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ABSTRACT. Let Z be the symmetric cone of r X r positive definite Hermitian matrices over a real
division algebra F. Then Z admits a natural family of invariant differential operators — the Capelli
operators C — indexed by partitions A of length at most r, whose eigenvalues are specializations of
Knop—Sahi interpolation polynomials.

In this paper we consider a double fibration ¥ +— X — Z where Y is the Grassmannian of
r-dimensional subspaces of F" with n > 2r. Using this we construct a family of invariant differential
operators Dy s on Y that we refer to as quadratic Capelli operators. Our main result shows that the
eigenvalues of the D, s are specializations of Okounkov interpolation polynomials.
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RESUME. Soit Z le cone symétrique de matrices de tailles 7 X r hermitiennes positives sur une algébre
de division réelle F. Alors Z admet une famille naturelle d’opérateurs différentiels invariants - les
Opérateurs de Capelli Cy - indexés par des partitions A de longueur au plus r, dont les valeurs
propres sont des spécialisations de polynémes d’interpolation Knop-Sahi.

Dans cet article, nous considérons une double fibration ¥ +— X — Z ou Y est la variété
grassmannienne des sous-espaces de dimension r de F" avec n > 2r. En utilisant cela, nous con-
struisons une famille d’opérateurs différentiels invariants Dy s sur Y que nous appelons opérateurs
Capelli quadratiques. Notre résultat principal montre que les valeurs propres des Dy s sont des
spécialisations de polynémes d’interpolation Okounkov.

Mot clé: Variétés grassmanniennes, homomorphisme de Harish-Chandra, polynémes Okounkov,
opérateurs Capelli quadratiques, cones symétriques.

1. INTRODUCTION

Let F = R, C, H be a real division algebra. Fix integers 7 and n such that 1 < r < 5. Let YV
be the Grassmannian of r-dimensional subspaces of F", and let Z be the symmetric cone of r X r
positive definite Hermitian F-matrices. Then one has a double fibration

Yy V*Z

where X is the space of n x r matrices of F-rank r. For z € X, ¢ (z) is the column space (or range)
of , while ¢ (z) := z'z, where 2T denotes the F-Hermitian adjoint of x.
One can give another description of the above structure in terms of the groups
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The groups K, and G, act on X by matrix multiplication on the left and right respectively, and
the maps X i> Z and X -5 Y are simply the corresponding quotient maps. Moreover, X Yy

is a principal G,-bundle, while X Y, Z is a fibration whose fibers are isomorphic to the Stiefel
manifold K,,/K,_,. Also, since the actions of K,, and G, on X commute, it follows that G, acts on
Z,and K, acts on Y. In fact, Y and Z are symmetric spaces for the latter actions. More precisely,
we have

Y ~K,/(K, x K,—) and Z ~ G,/K,.

The cone Z is a symmetric space of type A, and admits an important basis of G,-invariant
differential operators C'y, indexed by partitions A € P,., where

Pri={(A1,....\) €Z" : Ay >+ >\, >0}

The operators C were first studied by the first author in [20], and were referred to as Capelli
operators. It is known that the spectrum of C) is given by specialization of Knop—Sahi type A
interpolation polynomials [20], [12], [30].

On the other hand, Y is a compact symmetric space of type BC. In this paper, we use the
above double fibration to construct a family of K,-invariant differential operators Dy, on Y that
correspond to the Capelli operators C'y. We call the operators D s the quadratic Capelli operators
because they are obtained from C) by pullback of the quadratic map . Our main result proves that
the spectrum of D, , is given by specialization of the Okounkov type BC' interpolation polynomials
Py(z;7, ) (see [14, Sec. 5.3] and [19]).

To describe our main result precisely, we begin by introducing some notation. Set K := K,, and
M = K, xK,_, C K,sothat Y ~ K/M. The group K acts by left translation on C*°(Y"), the space
of complex-valued smooth functions on Y. The operators D)  leave the subspace C*(Y) j g0 Of
K-finite vectors invariant. By standard results from the theory of compact symmetric spaces (for
example, see [5, Chap. V]), C*°(Y) ka0 decomposes as a multiplicity-free direct sum of irreducible
M -spherical K-modules, which are naturally parametrized by partitions g € P,.. Our next goal is
to describe this parametrization. Let £ and m denote the Lie algebras of K and M. Fix a Cartan
decomposition £ = m @ p. Let a C p be a Cartan subspace, and let h be a Cartan subalgebra of ¢
such that a Ch. Then h =t P a, where t :=hNm. Set tc:=tRr C, he :=h Rk C, ac := a g C,
and tc := t ®g C. The restricted root system ¥ := X(€c, ac) is of type BC,. We choose a positive
system ¥ C ¥ and a basis ey, ...,e, of af. such that the multiplicity m, of every a € 7 is given
in terms of n, r, and d := dimF in Table 1 below.

o g, 1 <i<r eiiej,1§i<j§r 2¢;, 1 <1 <r

M, d(n — 2r) d d—1.

Table 1.
We also choose a positive system for the root system A := A(€c, hc) which is compatible with XF.

Let 1o € bi.. By the Cartan-Helgason Theorem, 1 is the highest weight of an irreducible M-spherical
K-module if and only if

,
(1) ﬁ’hc =0 and ﬁ}% = ZQM% where = (p1,..., 1) € Pr.
i=1

Remark 1.1. Assume that F = R. Then K is disconnected, and if K° denotes the connected
component of identity of K, then M N K° is also disconnected. Therefore the Cartan—Helgason
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Theorem as stated for instance in [5, Cor. V.4.2] does not apply immediately to the case F = R.
However, one can use the refinement of the Cartan—Helgason Theorem for the pair (K°, M N K°),
given in [4, Sec. 12.3.2], as well as the description of irreducible representations of K in terms of
irreducible representations of K°, given in [4, Thm 5.5.23], to obtain the condition .

From now on, we denote the M-spherical K-module with highest weight @ satisfying by V.
Therefore as K-modules,
COO(Y)K—ﬁnite = @ VH'
HEPy
The operator D) s acts on V), by the scalar

C)\,s(,u) = HC<D)\,S) (/j|ac + IO) )

where p := 13 .o+ a, fi is the highest weight of V,, and HC : Dg(Y) — 2(a3)"W is the Harish-
Chandra homomorphism from the algebra Dy (Y) of K-invariant differential operators on Y onto
the algebra of polynomials on ag that are invariant under the action of the restricted Weyl group
W.

We now recall the definition of the Okounkov polynomials Py(z;7,«). Let k := C(7, ) denote
the field of rational functions in 7 and «. Let 6,1 € P, and o0, € k" be defined by

(2) d:=(r—1,...,0), 1:=(1,...,1), @rq:=70+al.

For A € P, we define [A| := Y7 | A, Up to a scalar, Py(z;7,) € klz1,...,2,] is the unique
polynomial of degree 2|\| which is invariant under permutations and sign changes of z1, ..., z,, and
satisfies

Py(p+ 0ro;7,00) =0
for every p € P, such that |u| < |A] and p # A (for more details, see Section [4)).
Recall that d := dimF. Let 1 : C" — a be the linear map defined by i(e') := 2e¢; for 1 <i < r,
where el, ... e are the standard basis vectors of C” (therefore i(7P,) is the set of restrictions to ac
of highest weights of M-spherical K-modules). Set

0:=1"(p).
A simple calculation yields

1
(3) o= (o1,...,0r) where g; ;== — — - — ———= forevery 1 <i <r.
We are now ready to state our main theorem.

Theorem 1.2. For every A\, u € P, and every s € C, the operator D) s acts on V), by the scalar

d
(4) cxs(i) = P (u NG Ui @1) ,

where vy is a certain explicit constant, defined in below.

We now briefly sketch the strategy behind the proof of Theorem[I.2] We first show that the equal-
ity holds up to a scalar multiple. In view of the characterization of the Okounkov polynomials
P,, it suffices to prove that ¢y s(z — 0) is a polynomial in z and s which has the same degree and
vanishing property as Py(z;7,a) for 7 := % and «a := s — g1 (see Proposition and Proposition
. It will be seen that verifying the pertinent vanishing property can be reduced to a slightly
weaker one, that is, to show that the operators Dy := D, o vanish on certain V,, C C°(Y) x gt

Up to this point, the strategy is the same as the one in the case of Knop—Sahi type A polynomials.
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However, the proof of the vanishing property of the operators D) is more subtle than the type A
case, in that it does not follow from a direct reasoning that is based on orders of differential opera-
tors. In addition, the p-shift of the symmetric space Y and o;, are not identical. Rather, they are
related to each other as in Remark [5.5

To overcome these difficulties, we need to use the fact that cy s(z — ) is symmetric under permu-
tations and sign changes of its variables, and therefore cy s(x — ) = 0 for z := (x1,...,z,) if and
only if ¢y s(Z — 0) = 0 for  := (—z,,..., —x1). The latter observation results in an equivalent form
of the vanishing condition for c) ,, which is verified in the proof of Proposition using differential
operator techniques and branching rules. The branching rule from G, to K, that we need in the
proof of the vanishing property of D) is the Littlewood—Richardson Rule for F = C and the Little-
wood Restriction Theorem for F = R, H. As a result, some of our proofs are divided into two cases,
but they lead to uniform statements.

The last step in the proof of our main result is to determine the scalar v, that relates the two
sides of . To this end, we use the fact that the top degree homogeneous term of Py(z;7,«) is a
Jack polynomial. Using a trick which relies on an identity for Jack polynomials (see [28, Prop. 2.3]),
calculation of v, for general )\ is reduced to when X corresponds to the 1x1 Young diagram. Even this
special case requires a rather intricate computation to express the corresponding quadratic Capelli
operator in terms of the Casimir operators of G,, and K,,. This is carried out in the Appendix.

We now describe the relation between Theorem [I.2] and earlier results on invariant differential
operators on symmetric spaces. The Capelli operators C) were originally studied in connection to
the famous Capelli identity, which has also been considerably generalized by Howe and Umeda [9]
from the viewpoint of multiplicity-free actions, and by Kostant and the first author [15], [16] from
the viewpoint of Jordan algebras. For F = R and A = 1, the operator D _; was first considered by
Howe and Lee in [7], who computed its spectrum for » = 2 and asked for the determination of the
spectrum for general r. This was solved by the first author more generally for D,,; s and F = R,
[22], and subsequently by Zhang and the first author [25] for arbitrary F, where a connection with
the Radon transform was also established. The explicit form of the answer in [25] gave us the first
hint that the general situation might have something to do with the Okounkov polynomials. The
result of [25] on the spectrum of D,y 5 is indeed a special case of our Theorem

Finally, we say a few words about prospects for future research that emerge from this work.
Quite recently, Zhang and the first author established another link between Okounkov interpolation
polynomials and the spectrum of Shimura operators on Hermitian symmetric spaces [26]. It would
be interesting to understand the connection between our main result and the results of [26]. Also,
in view of our recent work [23] on the Capelli eigenvalue problem in the case of the supersymmetric
pairs (gl(m|m') x gl(m|m/), gl(m|m’)) and (gl(m|2m’), 0sp(m|2m’)), it is natural to ask whether
Theorem can also be extended to the setting of Lie superalgebras. This is likely to involve
the deformed BC' interpolation polynomials of [27]. We remark that in forthcoming papers [1] and
[24], we extend the results of [23] to the setting of multiplicity-free actions obtained from Jordan
superalgebras. Another interesting problem is to extend the Littlewood Restriction Theorem (see
Proposition[2.12) to the super setting, namely to (gl(m|2m/), osp(m|2m’)). We are planning to study
these problems in the near future.
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2. PARAMETRIZATION OF REPRESENTATIONS BY PARTITIONS

In this article, we will need various parametrizations of finite dimensional representations of G,
K,, and G, by partitions. Instead of working with representations of these real Lie groups, it will
be more convenient to work with representations of their complexifications.

Let W := Mat,, «,(F) denote the space of n x r matrices with entries in F. Furthermore, set

A= {x € Mat,x,(F) : 2" =z}.
Then X C W and Z := {wfw : w € X} C A are open. The G, x G,-action on X is the restriction
of the G,, x Gr-action on W given by
(91,92) - w = gywgy " for (g1,92) € Gn X Gp, w €W,

The G,-action on Z is the restriction of the G,-action on A given by

g-x:=(¢g")tegt forgeG,, z €A
Let G,, and G, denote the complexifications of the real Lie groups G, and G,. Similarly, let
K,, C G,, denote the complexification of K,.

Remark 2.1. From now on, we need to fix an embedding of quaternionic matrices into complex
matrices of twice the size. For integers k,m > 1, let = := a + bj € Matgx, (H), where a,b €
Matgwm (C). We set

—b
T:= [a ] € Matgkxgm((:).
b @

Remark 2.2. The matrix realizations of the embeddings 2,, : G,, — G, and %, : G, — G, are as
follows. If F = R, then G,, ~ GL,(C) and %,, : GL,(R) — GL,(C) is the obvious map. If F = C,
then G,, ~ GL,(C) x GL,(C) and 4, : GL,(C) = GL,(C) x GL,(C) is the map g — ((¢*)~!,9g),
where ¢g* := g7 is the adjoint of g. If F = H, then G,, ~ GLs,(C) and 4, : GL,(H) — GLa,(C) is
the map g — g. The matrix realization of K,, as a subgroup of G,, is as follows. If F = R, then
K, = {9 € GL,(C) : g'g = Lixn}. f F=C, then K,, = {(g,9) : g € GL,(C)}. Finally, if F = H,
then K,, = {g € GL2,(C) : ¢*J,g = J,}, where

(5) Ip =

0 Inxn
_In><n 0

The definition of the embedding %, : G, — G, is similar to that of %,. To help the reader, we
summarize the information about G,, and K,, in Table 2 below.

F G, K, Realization of K,, in G,

R GL,(C) 0,(C) {g€ GL,(C) : ¢gTg = Lixn}
C GLu(C)xGL,(C) GLu(C)  {(5,9) : g € GL.(C)}

H GL2,(C) Sp9,(C)  {g € GL2y(C) : g7 Jng = Jp}

Table 2.
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Set W := W @ C and Ac := A ®g C. The map X %, 7 has a unique holomorphic extension
We N Ac. For an explicit description of A¢, W, and the map ¢ : W — Ac, see Table 3 below.

F Ac We Y

R Sym,,,(C) Maty, »r (C) vzl

C  Matyyr(C)  Matyx,(C) ® Matysr(C) (21, 25) = 27 2y

H Skewsg,xo,(C) Matay, x2r (C) x> —zl J,x
Table 3.

In Table 3, Sym,.,,.(C) denotes the space of complex symmetric r X r matrices and Skewg,x2,(C)
denotes the space of complex skew symmetric 2r x 2r matrices.

Remark 2.3. The matrix realizations of the maps A — Ac and W — W are as follows. For F = R
and F = C, the map A — Ac is the obvious embedding, and for F = H, it is the map a — —J,aq,
where J,. is defined similar to . In fact the map A — Ac is related to realization of Euclidean
Jordan algebras (see [2, Sec. VIIL5]). As for W — W, it is the obvious embedding if F = R, the
map w — (w,w) if F = C, and the map w — w if F = H.

The action of G, on A extends uniquely to a holomorphic action of G, on Ac¢. Similarly, the
action of G, x G, on W extends uniquely to a holomorphic action of G,, x G, on W¢. These
holomorphic actions are explicitly described in Table 4 below.

F G, O Ac (G x G,) O W
R SZ(CT)* C"® (CT)*
C CoC) (C)eC)a(Ca(C))
H A2(c2r)* (CQn ® (CQ’I‘)*
Table 4.

Definition 2.4. For every integer m > 1, let H,, C GL,,(C) denote the standard Cartan subgroup
of diagonal matrices, and let B,,, C GL,,,(C) denote the standard Borel subgroup of upper triangular
matrices. Let 1,...,&,, denote the standard generators of the weight lattice of GL,,(C). For every
A= (A1,..., Ap) € Z™ such that Ay > --- > A\, we denote the GL,,(C)-module with B,,-highest
weight Z;il Aig; by M.

Definition 2.5. The standard Borel subgroup of G,, will be denoted by B,,. In cases F = R,
F = C, and F = H, the group B,, C G,, equals B,,, B,, X B,,,, and Bog,,. The standard Cartan
subgroup of G,,, will be denoted by H,,.

Remark 2.6. For every integer m > 1, we define Py, := {(A1,...,A\p) €Z™ : Ay > - > A\, > 0}
From now on, we will denote the length (that is, the number of nonzero parts) of a partition A € P,
by ¢(\). For two partitions A € P, and p € Py, where k,m > 1, we write A\ C p if and only if
L(N) < L(p) and A; < p; for every 1 < i < l(N).

Let #(A) and (W) denote the C-algebras of polynomials on Ac and We. The canonical G-
action on Z(A), given by g- f(a) := f(g7' - a) for g € G,, f € P(A), and a € A, extends uniquely
to a holomorphic G,-action on #(A). Similarly, the canonical G,, X G,-action on P (W) extends
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uniquely to a holomorphic G,, x G,-action on Z(W). The pullback
(6) Ve P(A) = PW), frr forp

is a Gp-equivariant embedding of C-algebras. The image of ¢* is precisely described by the First
Fundamental Theorem of invariant theory [4, Sec. 5.2.1]. In particular, 1*(2(A)) = 2(W)¥n».

By classical invariant theory (for example see [4]), #(A) decomposes into a direct sum of irre-
ducible G,-modules which are naturally parametrized by partitions A € P,. Thus,

(7) P(A) ~ P F,
AEP

where F) is the irreducible G,-module corresponding to A € P,. In fact F\ ~ My®M, if F = C, and
Fy ~ Mye if F = R, H, where \* := (2A1,...,2)\,;) € P, if F =R, and A* := (A1, A1, ..., A\py Ay) € Poy
if F = H.

The map @ is Gy-equivariant, and therefore F)\ occurs as a G,-submodule of (W) for every
A € P,. Therefore by the well known (GL,, GL,) duality (see [0, Sec. 2.1] or [4, Sec. 5.6.2]), for
every A € P, there exists a unique irreducible G,-module E) such that E) ® F occurs in &Z(W)
as a G,, x G,-submodule.

Remark 2.7. Let Pk, (W) denote the direct sum of irreducible K,-spherical G,,-submodules of
Z(W). Then indeed

P, (W) ~ @ E)\® F\ as G, x Gy-modules.
AEP,
Remark 2.8. For every integer | > 1, let Sjy; be the | x [ matrix with 1’s in (i, — i 4+ 1)-entry for
every 1 <14 <[, and with 0’s elsewhere. Consider g, € G,, defined as follows. If F = R, then we set
i O 58S
] forn =2, and go := | 071y 1 01x: forn =20+ 1.
%Slxl Orx1 %lel

1414 1—3
Hha S5

9o = |12, 1
TS

If F = C, then we set g, equal to the identity element of G,,. Finally, if F = H, then we set

go 1= Snxn 0
0 Inxn

We remark that when F = R, H, the map K,, — Gy, g — goggs ' is the embedding O,,(C) < GL,(C)
or Sps,(C) = GLg,(C) that is given in [4, Sec. 2.1.2]. In particular, in all cases (g5 ' H,go) N K,
and (g5 'B,g.) N K, are Cartan and Borel subalgebras of K,,.

Set K := K,,, and let M C K denote the complexification of M. The M-spherical K-module
V,, is naturally also an M-spherical K-module. By comparing the calculation of highest weights
of M-spherical K-modules in [4, Sec. 12.3.2] (the pertinent cases are types BDI, AIII, and CII)
with the parametrization of representations of K by partitions that uses generalized Schur—Weyl
duality (see [4, Thm 10.2.9] and [4, Thm 10.2.12]), it follows that for every p € P,, the module V),
is isomorphic to the K-submodule of E; generated by g, 1. vy, where vy denotes the B,,-highest
weight of E7).

Definition 2.9. Let G be a group, and let £ and F' be G-modules. We set
[E : Flg := dimHomg(E, F).
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Remark 2.10. In the following, we will need the Littlewood—Richardson Rule, which we now recall
(for a more elaborate reference, see for example [I8, Sec. 1.9]). For a semistandard skew tableau
T, the word w(T') corresponding to T is defined as the sequence of integers obtained by reading
the contents of boxes of T' from right to left and from top to bottom. A word w;j ---wy in letters
{1,..., N} is called a lattice permutation word if for every 1 < ¢ < k and every 1 < j < N — 1,
the number of occurrences of j in w; ... w; is greater than or equal to the number of occurrences
of j + 1. Now let A\, u,v € Py, where m > 1. The Littlewood—Richardson Rule states that
[M, : M) ® MM]GLm((C) is equal to the number of tableaux T of shape v\p and weight A such that

w(T) is a lattice permutation word. In particular, if [M, : M) ® MM]GL,n(C) #0, then pu, A Cv.
Lemma 2.11. Let A, € Pr. Then [V, : Ex]g, = [V : B}k, -

Proof. 1t is enough to show that E) ~ E} as K,-modules. Let 0, : G,, — G, denote the automor-
phism of G,, that is obtained by holomorphic extension of the Cartan involution g — (¢")~! of G,,.
Let Ef\" be the G,-module that results from twisting ) by 6,. Then Ei” ~ EY as Gp-modules.
Moreover, since 6, fixes K,, pointwise, F) =~ Eg" as K,-modules. The K,-module isomorphism
Ey ~ EY now follows immediately. O

When F = C, branching from G,, to K,, is described by the Littlewood-Richardson Rule. The
next proposition is a branching from G,, to K,, when F # C.

Proposition 2.12. Assume that F =R or F = H, and let A\, u € P.. Then

(8) Vi: Exk, = Y_[Ex: B, ® Eg, -
=

Proof. The statement follows as a special case of the Littlewood Restriction Theorem, which was
first proved in [I7] (see also [13], [3], and [8, Sec. 1.3]). We now outline the calculations that are
needed to deduce the proposition from the Littlewood Restriction Theorem. We remark that the
G,-modules that appear in the statement of the Littlewood Restriction Theorem are polynomial
representations, whereas the E) are indeed contragredients of polynomial representations. To get
around this issue, we note that we can replace the left hand side of by [V, EX]k  (see Lemma
2.11)) and the terms of the right hand side by [E} : E}, ® Eg]Gn Using Remark ﬁwe can write
the highest weight of V), explicitly, and then we can determine the partition that corresponds to V),
in the parametrization of [4, Thm 10.2.9] and [4, Thm 10.2.12]. If [E) : E, ® M¢|g  # 0 for some
¢ € P,, then Remark implies that ¢(§) < r when F = R, and ¢(§{) < 2r when F = H. By
putting all of these facts together, we can verify that the statement of the proposition is a special
case of the Littlewood Restriction Theorem. g

3. THE QUADRATIC CAPELLI OPERATORS

In this section we define the differential operators Dy 5. Let 2(A) := ,._, 2™ (A) denote the
C-algebra of constant coefficient differential operators on A, endowed with the usual Z-grading. We
define 2(W) := @,._, 2™ (W) similarly. There are natural G,-actions on Z(A) and 2(W), and as
in Section [2| these actions extend uniquely to holomorphic G,-actions on the same vector spaces.
Furthermore, the canonical isomorphisms

9) P™(A) = P™(A)* and F™(W) ~ P™(W)*

are G,-equivariant.
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Let %(A) and ZZ(W) denote the algebras of polynomial coefficient differential operators on
A and W. The multiplication map results in isomorphisms of vector spaces
(10) PA)R@D(A) ~ PP(A) and (W)@ (W) ~ PP(W).
From now on, we set
0:G, -G, , 0(g):=(g"H "
Definition 3.1. We define bilinear forms (-,-),, : W x W — R and (-,-), : A x A — R by

(Z,y)w = §R(tr(a:Ty)) and (x,y)4 := R(tr(zy)).
The bilinear form (-, )y, is Kp-invariant and #-invariant, that is,
(k‘.%', ky)W = (l’,y)w and (g ' xay)W = (x,B(g)_l y)W for T,y € W? ke Kn7 and g e Gr'

Similarly, the bilinear form (,-), is @-invariant, that is, (g-z,y) 4 = (2,0(g)"' - y), for z,y € A
and g € G,. The bilinear forms (-, )y, and (-,-) 4 yield canonical isomorphisms

(11) ty W —=W*"and 14: A — A"
These maps extend to G,-equivariant isomorphisms of C-algebras
(12) Ly QW) = P(W) and 1y : D(A) =~ P(A).

Since ¢y, is also K,-equivariant, it restricts to an isomorphism Z(W)&» — (W), Consequently,
we obtain a Gp-equivariant isomorphism of C-algebras

(LW)_1 op*ouy: D(A) — 2(W)En,
Set ¢ := (tyr) " toy*ou,. From it follows that the map
(13) L PD(A) = POW)Er =) @ ¢
is an embedding of G,-modules. From and (9) it follows that Z(A) ~ D, cp, F, so that
PIA) ~ P(A) @A)~ P FoF;~  Home(Fy, Fy).
A UEP A UEP
By Schur’s Lemma [F), : FA]g_ < 1, and equality occurs if and only if A = u. Thus,
(14) P29(A)% ~ @ Homg, (F,,Fy) ~ @ CI,
)\,,uGPT )\E’P’r
where I, denotes the identity element of Homc(Fy, Fy). Let Cy € ZP(A)G" be the differential
operator that corresponds to I by the isomorphism . We now set
(15) Dy = 1(C)) € PG(W)KnxCr,

where ¢ is the map defined in .
Set W(x) := det(zx) for x € W (in the case F = H we define det(z) := det(Z) for z € Mat,,.(H),

where Z is as in Remark. For every A € P, and every s € C, let EA,S be the differential operator
on X defined by

EA,s = \I’sﬁ)\\l’is.

Definition 3.2. For A € P, and s € C, we set (Dy s f)(¢(x)) := EA,s(fow)(x) for every f € C*(Y)
and every x € X, where X —%4 Y is the map defined in Section
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Since D) s does not increase supports, by Peetre’s Theorem [5, Thm II.1.4] it is a differential
operator on Y. From Kj-invariance of D) , it follows that D)  is also K,-invariant.

4. THE POLYNOMIALS P)(z;T, )
In this section we review the definition and properties of the polynomials Py (x; T, ).

Definition 4.1. Let A := (Ay,...,\;) € Z". A Laurent polynomial f(xi,...,2,) in variables

T1,...,Zy is called A-monic if the coefficient of 1:%1 e :L‘f)r in f(x1,...,2,) is equal to 1.

Recall that the Weyl group W of type BC, is a semidirect product W := S, x {+1}", where S,
denotes the symmetric group on r letters. In [19], Okounkov defined a family of Laurent polynomials

P (x3q.t,a) € C(g,t,a) ... a7,

»rr

parametrized by partitions A € P, (we use the notation of [14, Sec. 5]). Every P)i\p is the unique
A-monic Laurent polynomial of degree |A| that is invariant under the action of W on the z;’s by
permutations and inversions, and satisfies the vanishing condition

p/i\P(aquté; q,t,a) = 0 unless A C p,

where ¢ := (r —1,...,0) and p € P, (see [I4, Sec. 5.3]). Here as usual we define qhtd =
(g"1t%r, ..., ¢"t’r). The polynomials P\’(z;q,t,a) are analogues (for the BC,-type root system)
of the g-deformed interpolation Macdonald polynomials defined by Knop [11] and Sahi [21].

By taking the ¢ — 1 limit of P\” (see [I4, Def. 7.1]), one obtains a polynomial Py(x;7,«) €
C(r,a)[x1,...,z;]. More precisely,

Py(w;7,0) = lim(1 = q) PP (0% 0,47, 0%),
q

where || := )", \;. From the symmetry property of P)i\p it follows that Py(x; 7, «) is invariant under
permutations and sign changes of z1,...,x,.

Definition 4.2. A polynomial in variables x1, ..., z, is called even-symmetric if it is invariant under
permutations and sign changes of the x;’s.

A combinatorial formula for Py(z;7,«) is given in [14, Sec. 7]. To recall this formula, we need
some terminology. Every partition A can be represented by a Young diagram consisting of boxes
b:=b(i,7), where

(i,5) €{(p,@) €Z* : 1<p<(N) and 1< g <N}

The arm length and leg length of a box b := b(7, ) in the Young diagram of A are a)(b) := \; — j
and I\(0) := {k > i : A\ > j}|. We also set a\(h) := j — 1 (arm co-length) and I}(h) := i —1
(leg co-length). By a reverse tableau of shape A with entries in {1,...,r} we mean a filling of
the Young diagram that corresponds to A\, with weakly decreasing rows and strongly decreasing
columns. For a reverse tableau T of shape A and an integer k£ € {0,...,7}, let A& C X be the
partition corresponding to the boxes b € A that satisfy T'(b) > k. Thus for 1 < k < n, A=\ \*)
is the horizontal strip consisting of the boxes that contain k. Finally, for two partitions v C u, we
define (R\C),\, to be the set of boxes which are in a row of y intersecting with p\v, but not in a
column of p intersecting with p\v. Set

bu(b;7) = 0, 0) + 70, () + 1) and ¢p(7) == H H Do)

a,(p) +7l,(0) +1 i1 be(R\C) 1 1.t byi-v (057)
by 11— \)\ 1
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Then

(16) (xim,0) = 3 wr(r )T (336 — (@\0) +7(n = T6) = 156)) + @)?) .
beX

where the sum is over all reverse tableaux T of shape A with entries in {1,...,r}.

Proposition 4.3. Fiz real numbers o, 7 > 0. For every partition A € P,., the polynomzial
Q,(z) := Py\(x;7,a) € Clzy,. .., /]

is the unique 2\-monic, even-symmetric polynomial that satisfies the vanishing condition

(17) QA1+ 0ra) = 0 if [u] < [A[ and p # A,

where 07« s given in .

Proof. The existence statement follows from [14, Sec. 7] and the fact that the specialization of Py
at the values of 7 and « is well-defined, because when 7 > 0, the denominators of the coefficients
7 (7) of Py\(x; 7, ) that appear in the combinatorial formula do not vanish. For the uniqueness
statement, we use a method based on [20]. First note that from «, 7 > 0 and [14, Eq. (7.5)] it follows
that Qx(A + 0r4) # 0. Next fix an integer N > 0, set Zy := {u € P, : |u| < N}, and let Sy
denote the vector space of even-symmetric polynomials in x1,...,z, of degree at most 2N. Note
that dim Sy = |Zy|. For every u € I, we consider the linear maps

L,:Sv—=C, f—= f(n+ 0ra)-

Next we define a total order < on Zp, as follows. We set p < v for every u,v € Iy which satisfy
|u| < |v|, and then we extend the resulting partial order to a total order on Zy. Then the matrix

[L,u (Q.U‘/)] wo €EIn
is upper triangular with nonzero entries on the diagonal. It follows that the linear map
is invertible. Uniqueness of @), follows immediately from the latter statement. O
Recall that d := dim(F). For every A € P,, we set
(—2d)M
[Tex (5(an(®) +1) +1(0))

This is the scalar that appears in the statement of Theorem [I.2]

(18) YA =

5. THE VANISHING PROPERTY OF c) (/1)

In this section, we prove a few technical statements which will be used in the proof of Theorem
The ultimate goal of this section is to prove Proposition The proof of Theorem [1.2] will be
completed in Section @ Recall that o := (o1, ..., o) is the vector defined in .

Lemma 5.1. Let A € P.. Then there exists a polynomial dy(x,s) which is even-symmetric in
x:= (x1,...,2,), has x-degree and s-degree at most 2|\|, and satisfies

crs(p) = da(p+e,9),
for every s € C and every p € P,.
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Proof. The proof is similar to [25, Lemma 3.1]. Throughout the proof we fix A. Recall that K := K,
and M := K, x K,,_,. For every s € C, the differential operator D) , is K-invariant and has order
at most 2|\|. By (1)), for every pu € P,, the highest weight /2 of V), satisfies ﬁ}ac = D216
Therefore from the Harish-Chandra homomorphism [5, Chap. II] it follows that for every s € C,
the scalar ¢y 4(y) is an even-symmetric polynomial of degree at most 2|\| evaluated at ;1 4 o. Next
we set

and we denote the image of z, in Y by y,. Choose an M-fixed vector h, € V,, C C*°(Y’) such that
hu(yo) = 1. By evaluating both sides of the relation Dy sh, = ¢ s(t)hy, at yo, we obtain

(19) exs(p) = Da(det(ztz) = (hy 0 9)) (20),

where 5,\ is defined in . Since l~)>\ is a polynomial coeflicient differential operator of order at
most 2|A|, from the Leibniz rule it follows that for fixed p, the right hand side of is a polynomial
in s of degree at most 2|\|. Consequently,

2|7
exs(p) = Zaj(,u)sj for every s € C.
=0

For 2|A| +1 distinct values of s, we obtain a linear system in the coefficients a;(u) whose coefficients
form an invertible Vandermonde matrix. Since fox fixed s € C we have shown that ¢, (1) is a
polynomial in p of degree at most 2|A|, it follows that a;(p) is also a polynomial in p of degree at
most 2|\|. Consequently, both the z-degree and the s-degree of c; ) are at most 2|A|. The statement
that d is even-symmetric follows from the fact that cy s(p) is even-symmetric as a polynomial in
w+o. O

Definition 5.2. For every x € P,, let &2, (W) denote the F,-isotypic component of Z(W).
We remark that 2, (W) is Gy-invariant.
Proposition 5.3. Let \,v € P, and let m € Z such that m > max{\1,v1}. Set
ni=m=vp,....m—uvy) and x := (M —Ap,...,m — Ap).

If [V : 2 (W)lg, >0, then A Cv.

Proof. Recall from Section [2| that by (GLj, GL,)-duality, &, (W) ~ E;? dim s G,,-modules.
Therefore we can assume that [V, : EyJg > 0. We will consider two separate cases.

Case I: F = R, H. Proposition implies that [Ey : E; ® E¢]g > 0 for some { € P,, and
Remark implies that n C x, hence A C v.

Case II: F = C. Let x¥ € P, be obtained from x by adding n — r zeros on the right of the parts
of x. Our assumption entails that the restriction of the GLy(C) X GLy(C)-module M @ M to the

diagonal subgroup GL,(C) contains the GL, (C)-module M3, where
ni=m-=vp,....m—v1,0,....0,—m+uv,...,—m+1,) € P,

Remark implies that —m +v; > —m + \; for every 1 <4 < r, hence A C v. Il
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The proof of our next result, Proposition [5.4] is based on facts from the theory of symmetric
functions, which we now review quickly (for a comprehensive reference, see [18]). Let

P :=lim Py
k

be the set of all partitions, where the maps Px, — P41 are given by (A1,..., A \g) = (A1,..., A, 0),
and let

A= l'&n@[gjl, AL

denote the ring of symmetric functions, where the maps Clz1,...,z11] — Clzy,..., x| are given
by f+— f(x1,...,2%,0). As usual, we equip A with a scalar product defined by (hx,m,), := O u»
where h) and m,, are the complete and monomial symmetric functions associated to A, € P. The
Schur functions sy, A € P, form an orthonormal basis for A. For every two A, u € P such that
p € A, the skew Schur function sy, € A satisfies the relation (sy\,,su)5 = (s, 5u50), for every
v € P. It is well known [29, Ex. 7.56(a)] that for any skew diagram A\p we have

(20) S\ = S(A\w)°s
where (A\p)° denotes the skew diagram obtained by a 180 degree rotation of A\pu.

Proposition 5.4. Let m > 1 be an integer, let m := (m, ..., m) € P, be the partition corresponding
to the r x m rectangular Young diagram, and set P(m) := {A € P, : A C m}. Let Pm(W) be as
in Definition|5.4. Then as K, -modules,

Pa(W)~ P V.
peEP(m)

Proof. Recall that K := K,, is the complexification of K := K,,, and that M is the complexification
of M. The map Pn(W) — C®(X)% ~ C®(Y), f — ¥"f, is a K-equivariant embedding. It
follows that &m (W) is a direct sum of irreducible M-spherical K-modules. Next we determine the
multiplicity of every K-module V) in &, (W). As in Section [2| (GL,, GL;)-duality entails that
Pm(W) =~ Eny as Gp-modules. We consider two separate cases.

Case I: F = R, H. For every n := (n1,m2,...,n,) € Pr, we define n® € P as in Section By

Proposition 2.12]
(21) Vs : Emlk, = Z [Bm : Ex ® Elg, -
£EPr
If [Em : B\ ® E¢lg, # 0 for some { € Py, then [Ef, : Ef ® Ef]g, # 0 and hence A,{ € m (see
Remark [2.10). Therefore
[Em : E)\ X EE]Gn = <Sm-,8)\cS§o>A
= <Sm‘\§’7 S)\'>A = <S(m'\§')07 S)\0>A = 5(m\§)°,)\‘
It follows that the value of is 0 or 1, with the latter occurring exactly when A C m.
Case II: F = C. Let o, 8 € P,, be defined by

a:=(m,...,m0,...,0) and B:= (m,...,m,0,...,0).
————— ————
r times n—r times

The statement of the proposition is equivalent (after twisting Em, by det(-)"*®1) to showing that the
restriction of the GL,(C) x GL,(C)-module M, ® Mg to the diagonal GL,(C) is a multiplicity-free
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direct sum of GL,,(C)-modules M, for n of the form

(22) (m+&,....m+& m,....omm—=E&.,....,m—¢&),

——

n—2r times
where £ := (&1,...,§,) varies through partitions satisfying {1 < m. Assume that M, C M, ® Ms.
From Remark it follows that 8 C 7, and in addition, every column of the skew Young diagram
corresponding to 1\ has height at most r. Since r < n—r, it follows that n; < m for every i > n—r.

Consequently, the skew Young diagram corresponding to 1\ is a disjoint union of two (non-skew)
diagrams corresponding to the partitions

+::(

n m—m,...,0r—m)and 17 := (Mn—rtl,---,Mn)-

From [I8, Sec. 1.5.7] it follows that s, = s,+s;—, hence

[My : Mo & MB]GLn(C) = (sn, Sas8)A = (Sy\8, Sa)A
= (8pt8n—: Sa)A = (St Sa\n=)A = (Spt5 S(@a\n-)°) A = Opt (a\n-)e-
It is now straightforward to verify that [M,, : M, ® MB]GLH(C) < 1, with equality occuring if and
only if 7 is of the form given in ([22]). O
Remark 5.5. Recall that o := (o1,...,0,) is the vector defined in . Let ¢’ € C" denote the

vector ¢, defined in , for 7 := g and a := s — p1. Then the vectors p and ¢ are related by the
relation

Or—it1+ o, =sfor1<i<r.

Proposition 5.6. Let A € P,., and let dy(x, s) be as in Lemma . Let 07 be as in for T := %
and o := s — p1. For every v € Py, if \ L v then

(23) dy (1/ + 070y S) =0 for every s € C.

Proof. Fix v € P,. Since dy(z,s) is a polynomial in = (z1,...,2,) and s, it is enough to prove
for infinitely many values of s. Since d) is even-symmetric, vanishing of dy(z,s) at a point
(x1,...,x,;) is equivalent to its vanishing at the point (—z,..., —x1). Therefore it suffices to show
that dy(y,s) =0 for y := (y1,...,yr) given by

d
Yi = —Vpy1—i — 5(1 —1)—s+p forevery 1 <i<r.

Next set s := —m for some integer m > A\;. By Remark and Lemma it suffices to show that

(24) cx—m(n) =0 for n:=(m—v,,...,m—uy).
Recall that m := (m, ..., m) € P, is the partition corresponding to an r X m Young diagram. Set
(25) Bed(W) :={0"f : fePu(W)},

where W is defined in Section [3| The map
Im : (W) = Pn(W) , f=>U"f

is an isomorphism of K,-modules. Therefore Proposition implies that V;, occurs as a K-
submodule of %y, (W). By restriction to X, and then factoring G,-invariant functions on X through
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Y ~ X/G,, we obtain an embedding Zm(W) C C*°(Y). From K,-invariance of Dy _,, it follows
that Dy _mPm C #m. Furthermore, the diagram

D)\ —-m
Hm(W) —— Zm (W)

| o

Pra(W) ——> Prn(W)

A

commutes. From the latter commutative diagram it follows that, in order to prove , it suffices
to show that (Dy o j,,)V;, = {0}. Note that Dy € «(F\ ® Fy), where ¢ is the map defined in (13).
The elements of +(F}) act on Z(W) as K,-invariant constant coefficient differential operators, and
by considering the G,-action it follows that they map Pm(W) into &, (W), where

X=(m—=An,...,m—A1).
Therefore the map Dy : Pn(W) = P (W) factors through a Kj,-equivariant map

(26) Pu(W) = 2, (W).
Suppose that (Dyoj,,)V, # {0}. Since the map is Kp-equivariant, [V, : 22, (W)]k, > 0. From
Proposition [5.3] it follows that A C v, which is a contradiction. O

6. PROOF OF THEOREM
In this section we complete the proof of Theorem We start by proving the following lemma.

Lemma 6.1. Let A € P,. Then there exists a constant 75 € C such that for every s € C, and every
w € Pr,

d
(27) exs(p) = 7Py (M 058 - Q1) -

Proof. First fix s > %gl. From Proposition and Lemma we obtain
ons (v + (%(T —1)+s—201) 1) =0 if [v| < |\ and v # A.

From the vanishing part of the statement of Proposition it follows that the polynomial gy (x) :=
P, (.TU + 0; %, s — Ql) also vanishes for all x := v + (%(r —1)+s— 291) 1, where v satisfies |v| < |}
and v # A. The uniqueness part of the statement of Proposition now implies that there exists a
scalar 74 € C, possibly depending on s, such that holds for every p. Since both sides of
are polynomials in s and p (see Lemma , and (27) holds for a Zariski dense subset of values
(1, 8) € C" x C, it follows that indeed holds for every s € C, and 7} is a rational function of
s e C.

Next we show that 7} does not depend on s. Since the value of ¢y 4(x) is a polynomial in s
and p, and Py\(u + o; %, s — p1) is 2A-monic in p, it follows that +} is a polynomial in s. However,
from the combinatorial formula for P, that is given in , it follows that the degree of s in
Py (,u + o; g, s — gl) is exactly 2|A|, whereas the degree of s in ¢y s(p) is at most 2|A|. By comparing
the degrees of s on both sides of , it follows that ~4 is a constant independent of s. O

To complete the proof of Theorem we need to prove that vy = 7, where 7y is defined in
(18). The rest of this section is devoted to the proof of the latter claim.

Set ¢t := dimg(A) and let vq,...,v; be an orthonormal basis for A with respect to the pairing
(,)4- Set @; := (-,v5)4 € A* for every 1 < i < ¢, so that p;(v;) = 6;;. For every 1 < i < ¢, let
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Op; € Z(A) denote the directional derivative corresponding to v;, so that d,,(¢;) = ¢;(vi) = &; ;. For

every 1 <i <t, set ¢; := ¢*(y;) where ¢* is as in (6]), and let d;, € Z(W) denote the second-order

differential operator corresponding to ¢; under the isomorphism Z (W) ~ Z(W) defined in ((12]).
Fix an integer m > 1 and set

(28) D™ = " D,
[A|l=m

where D) is defined in (15). Then D™ acts on every K-module V,, C C®(Y) ~ C=(X)E" by the
scalar

C(m)(ﬂ) = Z exo(H)-

[Al=m

From the definition of the operators D) it follows that if {v;} is a basis for 2 (A) and {53} is the
corresponding dual basis for 2 (A) ~ 2™ (A)*, then D™ = > t(vj)e(0;) where ¢ is as in (13).
In particular, if we choose the basis

{(8U1)m1 e (Op)™ My = m}
for 2™ (A), then the corresponding dual basis for 22™(A) will be

1
{"gorinlgplnt : m1+...+mt:m}’
ml “.mt‘

and thus

m 1 m m m m m
D¢ ):% Z <m1,...,mt>q11“'%t(afn) e (Og)™

" mi4-4mi=m

1 1 m
(q10g + -+ q0y)™ + D' = — (D)™ + D/,

 m! m!

where D’ is a differential operator with order strictly less than the order of D.

Let gc be the Lie algebra of Gy, and let Q¢ and €y denote the Casimir operators of ¢ and gc
(see the Appendix for more information). Also, Let E be the degree (or Euler) operator on W.
The operator DM is a polynomial-coefficient differential operator on W¢. The next proposition
expresses D) in terms of Q, )y, and E.

Proposition 6.2. Let DU be defined as in . Then

—2(n—-2)Q+ Qg — E ifF =R,
(29) DW = 20 + 20, + (2n — 2r)E ifF=C,
—8(2n+1)Q+2Q;+22n —-2r+1)E  if F=H.
Proof. The proof is by a tedious calculation and is deferred to the Appendix. O
Lemma 6.3. The scalar c(l)(,u) s a quadratic polynomial in w1, . . ., p, with top-degree homogeneous

part equal to —4 (u% 4+ 4 ,uz)

Proof. We use the expressions for DY) given in Proposition As is well known (e.g., see [4, Lem.
3.3.8]), the action of Q¢ on V), is by a scalar which is a quadratic polynomial in p,. .., uy,, whose
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top homogeneous term is given by

Wit +p)  fF=R,
(30) (hf + -+ 1) if F =C,
mzWd o+ ) i F=H

Fix m € Z such that m > pup, and let %Zm(W) be as in . From Proposition it follows
that [V, : Zm(W)]k, > 0. Since elements of %m (W) are homogeneous of degree zero, the degree
operator E vanishes on V,,. Furthermore, we have V,, C C>(Y) K, -finiter and Y = Gy, /Py.n, where
P,y is the (r,n —r) parabolic subgroup of G,,. Thus, Cw(Gn/Prvn)Kn-ﬁnite is the space of K, -finite
vectors of a degenerate principal series representation of G,, induced from P, ,, and the operator 24
acts on the latter space by a scalar that is independent of u (see [10, Prop. 8.22]). Consequently, the
top-degree homogeneous part of c(l)(u) is determined by the action of €. The lemma now follows

from and . O

Lemma implies that the action of D(™) on V,, is by a polynomial in p1,. .., u, of degree 2m,
whose top-degree homogeneous part is %(/ﬁ + -+ + u2)™. On the other hand, from [14) Eq.
(7.3)] it follows that for every A such that |A\| = m, the top-degree homogeneous part of ¢y () is up
to a scalar equal to Py (12, g), where P (z,7) is the A-monic Jack polynomial and p? := (u2, ..., u2).
Let Jy denote the normalization of the Jack polynomial introduced in [28, Thm 1.1]. The scalar
relating Jy and P is given in [I8, Chap. VI, Eq. (10.22)] (see also [28, Thm 5.6]). From [28], Prop.
2.3], and the relation between Py and J), it follows that

2 2ym d\"™ m! 2 d
(31) (2t ) Z<2> Hb@(g(wb)ﬂ)m(b))PA(u,2>.

[A|l=m

Since the polynomials P (2, %) are linearly independent, by considering the top-degree homogeneous

parts of both sides of it follows that for every A € P, such that || = m,
(—2d)™ < d
= Pylp+o5,—01)-
[Lex (5(an() +1) + () 2
Lemma [6.1] completes the proof of Theorem

C,\,O(M)

APPENDIX: PROOF OF PROPOSITION

In this Appendix, we exhibit the details of the calculations that yield the formulas for the
operator D).

Let k : tc x ¢ — C denote the invariant bilinear form which is equal to the Killing form of ¢¢
when F = R or H, and is given by x(z,y) := tr(zy) when F = C. The Casimir operator of ¢c is
Qe = Z?;nl“e‘c x;xt, where {z; : 1 <i < diméc} is a basis for ¢, and {2’ : 1 < i < dim¢#c} is the
corresponding dual basis with respect to (-,-). We define the Casimir operator € of gc similarly.
Explicit formulas for €y are given in , , and . In the following, E; ; will always denote
a matrix with a 1 in the (7,j) position and 0’s elsewhere (the number of rows and columns of E; ;
will be clear from the context).

Case I: F = R. Recall that in this case A = Sym,..,.(R). The orthonormal basis of A with respect

to ('7 ')A is
1
—=(Eij+Eji) for 1<i<j<r

V2

E;; for 1 <4 <r and
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We fix generators z; ; € Z(A), where 1 < i < j < r, and y;; € Z(W), where 1 < i < n and
1 < j <, such that z; ;j([tsp]) = ti; for every matrix [t,p] € A, and y; j([tqp]) = ti; for every
matrix [t, ] € W. The isomorphism ¢, : A — A* ~ 91(A) that is defined in is given by

1
E(Ei’j + Ejﬂ') — \/§xi7j for1<i<j<r.
The map ¢* : Z(A) = P(W) of (0] is given by

Eii — x;; for 1 <i¢<r and

n '
Taa = Zyza for 1 <a<r and \@fva,b — \@Zyi,ayw foril<a<b<r.
=1 i=1

Finally, the isomorphism vy, : W o~ W* ~ DY W) of is given by y;q — 054 = %. From all
of the above, it follows that ’

@) D<1>:z<zyza) AEDS (zyi,ayi,z) 30,00,
i=1 Jj=1 j=1

a=1 \1 j 1<a#b<r \i=1
The embedding ¢ < gl,,(C) gives the realization of ¢ as
tc = {x € Mat, xn(C) : o+ - O},
where 27 is the transpose of . Recall that by the definition of Qy,
(33) Qg= >  Ei Eu.
1<i,j<n
The Killing form of € is k(x,y) := (n — 2)tr(zy), and therefore
1
4 Q= Eij—Eji)>
1<i<j<n

The action of every E; ; € gl,,(C) on &?(W), corresponding to the derived action of G, is given by
polarization operators, that is

r
(35) EZJ - = Z yjuaaiva'
a=1

Finally, the action of the degree operator is given by E = >"" | Z;zl Y;,j0; . Thus, expanding the
right hand side of , and using , , and , we obtain D1 = —2(n — 2)Q + Qy — E.
Case II: F = C. In this case A is the space of r X r complex Hermitian matrices. The orthonormal
basis of A with respect to (-,-) 4 is
1 v—1
7(EZ’J + Ejﬂ') forl1 <i< ] <7 and 7(Ei,j — Ej,z') forl1 <i< j <r.

V2 V2

Moreover, W = Mat,,«,(C), considered as a real vector space. Fix generators z; ;,y;; € P (W),
1<i<mn,1<j<r for the algebra # (W), such that

i j([tap]) = R(tiy) and yij([tap]) = S(tiy)-

Ei,i for 1 < ) < r,
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The map ¢* : Z(A) = P (W) of (0] is given by
> a=1 %,i + ya,i if S=E;; where1 <i<r,
$*(14(9)) = § V2 4o (Taiaj + Ya,i¥a,)) if S = %(Ei’j +Ej;) where 1 <i < j <r,
V2 Yo ((—%ajYai + TaiYay) if S = %(Ei,j —Ej;) where 1 <i<j<r.

For the realization of the derived action of G, ~ GL,(C) x GL,(C) on £ (W) it will be more
convenient to work with the coordinates z; ; and & ; on W ~ Mat,x,(C) @ Mat,x,(C), where
1<i<nand1<j<r, given by

zij = @iy — V—lyij and &= @5+ V—=lyi ;.
8 9  _ e} o)
~2— and Bys = V-1 (8£,~,j - 8Zw_).

From these formulas it follows that Lj =

Set O, , = and Oz 1= 82 . By a dlrect calculatlon we obtain
D(l) =4 Z (Z Za,zfa,i) (Z Zaq zafa, Z>
i=1 \a=1
n n
—+ 2 Z (Z Za,iga,j + Za,jfa,i) <Z 82(1,1'85(1,]' + 82(%].85&&)
1<i<j<r \a=1 a=1
n n
+ 2 Z (Z za7i£a7j - za,jfa,i) <Z 820«,1'85&,]' B Zﬂ ]8&1 z) :
1<i<j<r \a=1 a=1

Next we describe the derived action of G,, on Z(W). The Lie algebra of G, is isomorphic to the
direct sum gl,,(C) @ gl,,(C). We will denote the matrices in the standard bases of the left and right

summands of this direct sum by E( ) and E( ") Recall that P (W) can be identified with polynomials

on the complex vector space W¢. The actlons of E( ) and E(T) on & (W) are by polarization operators
Y ouet Zia0z;, and =370 &40k, . The embeddmg of ¢¢ 1nt0 the Lie algebra of G, is the diagonal
map gl,(C) — gl,(C) & gl, ((C) The Casimir operators 2y and ¢ are

l l
(36) Q= Y ENEY+EVED) ana o= Y (ED+ET) (ED +ED).
1<4,5<n 1<i,j<n
Finally, the degree operator is E = >"" | E;Zl (zi,j@i’j + gi,jafi,j)' With a calculation similar to
Case I, we obtain D) = —20, +2Q, + (2n — 2r)E.
Case III: F = H. The calculations are similar to the previous cases, only more elaborate. In this

case, A is the space of hermitian quaternionic matrices. Let {1,1,j,k} denote the standard R-basis
of H. Then the orthonormal basis of A consists of E, 4, for 1 < a <r, and

1 i ' K
! J = (Eap— Epg), for 1<a<b<r

E(Ea,b +Epa), E(Ea,b =) ﬁ V2

Similar to Case 11, it will be easier to use coordinates on W¢. The embedding W — W is given in
matrix form by

(Ea,b — Eb,a): and

a++v—-1b —c—+-1d
c—v—-1d a—+-1b

Mat,, «(H) <=~ Mato,x2r , a +ib+ jc+ kd —
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where a,b,c,d € Maty,x,(R). The new coordinates on W¢, and the relations between the corre-
sponding directional derivatives are as follows.

§ij = a;; + \/7sz’ 821-,]- = a&i,]’ + a£i+n,j+r7

(37) itn,j+r 1= a; \/76 and abm- =v-1 (afi,j - a§i+n,j+r) )
Sitnj i =C Cij \/7611,]7 agi,j = a€i+n,j - 8£z‘,j+rv
Gigir = —Cij = V—1dy ;. Oa,; = V=1 (O ; + O, j0r) -

Next we define

> i1 Siaitnprr ife =1,
O, (a,b) == ZZ:1 &isaSitn,b ?f e=2,
> i1 Sitn,aliptr if e =3,
Yoici &iatritnprr  ife=4.

In the coordinates defined in , the map ¢* : Z(A) - P(W) of @ is given by

®(a,a) — P3(a,a) if S =Egqaq,

% (®1(a,b) + @1(b,a) — P3(a,b) — P3(b,a))  if S= 7( ab + Eba),
P (ea(9)) = % (®1(a,b) — @1(b, a) + P3(b,a) — P3(a, b)) if S = ﬁ( ab — Eba),

75 (@2(a.b) — @a(b,a) = ®a(b,a) + 4(a,b))  if S = J5(Eap — Ena),

% (®2(a,b) + ®y4(b,a) — Pa(b,a) — Py(a,b))  if S = %(Ea,b — Epa)-

For 1 < e < 4, set 09,(a,b) := (1) (Pe(a, b)), where vy : Z(W) — Z(W) is the isomorphism
given in (12). In fact O®.(a, b) is the constant coefficient differential operator obtained from ®.(a, b)
by substitution of each variable &; ; by the corresponding partial derivative J, ;. Then

DW =4 3" (2i(a,b) — 3(a,b)) (0P1(a,b) — OP3(a, b))
1<a,b<r

+2 3 (Da(a,b) — Ba(b,a)) (0P2(a,b) — OD2(b, a))

1<a,b<r

+2 ) (Du(a,b) — Ba(b,a)) (0Pa(a,b) — OD4(b,a)) .

1<a,b<r
The embedding of ¢ into the Lie algebra of G,, gives the realization of £c as
te = {x € Mata,x2,(C) : 2l J, = — nx} ,

where J, is as in , and z7 denotes the transpose of the matrix 2. We will denote the matrices
in the standard basis of gly, (C) by E;;’s. The Killing form of €c is s(z,y) := (4n + 2)tr(zy), and
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consequently,
1
Qp=—— E,,—E E,,—E
t 4(2n+1) 1§§q:§n( Pq g+nptn) (Eqp = Eptngin)
1 1
+ 4(2n + 1) Z (Ep7q+n + Eq,p-l—n) (Eq—i—n,p + Ep+n,q) + 72(2,” n 1) Z Ep7p+nEp+n,p
1<p<g=<n 1<p<n
1 1
+ 42n+1) Z (EPHW + Eq+n,p) (Eq,ern + Ep,q+n) + m Z Ep+npEppin-
1<p<g<n 1<p<n

As in Cases I and II,

(38)

Qg = Z Ep.qEqp-

1<p,q<2n

The action of E,, on (W) is by the polarization operator — 212;1 £4,50¢, - Finally, the degree

operator is E = 21221 23;1 §i,jO¢; ;- From all of the above, and by a straightforward calculation, we
obtain D) = —8(2n + 1)Q + 29, + 2(2n — 2r + 1)E.
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