we obtain a canonical isomorphism of C*-algebras
o C(supp(p)) — A,. For every x € supp(u), let Ay : A, — C be the character of A, that is
defined by the relation A, o t#(y)) = 1)(x) for every ¢ € C(supp(x)). An argument similar to Step 3
in the proof of Proposition shows that A, o K, is holomorphic, (G, x)-invariant, and positive
definite. Moreover, Ay o K, ,(po,po) = 1. Uniqueness of the reproducing kernel of . implies that

Kx(p,p’) = A(K), (p,p)) for every x € supp(u) and every (p,p’) €S x S. (35)

The statement of the lemma now follows from continuity of the canonical map A, x .%Alu —-C. O

26



To construct the direct integral m, = f ﬂxdu ), we consider the family {J%, : x € ﬁ+} as

a field of Hilbert spaces over H, (in the sense of [D69, Chap. II)). Fix a countable dense subset
{pn}52, of S, and consider the sections e,, € [| Jt;, defined by e, (x) := K, p, for every x € H

XEH |
and every n € N.

Lemma 4.5.2. The sections e,, n € N, satisfy the following properties.

(i) For every x € Hy, the set {en(X) 152 is a total subset of .
(ii) For every n,n’ € N, the map Hy »C, x+ (en(X);en (X))y, is measurable.
(ili) For every g € G, the operator field {m\(g) : x € ﬁ+} is measurable.

Proof. (i) Recall that (K, ,, K, /)y = Ky(p',p). Thus, for every n € N, we have

(Kyp — Kypo Kxp — Ky po)x = Ky (0, 0) + Ky (P, pn) — Ky (P, Pn) — Ky (Pn, p)- (36)

Now let {p}. }?° ; be a subsequence of {p, }5; that converges to a point p € S. Since K, is continuous,
from it follows that limp_, oo KXvPL = K, , in JZ,. Furthermore, Proposition (1) states that
{Kyp : p € M} is a total subset of J7,. Therefore {K, p,}°°; is a total subset of 77,

(ii) Follows from Lemma because (e,(x),en (X))x = Ky (Pn',Dn)-

(iii) By (G, x)-invariance of K, we can write (my(9) Ky p,, Kyp ) = Ky (97" pp/,pn). Therefore,
by Lemma , the map x = (my(9)Kyp,, Kyp,,) is continuous. The statement is now proved
using a standard pointwise convergence argument based on [D77, Chap. 1, §1, Lem. 1]. O

We are now in a position to define (7, .7,). A section e € erﬁ+ J, is called measurable if,
for every n € N, the map

Hy =€, x = (e en(0))y
is measurable. By standard facts in the theory of direct integral Hilbert spaces (see [D77] or

[INOO, Appendix II]), Lemma implies that the set J7,, consisting of all measurable sections
e € erﬁ 6, which satisfy fﬁ le(x)|I3du(x) < oo, is a separable Hilbert space with inner

product (e, e’) fH+ (X))xdp(x). Setting
(mu(g)e) (x) := my(g)e(x) for g € G, e € A, and x € I, (37)

we obtain a representation of G on J#, by unitary operators (but we still need to prove that m, is
a smooth unitary representation of positive energy).

Remark 4.5.3. Let fAI+ = U,~; X, be a partition of fAI+ into measurable and relatively compact
subsets, and set p,(Q) := p(QN X,) for every Q € B(H) and every n € N. Then p = > 77 pin,
and the p1,, are mutually singular measures with compact support. Moreover, m, = @, 7, .

Proposition 4.5.4. Let p be a finite positive Borel measure on .FAI+. Then (m,, 74,) is a positive
energy representation of G.
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Proof. Because of Remark we can assume that supp(u) is compact. Let D, = R be the

one-parameter subgroup e®d0 C G. Using [NOO, Thm X.6.16] for the restriction Tu|p, » We obtain

Spec(—dm,(dg)) € RT U{0}. Next we prove that (m,,.7,) is a smooth unitary representation of G.

~

Given f € L>®(Hy, ) and m € M, we set

€rp € H 5 erp(X) = FOO) Ky p- (38)
xeH
Lemma implies that e, , € 7, and [D69, Prop. II1.1.7] implies that the fields e 7.p Senerate a
dense subspace of J7,. For every g, € GG, we have

<7ru(90)ef,pvef,p> = /f[ FOO) (T (90) Ky ps Ky p)x dp(x) = 5 f(X)Kx(gcjl -, p) dp(x)-

The map G — C, go — Kx(gg1 -p,p) is smooth. From we obtain

(K (95" p.p)| = A (K, (95 - pop))| < (1K, (95 2,)ls (39)

where K, is defined as in . From linearity of A, it follows that an inequality similar to
holds for directional derivatives of K, (g5 ! p,p). By differentiating under the integral sign ([NSZ14,
Lem. 2.1]) it follows that the map go — (7.(go)€fp,€fp) is smooth. Finally, from [N10a, Thm 7.2]

it follows that ey, is a smooth vector for (m,, 7). O

Proposition 4.5.5. Let p be a finite positive Borel measure on ﬁJr- Let W™ = (H,>°)" and set
p™(h) = T["u(h)‘,,// for every h € H. Then (p™, # ™) and (pu, #,) are unitarily equivalent.

Proof. By Remark we can assume that supp(p) is compact. By the proof of Proposition
the sections e; , defined in (38), belong to 2,°. Applying [AT6, Lem. 2] to one-parameter
subgroups of G implies that e fpo € (7). Therefore, to complete the proof of the proposition,
it suffices to show that if a section e € 7 satisfies e € (7,;°)", then e(x) € CK, p, for almost

every x € .FAI+. To prove the latter claim, again we note that [A76, Lem. 2] implies that there exists
a measurable set N C H, with u(N) = 0 such that dmy(z)e(x) = 0 for every z € n and every
X € ﬁJr\N. (Here we use the fact that for every v € J°, the map gc — 7, x — dmy(x)v is
continuous.) Finally, Proposition implies that (J°)" = CKyp,. O

The next theorem is our main result. It provides a complete characterization of positive energy
representations of G.

Theorem 4.5.6. Let (m, 7) be a positive energy representation of G. Then
Ty, © 2, ©3m,, O Doom, (40)

where [y, 12, ..., oo are mutually singular finite positive measures on fl_h and the m, are con-
structed as in (37). Moreover, the measures p,,n € NU{oo}, are unique up to equivalence.
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Proof. Let #™ := ()" and set p™(h) := ﬂ(h)‘W for every h € H. First we prove the existence
of the direct sum decomposition (40]).

Step 1. Assume that (p™, #™) is a cyclic representation of H, and the spectral measure E”,
defined in , has compact support. Then there exists a finite positive Borel measure with com-
pact support y on H, such that (p™,#'7™) = (pu, #,). Proposition and Proposition
imply that (7, 7°) can be realized as a G-invariant Hilbert space in C*°(G,#,,),, s, For a similar
reason, (,,.#%,) can also be realized as a G-invariant Hilbert space in C*(G, #},),,,,- Therefore
by Proposition we obtain (7, ) = (7, ).

Step 2. Assume that (p™, #™) is not necessarily cyclic, but the support of E™ is compact. Then

P" = pu, D 2pp, B Doopy,
where the p,, are mutually singular finite positive Borel measures on fLr. By Proposition (V),
the above decomposition of p™ corresponds to a decomposition

T=T1P2me DB 00T

where (J°)" = ()" = W), for k € NU {oo} (here J7; is the Hilbert space of my, and %,
is the Hilbert space of p, ). Since the representations (p,, , %, ) are cyclic, Step 1 implies that
(mk, H4:) = (5 ) for every k € NU {oo}. This results in the decomposition for (m, 7).

Step 3. Finally, note that Proposition together with Step 2 imply the existence of the
direct sum decomposition without any assumptions on (p™, #™).

Next we prove uniqueness of the decomposition . Suppose that a decomposition of (7, #) as
in is given. By considering n-invariants, and using Proposition we obtain a corresponding
direct sum decomposition

P = P, B 2ppu, @ B 00 pp, (41)

where the p, are mutually singular finite positive Borel measures. Since H is a locally compact
abelian group, the decomposition is unique up to equivalence of measures. Therefore the

decomposition of (7, ) is also unique. O
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