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Abstract. For a broad class of Fréchet—Lie supergroups G, we prove that there exists
a correspondence between positive definite smooth (resp., analytic) superfunctions on G
and matrix coefficients of smooth (resp., analytic) unitary representations of the Harish—
Chandra pair (G, g) associated to G.

As an application, we prove that a smooth positive definite superfunction on G is
analytic if and only if it restricts to an analytic function on the underlying manifold of
g.

When the underlying manifold of G is 1-connected we obtain a necessary and sufficient
condition for a linear functional on the universal enveloping algebra U(gc) to correspond
to a matrix coefficient of a unitary representation of (G, g).

The class of Lie supergroups for which the aforementioned results hold is charac-
terised by a condition on the convergence of the Trotter product formula. This condition
is strictly weaker than assuming that the underlying Lie group of G is a locally expo-
nential Fréchet—Lie group. In particular, our results apply to examples of interest in
representation theory such as mapping supergroups and diffeomorphism supergroups.

1. Introduction

The study of unitarizable modules of infinite-dimensional Lie superalgebras has
a long history. Both physicists and mathematicians have obtained several in-
teresting examples and classification results for these Lie superalgebras. Exam-
ples include the N = 1 and N = 2 super Virasoro algebras [BFK86|, [FQSS85],
[GKO86], [To10, I008], superconformal current algebras [KaTo85], and affine Lie
superalgebras [JaKa89], [JaZh88]. (For finite-dimensional Lie superalgebras, see
the references cited in [MeNeSal2] and [Sal0].)

In [CCTV06] the authors initiate harmonic analysis on Lie supergroups by lay-
ing a precise mathematical foundation to study unitary representations of finite-
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dimensional Lie supergroups, and use it to classify irreducible unitary representa-
tions of translation (and in particular, Poincaré) Lie supergroups. Their main idea
is to use the equivalence between the category of Lie supergroups and the category
of Harish—Chandra pairs [K77], [Ko83]. A Harish—Chandra pair is a pair (G, g)
where G is a Lie group, g = g5 @ g7 is a Lie superalgebra, gz = Lie(G), and there
is an adjoint action of G on g (see Definition 4.6.3). To justify the robustness of
the category of representations of Harish—-Chandra pairs, one needs a nontrivial
stability result which, when g is a finite-dimensional Lie superalgebra, is proved in
[CCTVO06, Prop. 2].

At this point it is worth mentioning that in [DoPe85a] and [DoPe85b| the au-
thors study unitarizable representations of Lie supergroups such as SU(2,2|n) by
embedding them in smoothly induced representations, whereas our focus is on the
Hilbert space completions of these representations.

Several technical issues arise in the extension of the stability result of [CCTV06]
to the infinite-dimensional case. These technical issues are resolved in [MeNeSal2]
when g is a Banach—Lie superalgebra. Nevertheless, many infinite-dimensional Lie
supergroups which are interesting from the point of view of representation theory,
such as mapping supergroups and diffeomorphism supergroups, are not Banach-Lie
groups. In [NeSal3] we succeeded in extending the stability theorem to Harish—
Chandra pairs (G, g) where g is a Fréchet-Lie superalgebra and G has the Trotter
property, that is, for every x,y € Lie(G),

exp(t(z +y)) = nl;rréo (exp (%x) exp (%y))n

holds in the sense of uniform convergence on compact subsets of R. The latter
class of Harish—Chandra pairs is broad enough to include the examples of interest
in representation theory (see Example 6.7.4).

Lie supergroups such as mapping and diffeomorphism supergroups are infinite-
dimensional supermanifolds modeled on Fréchet spaces. In [DeMo099, Rem. 2.6], it
is pointed out that the Berezin—Kostant—Leites theory, which defines a superman-
ifold as a locally ringed space, is not suitable in the infinite-dimensional context.
It turns out that an alternative approach to finite-dimensional supermanifolds,
which has a categorical flavor, has the capacity to be extended to the infinite-
dimensional case. Apparently, the main ideas behind the latter approach originate
from the papers [Sh84] and [Vo84]. The definition and basic properties of the
pertinent category of supermanifolds were outlined in a preprint by Molotkov.
Later on, this category was studied more extensively in Sachse’s thesis [Sac09]
(see [AlLal2] as well). The idea behind the definition of the latter category is the
functor of points approach adapted to the framework of the DeWitt topology. In
this approach, a supermanifold is uniquely determined by its A,-points, where A,
denotes the Graimann algebra with n generators. Therefore a supermanifold can
be thought of as a functor F : Gr — Man together with an atlas which is induced
by a Grothendieck (pre-)topology on the category Man®". Here Gr is the cate-
gory of finite-dimensional Grafimann algebras and Man is the category of smooth
or analytic manifolds modeled on locally convex spaces. Infinite-dimensional Lie
supergroups are group-objects of this category.
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1.1. Our main results

In this article we investigate the relationship between smooth (and analytic) posi-
tive definite superfunctions on a (possibly infinite-dimensional) Lie supergroup G,
unitary representations of the Harish—Chandra pair (G, g) associated to G, and
positive linear functionals on the universal enveloping algebra U(gc).

Our first main result (Theorem 5.5.2) identifies the C-superalgebra of smooth
superfunctions on G with a natural subalgebra of Homg, (U(gc), C*°(G,C)). This
is a well known result for Berezin—-Kostant—Leites Lie supergroups [Ko83] but its
proof in the infinite-dimensional setting requires new ideas because the superman-
ifold structure is not given by a sheaf of superalgebras anymore. Another issue
in infinite-dimensions is the lack of standard charts obtained by the exponential
map. In order to prove Theorem 5.5.2, we need to use several basic facts about the
structure of infinite-dimensional Lie supergroups and their left invariant differen-
tial operators. We were unable to find a reference for these facts and therefore we
have included detailed proofs. The reader who is familiar with Harish—-Chandra
pairs but not interested in the technical details of the functorial approach to Lie
supergroups can continue reading the paper from Section 6.

Our second main result (Theorem 6.7.5) is that a smooth (resp., analytic) posi-
tive definite superfunction on G is the matrix coefficient of a cyclic smooth (resp.,
analytic) unitary representation of (G, g) and vice versa. This result is an extension
of the well known Gelfand—Naimark—Segal (GNS) construction to Lie supergroups.
In a sense it means that to describe unitary representations of Lie supergroups it
is sufficient to study unitary representations of their Harish—Chandra pairs. From
the GNS construction we also obtain the following interesting corollary (see Corol-
lary 6.7.6): if f is a smooth positive definite superfunction on G which restricts
to an analytic function on the underlying Lie group Gu,, then f restricts to an
analytic function on the Lie group G, for every A.

Our method to prove Theorem 6.7.5 is similar in spirit to the classical GNS
construction, but several technical issues arise. For instance, unlike the classical
GNS construction, in our framework one has to work with unbounded representa-
tions of semigroups, such as the “semidirect product” G x U(gc), so that we are
actually dealing with structures similar to crossed product algebras. The stability
result of [NeSal3| plays a crucial role in our argument.

Our third main result (Theorem 7.2.2) is about an extension of the noncom-
mutative moment problem to Lie supergroups. For an elaborate discussion of the
history of the noncommutative moment problem see [Nell, Sec. 1]. If (m, p™, )
is an analytic unitary representation of (G, g) and v € J%, then one can construct
a C-linear map A, : U(gc) — C defined by A\, (D) := (p"(D)v,v). The noncom-
mutative moment problem is to characterize the C-linear maps A, : U(ge) — C
which are obtained from unitary representations by the above construction. We
obtain a necessary and sufficient condition when g is a Fréchet—Lie superalgebra
and G is a l-connected Fréchet BCH-Lie group. This is achieved by modifying
the method of [Nell] using the ideas that were developed in [MeNeSal2].

In future work, which will rely on this article and [NeSal3], we will study
global realizations of unitarizable super Virasoro algebras ([Io10]), superconformal
current algebras ([KaTo85]), and mapping superalgebras ([JaZh88]).
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1.2. Structure of this article

Section 2 will review the background material concerning calculus on locally con-
vex spaces. Section 3 will review the definition of the category of supermanifolds.
In Section 4 we show how one can associate a Harish—Chandra pair to a superman-
ifold. In Section 5 we study left invariant differential operators on Lie supergroups
and prove Theorem 5.5.2. Section 6 is devoted to the GNS construction. The
necessary and sufficient condition for integrability of functionals is proved in Sec-
tion 7.

2. Calculus on locally convex spaces

Unless stated otherwise, all vector spaces will be over R. If E and F' are vector
spaces and m > 1 then Alt,,(E, F') will denote the vector space of alternating m-
linear maps f : E™ — F. For convenience we set Altg(E, F) := F. f E = E5 @ Fy
is a Zo-graded vector space, then the parity of a homogeneous element v € E will
be denoted by |v| € {0,1}.

2.1. Smooth maps between locally convex spaces

Throughout this paper, by a locally convexr space we mean a Hausdorff locally
convex topological vector space.

We quickly review basic definitions and properties of differentiable maps be-
tween locally convex spaces. For further details see [Ha82], [Mil84], and [Ne06].

Definition 2.1.1. Let F and F be locally convex spaces and U C E be an open
set. A map h: U — F is called differentiable at p € U if the directional derivatives

dh(p)(v) = doh(p) = lim = (h(p+ tv) — h(p))

t

exist for all v € E. The map h is called C! if it is continuous, differentiable at
every p € U, and the map

dh:U x E— F , (p,v) — dyh(p)

is continuous. If k > 1 is an integer then a continuous map h : U — F is called
C* if the limit

. . 1 . .
d?h(p)(v1, ..., ;) = tlgj%E (7" h(p + tv;)(ve, ..., vj—1) — & h(p)(v1, ..., v;-1))
exists for every 1 < j < k and every (u,v1,...,v;) € U x E7, and the maps
dh:Ux E = F, (pvr,...,v5) = dh(p)(v,...,v;)

are continuous. We call a map h : U — F smooth when it is C* for every k > 1.



POSITIVE DEFINITE SUPERFUNCTIONS 5

Remark 2.1.2. The above notion of smooth maps naturally leads to smooth man-
ifolds, Lie groups, etc. For more details see [G102].
It is known that if h: U — F is C* then for every p € U the map

EF 5 F (v1,...,05) — dkh(p)(vl,...,vk)

is a continuous symmetric k-linear map. The Chain Rule holds in the following
form: if E, F,G are locally convex spaces, U C E and V C F are open, and
f:U—= Fandg:V — G are C! maps such that f(U) CV, then go f:U — G
is also C' and

dy(go f)(p) =dg(f(p))(duf(p)) for every p € U and every v € E.

The following lemma is sometimes called the Faa di Bruno formula. Its proof is
by induction on n. We omit the proof because the argument in the locally convex
setting is the same as the one for finite-dimensional spaces.

Lemma 2.1.3. Let E and F' be locally convex spaces, U C E be open, and V C R"
be an open 0-neighborhood. Let &2, denote the collection of partitions of the set
{1,...,n}. If f: U — F and g : V — U are smooth maps then

0 0
— o fog(ty,...,tn) = Z dkf(g(O,...,0))(1},41,...71),%)
oty Ot, ti==t,=0
{A1,..., A }e2,
where
vy = 0 9 (t tn)
A Ota, atazg L P "

for every A:={ay,...,ae} C{1,...,n}.

We briefly mention the definition of analytic maps between locally convex
spaces. For a discussion of different notions of analyticity as well as pertinent
references, see [Nell, Sec. 2].

Definition 2.1.4. Let F and F be locally convex spaces and U C E be an open
set. A continuous map h : U — F is called analytic if for every p € U there
exists an open 0-neighborhood V), in E¢ := E ® C and continuous homogeneous
polynomials h, : E — F of degree n such that h(p +v) = " hn(v) for every
veV,NE.

2.2. Left invariant differential operators on Lie groups

In this paper we assume that all Lie groups are smooth manifolds modeled on
locally convex spaces. The exponential map of a Lie group, if it exists, will be
denoted by = — e”.
Let H be a Lie group and h := Lie(H) be its Lie algebra. Assume that the
exponential map
h—H, x—e"

is smooth. Let U C H be open, F be a locally convex space, and h: U — F be a
smooth map. For every x € §j set

1
L,h:U—=F, Lyh(g) := }irr(l) ;(h(gem) — h(g)).
—
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Lemma 2.2.1. Let H be a Lie group with a smooth exponential map, F be a
locally convex space, h : H — F be a smooth map, and v1,...,v, € Lie(H). For
every g € H consider the map

Ug : R" = F  ug(ty,... t,) := h(gevrttintn),
Then
0 0 1
Lty = = N Ly, Ly, h(g).
oo et t| T J; o) o 119)

Proof. Fix x1,...,z, € R and set y := Z?:l x;v;. Consider the map
v:R—= H, v(s) :=ge™.

Then ho~y(s) = ug(x1s,...,x,s) and therefore for every s, € R we can write

S

> wil h(ge™?) = Lyh(ge™™?) = - (ho")
i=1

s$=5o

0

xi(aitiug(tl, e ,tn)

n

i=1

To finish the proof we use the above relation repeatedly to compute (L,)"h(ge®*¥),
set s, = 0, and compare the coefficient of x; - - - x,, on both sides. O

3. Supermanifolds as functors

A locally convex space E is called Zg-graded if E = Ey @& E; where Ey and By
are locally convex spaces and the direct sum decomposition of F is topological.

Throughout this section £ = E © Bt and F' = Fy ® F7 will denote Zj-graded
locally convex spaces.

3.1. The category Gr

Let Gr denote the category of finite-dimensional real Gralmann algebras, i.e.,
unital associative R-algebras A,,, n > 0, generated by elements Aq,...,\, which
satisfy the relations A;A; + AjA; = 0 for every 1 < 4,5 < n. Every A € Gr has a
canonical Zs-grading A := Ag @ Ag, i.e., it is an associative superalgebra. The
identity element of any A € Gr will be denoted by 15. Given an integer n > 0 and
aset I = {iy,...,ip} C Nwherel <i; < -+ < iy <n, we define A\; € A,, by
)\1 = /\i1 . ')‘itz'

The morphisms between objects of Gr are homomorphisms of Zs-graded unital
algebras. For every m,n > 0 the set of morphisms from A,,, into A,, will be denoted
by Morg, (Am, An).

Observe that Ag ~ R and therefore for every A € Gr there exist unique mor-
phisms 5 € Morg (A, Ag) and tp € Morg,(Ag,A). The kernel of e, is called the
augmentation ideal of A and will be denoted by AT. We set A%‘ =ATNAg.
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For every m > n > 0 let &,,,, € Morg (A, Ay) and ¢y, € Morg,(Ap, Ayy) be
the homomorphisms uniquely identified by

A ik <n,
0  otherwise

Em,n()\k) = {

and tp,m (M) = A for all 1 < k < n. In particular e, 0 = ea,, and tgm = ta,, -

3.2. The category Man®"

Let Man denote the category of smooth manifolds modeled on locally convex spaces
(see Remark 3.6.6). For every two functors F,G : Gr — Man, the set of natural
transformations from F to G will be denoted by Nat(F,G). The category whose ob-
jects are functors F : Gr — Man and whose morphisms are natural transformations
will be denoted by Man®". If F € Man®" and ¢ € Morg, (A, A’) then the morphism
in Man from F, to Fa that is induced by o will be denoted by F, : Fao — Far.

Remark 8.2.1. Let G € Man®". For every m > n > 0 the map Ginm P GA, = GA
is injective and identifies Ga, with a subset of Ga,,. We will use this natural
identification to simplify our notation. For instance if f € Nat(G,F) for some
F € Man®, then for every p € G, we write f, (p) instead of fy,, (Gipm (D))

Let F,G € Man® and f € Nat(G, F). We write G T F if for every A € Gr, the
map fp : Go — Fy is a diffeomorphism onto an open subset of Fy. We write G C F
if for every A € Gr the set G5 is an open subset of Fp and fp : Gn — Fp is the

canonical injection. If H C G and f € Nat(G, F) then we define f‘H € Nat(H, F)

by
(f‘H)A = fA‘HA'

3.3. Superdomains and supermanifolds
Let £F € Man® be defined by

EX == (E® A)g for every A € Gr.
The zero vector in 5/;E will be denoted by 05. Every o € Morg, (A, A’) induces a
map
55:55—)5/{5, , VA= v® ().
Definition 3.3.1. A functor U T EF is called a superdomain.
The next proposition characterizes superdomains.

Proposition 3.3.2. If U C EE then there exists an open set U C E5 such that
Uy =U+(ExA");

for every A € Gr.
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Proof. Set U :=Uy,. Clearly
UrC{pe &l : EE(p) e Ut =U+ (E®AT);

for every A € Gr. Next we prove that Uy 2 U + (E® AT)g. Let A := A,,. Fix
u € U. Then U,, (u) € Uy, i.e., u® 15 € Uy. Since Uy C EF is open, there exists
an open neighborhood V of 05 € £F such that (u® 1) +V C Ux.

Set V* := VN (E®At);. For every s > 1 let o; € Morg, (A, A) be the
homomorphism uniquely defined by gs();) := sA; for 1 < i < n. Then

Un 2 Uy, (u@17) + V) = (u@ 1n) + Uy, (V)
and J,oq (0@ 1) +U,, (V) =u®@1p + (EQ A1) O

Definition 3.3.3. Let Y C £F, V C €F, and f € Nat(U,V). We call f a smooth
morphism from U to V if for every A € Gr and every p € Uy the differential map

51€ — 511\: , Ui dva(p)
is Ag-linear.

Definition 3.3.4. Let U,V, M € Man®, f € Nat(d, M), and g € Nat(V, M).
Assume that V &, M. The fiber product of U and V over M is the functor
U X pm VYV CU defined by

U xp V)a = fr (ga(Va)) for every A € Gr.

We set (U X V) :=U, for every o € Morg, (A, A').

(UXMV)A

Remark 3.3.5. Let U C EF, V C EF, f € Nat(U, M) and V T, M. From the
definition of fiber product it is easily seen that U x V T EF. However, the
canonical projection p¥ € Nat(U x o V, V) given by

px = gXl ) fA)( for every A € Gr

UX V)5
might not necessarily be a smooth morphism.

Definition 3.3.6. A supermanifold modeled on a Zs-graded locally convex space
E = Ej @ Fy is a pair (M, «/) where M € Man®" and « is a set of pairs (U, f)
satisfying the following properties.

(1) If (U, f) € o then U C EF| f € Nat(U, M), and U 5 M.
(ii) & is an open covering of M, i.e.,

My = U faUdp) for every A € Gr.
u,fyesd

(iii) For every two elements (U, f) and (V, g) of &7 the canonical projection
pV UXM YV =V

is a smooth morphism.
The set o/ is called an atlas of M. An element of & is called an open chart of M.
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Remark 3.3.7. In the rest of this article, when there is no ambiguity about the
atlas of a supermanifold (M, /), we write M instead of (M, &).

Lemma 3.3.8. Let M be a supermanifold and U Ty M. Then

aUa) = MZ(faoUno)) :={p € Ma = Mc,(p) € fa,(Un,y)}

for every A € Gr.

Proof. Follows from Proposition 3.3.2. The proof is straightforward and left to the
reader. O

The notion of a smooth morphism between two supermanifolds can now be
defined using open charts. Let (M, o) and (N, %) be two supermanifolds and
h € Nat(M,N). For every (U, f) € o/ and every (V,g) € % the natural trans-
formations h o f € Nat(U,N') and g € Nat(V,N) define a fiber product U x V.
We say h is a smooth morphism from M to N if for every (U, f) € & and every
(V,g) € % the canonical projection p¥ : U X V — V is a smooth morphism.

3.4. A-smooth maps

The next definition will simplify our presentation.

Definition 3.4.1. Let F = E7 ® By and F = Ej @© F} be Zjy-graded locally
convex spaces. Let M be a supermanifold modeled on E and N be a supermanifold
modeled on F. Fix A € Gr and let p € M. A smooth map hy : My — N,y is

called A-smooth at p if for every open chart (U, f) of M where p € fa(Uy), and
every open chart (V, g) of N" where ha(p) € ga(Vy), the map

5/]\5‘_>5/€ ; v dy (gxlohAofA) (p)

is Ag-linear. If hy is A-smooth at every p € My then hy will simply be called
A-smooth.

Remark 3.4.2. Let M and N be supermanifolds and h € Nat(M,N). Then h is
a smooth morphism if and only if hp : M — N is A-smooth for every A € Gr.

3.5. The category SMan

The category of supermanifolds and their smooth morphisms will be denoted
by SMan and the set of smooth morphisms from M to N will be denoted by
Morsman (M, N). It is proved in [AlLal2, Thm 3.36] that the category of finite-
dimensional supermanifolds (in the sense of Berezin, Kostant, and Leites) is equiv-
alent to a full subcategory of SMan.

3.6. The superalgebra COO(M,SCM)

As usual, we denote the Zy-graded vector space C @ C by C!!'. For every super-
manifold M set 0 0"
C>®(M,EC ) := Morspan(M, EC ).

The next proposition follows from [AlLal2, Prop. 3.4].
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Proposition 3.6.1. Let U T EF and set U := Uy,. There exists a bijection
between smooth morphisms h € C*(U, ECM) and families of maps {h,, : m > 0}
satisfying the following properties:

(i) hpm : U — Alt,, (E7, C) for every m > 0, and the map

UxET = F, (u,v1,...,0m) = hy(u) (v, ... Um)

is smooth.
(ii) For every A € Gr we have

1
ha(u+vg +vg) = mdkhm(u)(va,...,vﬁ)(vT,...7vT) (1)
km20 k times m times

where u € U, vy € Ey ®A6+, and vy € By ® Ag.

In (1) the multilinear functions d*h,,(u) are extended by linearity to Graffmann
variables, i.e.,

dkhm(u)(xl/\ha cee "rk/\fk)(yl/\Jp cee 7ym/\Jm)

k m
= d*h () (21, ) (Ls s Ym) HAL? H AJ;-
i=1  j=1

Remark 3.6.2. The superspace £ isa ring object in Man®" and induces a multi-
plication on C'*° (M, Scm). Therefore C*° (M, 5(01‘1) is the superalgebra of smooth
superfunctions on the supermanifold M. In this article, we will not need this mul-
tiplication.

Definition 3.6.3. Let M be a supermanifold and h € C*°(M, 5<c1|1)_ The family
of maps {h,, : m > 0} which satisfies (1) is called the skeleton of h.

Lemma 3.6.4. Let U C EF, h € C"’O(U,Ecm), and {hy, : m > 0} be the
skeleton of h. If z1,...,x, € E7 then

d"ha, (W)(z1A1, -« T An) = hp (W) (@1, ..., T0) - A1+ Ay for every u € Uy, .

Proof. If we set vy := 0a, and vy = t1x1 1 + - - + £, 2, Ay In (1) then it follows
that hp, (v + t1z1 A + -+ + thxpAy) is a vector-valued polynomial in tq,..., ¢,
with coefficients in 5;(\::1. The leading term of this polynomial is

O CIR R P VRS WS
It follows that

d"ha, (u)(z1 A1, ..oy TuAn)

0 0
-2 ... % HEIA & -+ taT A
oty Oty An (Ut hzad + tin® ) ti=-=t, =0

= hp(u) (1, Tn) - A1 A

which completes the proof. O
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Lemma 3.6.5. Let U T EF, h € Morsman(U,EF), A € Gr, and p € Uy.
(1) If o € Morg (A, A') for some A’ € Gr then

d"ha (Uy(p) (EE(01), ..., EF (v,)) = EF (d"hA(p)(Ul, - ,un))

for every vy, ...,v, € EF.
(ii) The map

5]? Kowes ng%g/{? ) (U17"' 7”%)'_>dnh/\(p)(vla"'7vn)

is Ag -linear in vy, ..., vy.

Proof. (i) The case n = 1 follows from differentiating the relation hysold, = 55 oha
and using the fact that d,U,(04) = EF(v) for every v € EF. The case n > 1 follows
by induction on n.

(ii) The case n = 1 is an immediate consequence of A-smoothness of h and the
case n > 1 follows by induction on n. O

Remark 3.6.6. If Man denotes the category of analytic manifolds, then after mi-
nor modifications the definitions and results of this section will remain valid and
therefore lead to the category of analytic supermanifolds.

4. Lie Supergroups

Throughout this section £ = Ej © E7 will be a Mackey complete Zy-graded
locally convex space. For more information on the notion of Mackey completeness
see [KrMi97, Sec. 2]. Note that every sequentially complete locally convex space
is Mackey complete.

4.1. Lie supergroups as group objects in SMan

In view of our categorical approach to supergeometry, a Lie supergroup will be a
group object in the category SMan. For background on group objects in categories
see [GeMa88, Sec. 11.3.10].

Definition 4.1.1. A supermanifold G € SMan is called a Lie supergroup if it is a
group object in SMan and the Lie group G, has a smooth exponential map.

In the rest of Section 4 we assume that G is a Lie supergroup modeled on
E = E; @ B;. If A € Gr then G, is a Lie group modeled on the locally convex
space (E ® A)y. For every A € Gr, the identity element of Go will be denoted by
1x.

Let pu: G x G — G denote the multiplication morphism of G. For every A € Gr,
if g € Gp then we define the left and right translation maps (I5)a : Go — Ga and
(rg)a : Ga — Ga by

(Ig)a(x) == gz := pa(g,z) and (rg)a(x) == zg := pa(z, 9).

Note that (I;)a and (r4)a are A-smooth. If g € Gp, then based on Remark 3.2.1
we obtain smooth morphisms [y, 7, € Morsman(G, G).
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4.2. A local Lie supergroup
Fix an open chart (V, f) of G such that V C £¥. After a suitable translation we
can assume that 0y, € Vj,, and fa,(0p,) = 1a,. It follows immediately that
0p € VA and fA(OA) = 1x.

The multiplication and inversion of G can be pulled back to V as follows. Fix
A € Gr. For every vy,ve € Vp if pa(fa(v1), fa(ve)) € fa(Va) then we set

v ey == fi (pa(fa(v1), fa(v2))). (2)
Similarly, for every v € Vy, if fa(v)™! € fa(Va) then we set
o= (fa(w) ). (3)

Note that the product v;  vo and the inverse v~! are not necessarily defined for

all choices of vy, v2,v € V5. Nevertheless, the following statement holds.
Lemma 4.2.1. There exists a U TV which satisfies the following properties:

(i) Op €Up and Op @ u =u 0 = u for every u € Up.
(ii) Ifu € Uy for some A € Gr thenu™! is defined and belongs to Uy. Moreover,

ueu l=u"leu=0,4.
(iii) The product uieuseus is defined for every A € Gr and for every uy, us, ug €
Up.

Proof. Since G, is a Lie group, it is possible to choose Uy, C V,, suitably such
that properties (i)-(iii) hold in the special case A = Ag. For every A € Gr set

Uy =V Uny) :=={p € Va : Ver(p) €U, }-
Properties (i)-(iii) for general A follow from naturality of f and Lemma 3.3.8. O

4.3. The exponential map for G,

Let (U, f) denote the open chart of G obtained by Lemma 4.2.1. Lemma 3.3.8
implies that the set

fl::+1 (ker(ggnﬂ,n)) = (E ® (Ap - )‘"+1))6 < uAn+1

is closed under the multiplication and inversion defined in (2) and (3). Thus, with
the latter operations, (E® (Ay- )‘”H))ﬁ is a Lie group. The next lemma explicitly

describes the multiplication of (E ® (A, - >\n+1))6.
Lemma 4.3.1. Ifz,y € (E ® (A, - /\n+1))

Proof. Write © = 21 - Apq1 and y = y1 - App1 where z1,y1 € (E Q@ Ay)7. Set
0= En+2,n+1; r = ubn+1,n+2 (3?) € UA7L+2’ and yl =Y1 Ang2 € uAn+2' Then

5, thenzey=1x+y.

Ug(z o) =Uy(a") o Uy(y') = Uy(z") 004, = Up(a')

n+1

and therefore z’ @ ¢/ = 2/ + w - Ayyo + W' - Apy1Any2 where w € (E ® Ay,)7 and
w e (E®A,)g-
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Similarly if we take ¢’ € Morg (A, 42, Ay11) defined by

\; if1<i<n,
o'(Ni) =140 ifi=n+1,
)\n+1 1fz:n+2

then w- A1 =Uy (2" oy') =U(2") oU(Y') = 04, *Uy (Y') = y1 - Apy1. It follows
that w- A2 = ¢’ and therefore 2’ oy’ = 2’ + ¢’ +w' - A\y11An+2. Finally, consider
0" € Mor(Ay 42, Apy1) defined by

o"(Ni) = . ‘
Any1 fn4+1<i<n+2.

Then
zoy=Uy (') eUy(y) =Uy (' 0y") =Uy (2’ +y + 0" Aj1dnt2) =2 +y
which completes the proof of the lemma. O

Proposition 4.3.2. For everyn > 0 the Lie group Ga, has a smooth exponential
map.

Proof. We use induction on n. The case n = 0 follows from Definition 4.1.1. Next
assume n > 0. Since E is Mackey complete, Lemma 4.3.1 and [Ne06, Prop. I1.5.6]
imply that ker(Ge,,, ) is regular in the sense of [Mil84, Def. 7.6]. See [Ne06,
Def. 11.5.2] for a more detailed discussion. If 1 - A — B — C' — 1 is a smooth
extension of Lie groups such that A is regular and C' has a smooth exponential
map, then B also has a smooth exponential map. We do not give a proof of the
latter statement because the argument is very similar to [KrMi97, Thm 38.6]. See
also [GINe]. To complete the proof of the proposition we use the above statement

with the sequence 1 —— ker(G,,, ) —— Ga,.,, bl Ga, 1. O

4.4. The exponential map of (U, f)

Let (U, f) be the open chart of G obtained by Lemma 4.2.1. Next we show how to
pull back the exponential map of G to U. For every A € Gr, the map

EX — Lie(Ga) , v > dyfa(04)

is a continuous invertible linear transformation with a continuous inverse. For
every v € EF we set
eV = fgl(edva(OA))

whenever edvf2(05) ¢ £, (Uy). The next lemma implies that the exponential map
is well-defined on some W C £E.

Lemma 4.4.1. There exists a W T EF which satisfies the following properties.
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(i) Op, € Wh,-
(i) ede/a(08) € f2(Uy) for every A € Gr and every v € Wh.

Proof. Since G, has a smooth exponential map, it is possible to choose an open
0O-neighborhood W C Lie(Gy, ) such that {e® : w € W} C fa,(Ua,). Set

WAO = {U egfo : d’uf/\o(o/\o) EW}

and Wy = (85\)71 Wa,) i={ve&f : EE(v) € Wy, } for every A € Gr.

Next we prove that if v € W)y then edvfa(0n) ¢ fadp). By Lemma 3.3.8 it
suffices to prove that if v € W, then G., (e/2(00)) € fu (Uy,). To prove the
latter statement note that if v € Wy then £ (v) € Wy, and therefore

Ge, (e4072(00)) = (d0en (1) (@efr(00) — (30 On0)(E ) & fy (14,
which completes the proof. O

Lemma 4.4.1 implies that for every A € Gr the following diagram commutes:

Un # Ga
v»—)e”T Tz»—)ez
Wha Lie(Ga)

_ >
vi=dy fA(0A)
Our next goal is to prove that the induced exponential map is in Nat(W,U).

Lemma 4.4.2. Let A, A’ € Gr and o € Morg,(A,A"). Then the following diagram
commutes:

U,
UA Z/{A’
v—e" T TUH@I}
WA WA’

Proof. Let w € Wy. Then
Far (V™)) = (esfuu)) — I (0a)(EF (W) _ odGo(1a)(dw fa(04))

= Gy (B 1200 = G, (fa(e®)) = far Uy(e™)).

Since far : Upr — Gas is an injection, it follows that e"Ve(®) =/, (e). O

Fix A € Gr. The map
Sy EF = Lie(Ga) , v dyfa(04) (4)
is a continuous invertible linear transformation with a continuous inverse. There-

fore the Lie bracket of Lie(Ga) can be pulled back to £F, that is, we can define a
Lie bracket
EX X EX = &Y, [,yla =Sy ([Sa(2), Sa(W)]Lie(gs)) for every z,y € EY,
where [, - Jrie(g,) denotes the Lie bracket of Lie(Gy). Observe that e*”, e € Wy
for sufficiently small s,¢ € R, and therefore
0 0

[-f,y]A _ (esx ° ety ° e—sr)

= 5.1 for every z,y € EF. (5)

s=t=0



POSITIVE DEFINITE SUPERFUNCTIONS 15

Lemma 4.4.3. Let A € Gr and z,y € EF.
(i) [f)\[,)\J S Aa then [x . /\I,y')\J]A = [x,y]/\ . )\I)\J.
(ii) If A’ € Gr and o € Morg, (A, A’) then
€5 (2), &5 (W)]ar = €5 ([, 9]a)-
Proof. Note that
wln = 22 hy o gns t)‘
YINT G g T IS
where h : U x U — V is the smooth morphism defined by

s=t=0

ha(a,b) :=aebea™! for every a,b,c € Uy
and
gt (*’l",?") X (77}7‘) — Z/[A X UA ) gA(Svt) = (esa:’ety)

for r > 0 sufficiently small. Lemma 2.1.3 implies that
[z,y]a = d*ha((0A,04)) ((,04), (04, 1))
Therefore (i) and (ii) follow from Lemma 3.6.5. O

4.5. A Lie superalgebra structure on F

Our next goal is to obtain a Lie superalgebra structure on F = E5 @ E7 which is
compatible with the Lie brackets [-,-]s on £F for every A € Gr.

Lemma 4.5.1. There exists a continuous bilinear map ¢, : By x Fx — E7 such
that
[,y AM]a, = ci(z,y) - A\ for every x € Ey and every y € Ex.

There exists a continuous symmetric bilinear form co : By x Fx — Ey such that
[ A1,y - A2la, = ca(z,y) - A1 A for every x,y € Ey.

Proof. This is a consequence of Lemma 4.4.3(ii). For ¢; we use g := 1y, o€p, €
Morg, (A1, A1). For co, we use ¢ := g; € Morg, (A2, As), where ¢ € {1,2}, defined
by 0i(A;j) 1= 0;,;A;. To show that cy is symmetric we use ¢ € Morg (A2, A2) given
by o(A1) := A2 and p(A2) := Aq. O

Consider the continuous skew-symmetric bilinear map
co: By x Eg — Eg , co(x,y) = [2,y]a,-

Using cg, c1, and ¢y we define a Lie superalgebra structure on £ = Ej ® F5. For
every xg,Yy; € Ey and every x7,y; € B we set

[xﬁ +I7,Y5 +yﬂ = C0($67%) +C1(1‘6’«7f1) - Cl(%’zf) _CQ(xTv%)' (6)

Bilinearity and continuity of [-, -] are obvious. Example 4.5.2 below explains how
to prove the super Jacobi identity for [-, -] using the Jacobi identity of [-,-]a.
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Example 4.5.2. Assume z,y € Ey and z € Fy. In this case we should prove
that

[z, [y, 2]] = [y, [z, 2] + [z, [, 4]] = 0. (7)

Using (6) we can write (7) as

—ca(z,¢1(2,9)) — ca(y, €1(z, 7)) + co(2, c2(,y)) = 0. (8)
From Lemma 4.5.1 and Lemma 4.4.3(ii) it follows that

[y A 2la, = =20 Mla, = —ei(z,9) - v
Again from Lemma 4.5.1 and Lemma 4.4.3(ii) it follows that
[T A2, [Y - AL, 2]Aas]as = [ A2, —c1(2,¥) - A1), = c2(x,€1(2,Y)) - A1 Aa.

In a similar way, it can be shown that [y- A1, [z, 2 A2]a,]a, = C2(y,c1(z,2)) - A1 Ao

and [z, [2 - A2,y - A1]as]a, = —Co(z, ca(z,y)) - A1 A2. Therefore (8) is a consequence
of the Jacobi identity of [-,-]a, for the elements = - Ay, y - A1, and z.

For every A € Gr, the Lie superbracket on E = Ej @ Ey defined in (6) induces
a Lie superbracket

[ A (F@A) x (E®QA) - E®A
as follows. For homogeneous v1,vy € E and Ar,, Ar, € A we set
[v1 - A, v Ay = (=)0l oy vl - X Ay,

Proposition 4.5.3. Let A € Gr. Then [z,y]a = [z,y])} for every x,y € EF.
Proof. Follows from Lemma 4.4.3 and Lemma 4.5.1. O

4.6. The Harish—Chandra pair associated to G

For every A € Gr, we define an action of G, on 5/](3 as follows:
Gro X EX = &L, (g.v) = g*a v = Sy (AdA(G, (9))(Sa(v))).

where Sy is the linear transformation defined in (4) and Ada(a)(x) denotes the
adjoint action of a € G on z € Lie(Ga). Note that by the Chain Rule,

gHrA V= S;l(d(lg o rgq)A(lA)(SA(v))) =d(f o lgorg-10f)a(0r)(v). (9)

Lemma 4.6.1. Let g € Ga,, A € Gr, and v € EF.
(i) If o € Morg (A, A') for some A’ € Gr then gxp EE(v) = EE(g*a v).
(if) g*a (v- A1) = (g*a v) - A for every A\ € Ag.
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Proof. (i) Differentiating far o, = G, 0 fa yields Sar 0 EF (w) = dGy(1ar)(Sa(w)).
Similarly, differentiating (Iy 0 7g-1)ar 0 Gy = G, 0 (g 07g-1)a yields

d(lg 0 mg-1)ar(1a/)(dG,(14)(w)) = dGy(1a)(d(lg 0 7g-1)a(1)(w)).
Therefore
g EF(v) = Sx(d(ly 0 g ) (1) (S 0 EE(v))
= St (dlty o 74 (1a) (4G, (1) (Sa (1))
= 531 (4G, (1) (d(ly 0 71 )a (1) (S(0)) ))
= &8 053 (dlly 0y )a(10) (S (0)) ) = EF (g #a v).
(ii) Follows from (9) and Ag-linearity of v — dy(f L o ly o ry-1 0 f)a(0x). O
Theorem 4.6.2. Let G = Gy,. Let g5 = Lie(Ga,) and
Ag 1 E5 — g5 5 Ag(eg) = deg fao(0n,)-
Let gy :=ker (dGe, (14,)) C Lie(Ga,) and
At i By — g1, Aler) :=dfa,(0a,) (e1 - A1)
Set g := g5 © g7 and
A:E—g, eg ®ep — Ag(eg) ® A7 (e1).

Let [-,-]g : 9 x g — g be a Lie superbracket induced by the Lie superbracket
[-,-]: EX E— E given in (6) as follows:

[z, Y]y = A([Ail(x),Afl(y)]) for every x,y € g.
Define
Ad:Gxg—g, Ad(g)(zrg @ 1) := Aday(9)(ag) © Ada, (Guy, (9)) (27)-
(i) The superbracket [-,-]g: g % g — g is continuous and the map
Ad:Gxg—g
15 smooth.
(ii) The map Ad(g) : g — g s an automorphism of g for every g € G.

(i) Lety € g and ¢y : G — g be the map defined by c,(g) := Ad(g)(y). Then

dey (1a,)(z) = [7,y]g for every x € g5 .
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Proof. (i) Continuity of [-, -], follows from the fact that A is a bijective continuous
linear transformation with a continuous inverse. Smoothness of Ad follows from
smoothness of Ady, and Ady,.
(ii) The inclusion Ad(g)(g7) C g7 follows from
9xn, 5 (v) = EZ (9%a, v)
which is a consequence of Lemma 4.6.1(i). Next we prove that

[Ad(g)(z), Ad(9)(y)]g = Ad(g)([z, ylg)

for every z,y € g. It suffices to assume that x,y are homogenous. Depending
on the parity of x and y there are four cases to consider, but the arguments are
similar, and we will only give the argument when z,y € g7. Set & := A~!(z) and
3y := A71(y). From Lemma 4.6.1 it follows that

g, (&A1) = A7 (Ad(g)(2)) - A1 and g xa, (- A2) = A7 (Ad(9)(y)) - Aa-
Now on the one hand by Proposition 4.5.3,
[A71(Ad(g)(2)) - A1, A7H(Ad(9)(y)) - Aala,
= —[A7H(Ad(9)(2)), ATH(A(9) ()] - M
and on the other hand from Lemma 4.6.1 it follows that
[A™H(Ad(9)(2)) - A, ATHAA(9) () - Aalaz = [9 %45 (F - M)y g %as (F- A2)]a
=gn, ([F- A1, 9 X]as) = g*a, (—[E,9] - A A2)
= —(g%n, [£,9]) - MA2 = —A7H (Ad(g) ([, y])) -
(iii) It suffices to prove the statement for y € g7. In this case,
dey(14,)(2) = [dGoy, (140) (@), Ylnie(aa,) = A([AT (@), AT (W)]) = [z, ylg
which completes the proof. O
Theorem 4.6.2 links the abstract notion of a Lie supergroup to the more concrete
notion of a Harish-Chandra pair.

In the next definition, Aut(g) denotes the group of automorphisms of g (not
necessarily continuous) which preserve the Zo-grading.

Definition 4.6.3. A Harish-Chandra pair is a pair (G, g) satisfying the following
properties.

(1) g:= g5 Po7 is a Zy-graded locally convex space endowed with a continuous
Lie superbracket [-,-] : g X g — g.
(ii) G is a Lie group and g = Lie(G).
(iii) There exists a group homomorphism Ad : G — Aut(g) such that the map

Gxg—g, (g,7)— Ad(g)()

is smooth.
(iv) If ¢y : G — g is the map defined by ¢,(g) := Ad(g)(y) then

dzcy(1g) = [z, y] for every x € g5 and every y € g
where 14 € G denotes the identity element of G.
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Corollary 4.6.4. The pair (G,g) associated to G in Theorem 4.6.2 is a Harish—
Chandra pair.

Remark 4.6.5. A result analogous to Corollary 4.6.4 holds for analytic Lie su-
pergroups, i.e., group objects in the category of analytic supermanifolds. The
Harish—Chandra pair (G, g) associated to an analytic supermanifold satisfies two
extra properties: GG is an analytic Lie group and the adjoint action G x g — g is
analytic.

Definition 4.6.6. An analytic Harish—Chandra pair is a Harish-Chandra pair
(G,g) where G is an analytic Lie group and the adjoint action G x g — g is
analytic.

Remark 4.6.7. From the results of this section it follows that Gy ~ G x Ny for
every A € Gr, where Ny is a nilpotent simply connected Lie group with Lie algebra
(g ® AT)g. If we identify N with its Lie algebra via the exponential map then
the action of G on Ny is the canonical extension of the adjoint action of G to
(9@ A%)5.

5. Left invariant differential operators on Lie supergroups

To simplify our notation, in this section we assume that G is a Lie supergroup
modeled on a locally convex space g = g5 @ g7 (that is, g5 = Eg and g7 = Ey)
and [-,-]: g x g — g is the Lie superbracket defined by (6). Set G := Gp,. We will
denote the identity element of G by 1¢.

Throughout this section (U, f) will denote the open chart of G obtained by
Lemma 4.2.1 (note that U C £9).

Let hy : Gy — 5}?1‘1 be a smooth map. Recall that for every v € Lie(Gp) the
left invariant differential operator L, on G, is defined by

L,ha(g) == g% %(hA(geS”) —ha(9)).

The chain rule implies that L,ha(g) = dha(g)(du(lg)a(14))-

5.1. Some technical lemmas

Our next goal is to prove some basic properties of left invariant differential oper-
ators.

Lemma 5.1.1. If A € Gr then every g € Go can be written as g = go fa(ug) where
90 := Gupo0ex (9) and ug € Lla_Al(OAO) CUp.

Proof. Follows immediately from Lemma 3.3.8. (]

Lemma 5.1.2. Let A € Gr and hp : G — Sj(\jlll be A-smooth.

(i) For every v € Lie(Ga) the map Lyhp : G — Ej(\:l‘l is A-smooth.
(i) Let xy,...,xx € EY and Ap,,..., A, € Ag . Set &; := dy,.5,, fa(04) for
1<i<k. If g € Gy then

Lz, -+ Lz, ha(9) = (La,, acon) "+ Leuy 1a00)hr (9)) - Ary -+ Ay
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Proof. (i) Fix g € Go. By Lemma 5.1.1 we can write g = go fa(ug) where gg :=
Giroen (9) and ug € Up. Tt suffices to prove that the map

Uy = ES" 1o (Loha)(gofa(@))

is A-smooth at ug. Fix w € 3. Set Hy(s,t) := ha(gofa(ug + sw)e™) for s,t € R
sufficiently close to 0. Observe that for every s € R,

%Hm(&t)‘t:o = (Lyha)(gofa(uo + sw)).

Thus we need to prove that %%Hw(& t) is Ag-linear in w. The map

s=t=0
Uy — ES" @ (ha o (gy)a o (Teww)a o fa) (@)

is A-smooth and therefore %Hw(s,t)‘ = du (ha 0 (Igy)a © (Tetv)a © fa)(uo) is
Ag-linear in w. Consequently, if A € Agithen

09 9,0
%anA(Sat) a0 = a(%Hw.A(S,t) s:o) —o
a,0 9 0
_ &(%Hw(sat) S:O) A= 5 s H(0,0)

(ii) First assume k = 1. By the Chain Rule we have

La,, s ia0n)ha(g) = dha(g) (d(lg)A(lA)(de(OA)($1 : A)))
=dg, 2 (ha o (Ig)a © fa)(0a) = (de, (ha o (Ig)a © fa)(04)) - A

and again by the Chain Rule the right hand side is equal to Lq, ,(0,)ha(9) - A
This completes the proof for the case k = 1. The case k > 1 follows from (i), (ii),
and induction on k. O

Lemma 5.1.3. Let A,A’ € Gr, o € Morg,(A,A), and h € CW(g,EC”l). Let
wy,...,w, € EX and for every 1 < i < k set w; := dfar(0a)(ES(w;)). If g € Ga
then 0"

La, - Ly (Go(9)) = €5 (Lauy fa0n) Ly sn00)14(9)).
Proof. We only give the argument for k£ = 1, as the case k > 1 follows by induction
on k. Observe that G, o fa = far olU, and dy,Up(04) = E§(w). Thus

dfar(0ar) (E§(w1)) = dfar(0ar) (dUy(04) (w1)) = dGy(1a) (dfa(04)(wr))
and for every s € R we have

esde/ (OA/)(gg (wl)) —

5990 (1A)(dfa(0a)(w1)) — G, (esde(OA)(wl)).
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It follows that

Lo (Go(9)) = lim © (hA/ (Golg)e v Ca)(E2 o)) — (gg<g>)>

1 s wy
_ lg}%s(h/\/ (gg(ge dfa(0a)( ))) — has (gg(g))>
. 1 11 safa(0Op)(wr
:l%s(g? (hA(ge dfa0a)( ))—hA(g)))
11 . 1 s w1
_ gg; [ ll_rf(l);(hA(ge dfa(0a)( )) — hA(g)))

which completes the proof. O

5.2. Left invariant differential operators on G

Our next goal is to define left invariant differential operators
L, : C(G, ") = =g, ")

for every = € g (see Remark 5.2.5). First we define L, when z is homogeneous and
then we extend it to all of g by linearity.

Lemma 5.2.1. Let h € Coo(g,é‘cm), x € g1, and n > 0 be an integer. For every

m > n set T, 1= dg.n,, fa,, (04,,). If g € Ga, then there exists a unique wy € Ej(\:i“

such that

tn,m

1 -
Am - (E(Cm (wg)) = }gr(l) %(hAm (ge™™) — ha,,(g)) for every m > n.

Proof. For every m > n set

m 1(hAm (ge"™™) — ha,.(9)).

w =1
g.m t—0 ¢

For every m' > m > n let g m € Morg (Am, Ap) by defined by

N if1<i<m-—1,
Qm,m’()‘i) :{

Ay i =m.
If m">m >nthendz G,  (1a, )= Zm and therefore
o (etim) _ edimggmml/(l/\m) — et for every t € R.

It follows that hy ,(ge'™m') = Sgllm, (ha,,(ge'®m)) for every g € G and thus
ol '

Om,m

Wy m = ,(wg.m). To complete the proof of the Lemma it is enough to show

that £ (wg,m+1) = 0. To prove the latter statement note that

En+4+1,n

e (eti"“) — 19e 10 (Pa ) (Entr) _ ptdGe, g (Ta, g )(darpiy FAnsr (On, 1))

cll1
afn, a0 (€510, @A)
e Y

=1a,
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and thus for every ¢t € R we have

11 " i
géCn_Hm (h/\n+1 (get "H) - hl\n+1 (9)) = ha, (gg5n+1,n (et ”H)) — ha, (g) =0.

This completes the proof. O

Definition 5.2.2. Let h € C‘X’(g,é'(clll) and A € Gr. If z € g5 then set & :=
d.fa(0A) and define

For x € g7 we define
(Lzh)a, (9) = Wy

where w, € Eﬁ‘l is given by Lemma 5.2.1.

Proposition 5.2.3. Let h € COO(Q,E(C”I).

(i) Ifz € g then Lyh € C(G,£C™).
(ii) Ifz € g and g € Ga, then Ly(holy) = (Lyh) ol for every g € Ga,.-

Proof. (i) We can assume z is homogeneous. If « € gg then the statement follows
from Lemma 5.1.2(i) and Lemma 5.1.3. If = € g7 then the statement follows from
Lemma 5.1.2(i), Lemma 5.1.3, and the definition of L.

(i) Straightforward from the definition. O

Lemma 5.2.4. Let x1,...,x; € g be homogeneous. Let A € Gr and Ar,,..., A, €
A satisfy |Ar,| = |@i|. Let @; = dg,.x,, fa(0s) for 1 < i < k. Let m > 0 be an
integer. Assume that

Ln{reN: :r<m}=2 for1 <i<k.
If g € G, then
Lfvl o 'Lflkh/\(g) = )\Ik "')‘11 : ((Lwl B 'LfEkh)/\m (g))

Proof. By Lemma 5.1.2(ii) the proof is reduced to the case where each I; has at
most one element.

Let i1 < -+ < iy be such that I; = {m;} if and only if ¢ € {i1,...,4¢}. There
are two cases to consider.
Case 1. The m;,’s are pairwise distinct numbers. Using Lemma 5.1.3 with a
homomorphism ¢ : A — A which suitably permutes the generators of A, we can
assume that m;, < --- < m,;,. The case kK = 1 follows from the definition of the
differential operator L,. Next we prove the case k > 1 by induction on k. Assume
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that Iy # @. (The argument for the case Iy = @ is similar.) It follows that
Ln{reN: :r<my}=ofor2<i<k. Seth:=L,, Ly h. Then

1 .
Ls, - Laghalg) = lim — (Ls, -+ Lo ha(ge® O0) - L, oo Ls, (o)

s—0 8

! . sda. fa(On)y 3
= }5%;(/\% .../\mi2 . (hA,- (ge dz, fa(0 )) _ hAil (g)))

= )\mie T /\mil (Livlh) Ay ( ) = /\mig e )\mil : (Lﬂhh)Am (g)
= )‘mie "'/\mil *(Lay -+ Loy h)a,. (9)-

Case 2. There exist 1 < a < b < ¢ such that m;, = m,,. In this case we prove
that (Lz, -+~ Lz, )ha(g) = 0. This follows from Case 1 and taking o : Apqp — A

defined by
Aj if1<j<m
A) =17 — o
o) {)\mij otherwise
in Lemma 5.1.3. O
Remark 5.2.5. Since the definition of L, is local, for every Y C G one can restrict
L, to a differential operator L, : Cw(y,gcl“) — COO(y,gcl“). Our statements

regarding properties of L, can be adapted suitably to hold for the restriction of
L, to C=(Y,ECM).

5.3. Extending L, to the universal enveloping algebra

Let gc := g ®r C and U(gc) denote the universal enveloping algebra of ge. The
next lemma shows that the definition of L, can be extended to every x € U(gc).

Lemma 5.3.1. If x,y € g are homogeneous then
(LwLyh — (—1)"”"‘y|LyL$h)A(g) = (Liz,yh)a(g) for every g € Ga.

Proof. We only give the argument for the case =,y € gy. The remaining cases are
similar. Let A := A,, and set

T = dz'>\n+1 fAn+2 (OAn+2) and Y= dy')\n+2 fA'n,+2 (OAn+2)'

Thus Z,§ € Lie(Ga,,) and [Z,9] = dfa,..(0n,.0) (=2, 9] - Ang1Ang2). From
Lemma 5.2.4 it follows that

LiLﬂh/\nJrz (9) = >‘n+2/\n+1 . (LwLyh)A(g) = _/\n+1)‘n+2 : (LwLyh)A(g)-
Similarly, LyLzha, . ,(9) = Ant1Ang2 - (LyLah)a(g). Therefore
Ant1 A2 ((LaLyh)a(9) + (LyLah)a(9))
= —(LzLy — LyLz)hn,,,(9) = —Liz g1ha,.»(9)

= 7L—[J;,y]hA( ) ’ )\n+1>\n+2 = [.’1;7y] hA( ) : )\n+1>\n+2
= A1 g2 - Ly ha(g)

which implies that (LyLyh)a(g) + (LyLeh)A(9) = Lz yha(9). O
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5.4. Differentiating the exponential map
The next lemma will be used in the proof of Theorem 5.5.2.
Lemma 5.4.1. Let A € Gr, vy,...,v, € g be homogeneous, and Ar,,..., A, € A
satisfy the following properties.
(i) |An| =vi| for all1 <i<mn.
(ii) ; NI; =@ for every 1 <i#j<mn.
Then there exists a smooth map 1 : Ux, — ¢ such that

0 0 et
87t1 .. ﬁ(uetlvl/\lﬁ_ +tn n)\In) et —0 = n(u) . )\Il e )\In (10)

for every u € Up,. On the left hand side of (10) we use the identification of
u € Up, withU,, (u) € Uy (see Remark 3.2.1).

Proof. First observe that differentiation with respect to the ¢;’s commutes with £§
for every o € Morg, (A, A). Therefore by Lemma 4.4.2 it is enough to prove that,
if a € I; for some 1 < i <n, and o € Morg,(A, A) is defined by

o) = {)\k if k # a,

0 otherwise,

then for all sufficiently small ¢;, j # 4, we have

&9 i (uethAIl +oottnvnAr, )
e\ ot

ti_o) =0. (11)

Without loss of generality we can assume ¢ = 1. By Lemma 4.4.2
Uy (uetvrrntFtnvndn, ) — wefs tvidn ++tnvn Az, )

= ue e

59(tg’vg)q2+"'+tnvn>\ln) — Z/{ (ue
- Yo

tova A1yt FtnvnAr, ) )
Equality (11) now follows immediately. O

5.5. The algebra of smooth superfunctions revisited

Let C*°(G,C) (resp., C¥(G,C)) be the space of smooth (resp., analytic) complex-
valued functions on G. For every x € gy set & := dg fa,(04a,). The space C>(G,C)
is a gg-module via the action

- ¢(g) := Lab(g) (12)

for every x € g5, every ¢ € C>°(G,C), and every g € G.
Let Homg_ (U(gc), C*(G,C)) denote the complex vector space of C-linear maps

h: U(ge) — C%(G,C)

which satisfy
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for every = € g5, every y € U(gc), and every g € G.
If h € Homg_ (U(gc), C(G,C)), then for every n > 1 we set

" g" x G- C, h"(2y,...,2,,9) = (h(z1---2,))(9). (14)
Set
C™(G,g) := {h € Homgy_ (U(gc), C*(G,C)) : h[™ is smooth for every n > 1}.
Similarly, we define
C“(G,g) := {h € Homgy, (U(gc),C¥(G,C)) : h" is analytic for every n > 1}.

Remark 5.5.1. Let Y C G be an open set. Then the space C*(Y,C) (resp.,
C¥(Y,C)) is also a gg-module via the action given in (12). In the definition
of C*(G,g) (resp., C¥(G,g)), if we substitute C*(G,C) (resp., C¥(G,C)) by
C*(Y,C) (resp., C¥(Y,C)), then we obtain the space C*(Y,g) (resp., C*(Y, g)).

Theorem 5.5.2. Let Y T G and Y := Yp,. The map
©: C=(Y,E5") = CX(Y.g) . B(h)(z) = (Lah)a,

is a C-linear isomorphism.

Proof. Throughout the proof we assume that J = G. Slight changes render the
proof applicable to arbitrary Y C G.

The proof will be given in several steps.

Step 1. Let h € C*° (G, Scm). From the definition of L,, for z € g5, Proposition
5.2.3, and Lemma 5.3.1 it follows that ®(h) € Homg, (U(gc), C*°(G,C)). Lemma
5.2.4 and smoothness of the exponential map of G (see Proposition 4.3.2) imply
that ®(h)[" is smooth for every n > 1, i.e., ®(h) € C®(G, g). It remains to prove
that @ is a bijection.

Step 2. Fix A € Gr. By Lemma 5.1.1 every g € G can be written as g =
gofa(ug) where go = G,,0c, (g9). We can identify G with im(G,, ) (see Remark 3.2.1)
and consequently we will denote G, (¢) by go as well. For every h € C*(G, gcl‘l)
we set h(9) := hol, o f. Observe that h{9) € CW(u,g@“). Proving that ® is an
injection amounts to showing that if ®(h) = 0 then A{9 = 0 for every g € Gx.

Step 3. Let h € C‘X’(gfcm) such that ®(h) = 0. Fix g € Ga. For every
V1, ..., € EF and every u € Un, set

0 0

A(U; Viyenn 7Un) = 87151 cee %h/\ (gofA(u)etldvl fA(OA)+M+t"d”an(OA))

ty=-=t, =0

where u is identified with U,, (u) € Uy. From the definition of A(u;v1,...,v,) it
follows immediately that the map

clih
Upg X ER X - x EL = Ex, (u,v1,...,0n) = Ausvr, ..., 0)
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is smooth. Moreover, A(u;vy,...,v,) is linear in vy,...,v,. If we set ¥; :=
dy, fa(04) for 1 <4 <mn then Lemma 2.2.1 implies that

1
A(u;vg, ... 0p) = o Z Li, - Loy ha(gofa(u)). (15)
" oES,

Since ®(h) = 0, Lemma 5.2.4 implies that A(u;v1,...,v,) = 0 for every u € Uy,
and every vy,...,v, € £3.
Step 4. Given a set A = {mq,...,mi} C N, for every u € Uy, and every
Umys- -« Uy, € 519\ set
0 0

B(u;UA) - 5 5 (uetmlvnll"l‘""'l‘tmkvnlk)
ma my

by = =ty =0
Note that the smooth map

Upnyg X ER X+ x ER = EF | (u,v4) — B(u;v4)

is k-linear in vy, , . .., Uy, . Moreover, if A = {m1} then B(u;va) = dy,, (lu)a(04).
By Lemma 2.1.3 we can write
0 0 (9
Alu: e Up) = — —h g tivi+-Ftnvn
(U,’U17 , U ) 5t1 8tn A (ue )tlz“-:tn:O

— Z dkﬁ5\9>(u)(B(u;vA1),...,B(u;vAk))
{A1,...,Ap e,

and therefore
Alusvr, ... vn) = d"B (u)(wr, ..., wy) (16)
—|—Z Z dkﬁxw(u)(B(u;vAl),...,B(u;vAk))

k<n {Ai,...,Ar}€Z,
where w; = dy, (I,)a(04) for every 1 <i <n. The map
5[9\ — gf{ , Vi dU(lu)A(OA)

is a bijective continuous linear map with a continuous inverse v — d,(l,—1)a(u).
Thus, v; = dy,; (Ly-1)a(u). If we start from any wy,...,w, € £] and then recur-
sively apply (16), we obtain a linear system with finitely many equations with an
invertible triangular coefficient matrix. Since A (u,v1,...,v,) = 0 for every n and
every vi,...,v, € Ex, the linear system is homogeneous. Therefore the unique

solution to the linear system is the trivial solution. It follows that
d”ivzﬁ\g> (u)(w1, ..., w,) =0 for every u € Uy, and every wr,...,w, € .
In particular, if A = A,, and we set w; = z;\; where x; € g7 for every 1 <14 < n,

then Lemma 3.6.4 and Proposition 3.6.1 imply that A(9) = 0. This completes the
proof of injectivity of ®.
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Step 5. We now proceed towards the proof of surjectivity of ®. Lemma 5.4.1,
the linear systems obtained by (16), and (15) lead to the following statement:

Statement A. Let n > 1 and &7, denote the collection of partitions of {1,...,n}.
Then, for every S := {A1,..., Ax} € P, there exists a family

(55 = { (Ds_’i(u; xAl), ce ,Dsyi(u; I'Ak)) D= 1, ce 76(5) }
of k-tuples of smooth maps

|41

Un, X877 — g, (u,24;) = Dg;(usza;)

where |A;| denotes the cardinality of A;, such that the following statements hold:

(i) Ds,i(u;24,) is linear in {z, : s € A;}.
(ii) If h € Cm(g,ecl“), then for every zi,...,x, € g7 and every u € Uy, we

have:
22D ny(9)
(1) 27 d"hy (u)(z1 A1, .., ToAn) (17)
c(S)
= Z Z (LDS,i(u§-7JA1) T LDS,@'(U;IAk)h)AD (gofA(U)) : A1 Tt >\n
SEPnp 1=1
S={A1,...,Ar}

(ili) Let k =n, ie., S ={A,...,A,} such that A; = {j} for every 1 < j < n.
Then ¢(S) = 1 and Dg 1 (u; 2¢;1) = f(u; ;) for every 1 < j < n where the
smooth map

Up, X 97 — 97 , (u,z) — f(u;x)

is defined by the equality f(u;x) - A1 = dz.x, (lu-1)a, (u). Moreover, for
every u € Uy, the map

gr = 07 , > f(u;z)

is a bijective continuous linear transformation with a continuous inverse.

The proofs of (i)-(iii) are fairly straightforward. Part (i) follows from Lemma
5.4.1 and the fact that the Dg;(u;x4)’s are obtained by superpositions of the
B(u,xp)’s. Part (ii) follows from (16) and (15). Part (iii) follows from (16) and
the fact that v — dy,(l,-1)a,(u) is a bijective continuous linear transformation
with a continuous inverse (see Step 4 above).

Step 6. For every gog € Ga, let U{9) C G be defined by

Z/{/<\g°> = (lg, © f)a(Un) for every A € Gr.

Fix h € C*(G,g). Our goal is to prove that h = ®(h) for some h € COO(Q,E'CM).
Lemma 5.2.4, equality (13), and a standard glueing argument show that it is
enough to prove the following statement:
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Statement B. For every go € Ga, there exists a unique smooth morphism
oo € o' €

which satisfies (Lg, --- Ly, h%)a,(g1) = (h(z1---2,))(g1) for every n > 0, every
Z1,...,%y € g7, and every g € L{X])@.
The proof of the uniqueness part of Statement B is similar to Steps 1-4 above.

Next we give the proof of the existence part of Statement B.

Fix go € Ga,. For every u € Up,, every n > 1 and every x1,...,x, € g7 define
kflgw(u)(gcl7 ..., Zp) as follows:
k90 (u) (21, ... ) (18)
n(n 1)
=) Z h(Ds(u;24,) - Dsi(uszay))(gofa, ().
seP@y,
S={Ar A}

Set kég°>(u) = h(1y(ge))(gofa,(u)) for every u € Uy,, where 174,y denotes the
identity element of U(gc). By Proposition 3.6.1 the family {kffm) : n > 0}

corresponds to a smooth morphism k(9o : ¢/ — ECM et hoo : U(90) — £C'" e
the unique smooth morphism which satisfies

k{90) = p9 o1, o f.

Statement A and Lemma 3.6.4 imply that

n(u 1)

(_ ) k<go>( . axn) = (Lf(umcl) T Lf(u;rn)hgo),\o (QOon (u)) (19)
c(S)
+ ) Z Lo uiay) DD uaa )17 5, (90520 ()
SE'@’H
S= {A17 7A }
k<n

and (18) implies that

(=)™ k) (21, . ) = B(E(us 1) -+ £ (w3 20)) (g0 fao (1) (20)
c(S)
+ Y > h(Dsi(usza,)---Dsiluiza,))(gofa, ().
Se?, i=1
S={ardi}

Since the map = — f(u;x) is an invertible linear map (see Statement A), from
(19), (20), and Lemma 3.6.4, and by induction on n we can prove that

(L, -+ Lo, %) 20 (g0 S a0 (1) = (@1 - - 20 )) (g0.fa (1))

for every u € Uy, and every zi1,...,z, € g7. The proof of Statement B is now
complete. 0
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Remark 5.5.3. Note that C>°(Y, g) is an associative C-superalgebra with the mul-
tiplication
(h-b')(2)(g) == (mo (h®h') o c(x))(g)

where m : C*°(Y,C)@C>=(Y,C) — C*°(Y, C) denotes the standard pointwise mul-
tiplication and ¢ : U(ge) — U(gc) ® U(gce) denotes the standard co-multiplication.
It can be shown that the map ® of Theorem 5.5.2 is an isomorphism of C-
superalgebras. We will not need this fact and therefore we omit its proof.

6. The GNS construction

Theorem 5.5.2 allows us to substitute a Lie supergroup G by its associated
Harish—Chandra pair. Therefore in the rest of this article we will not need the
functorial formalism of the previous sections and we can concentrate on Harish—
Chandra pairs. Throughout this section (G, g) will denote a Harish—Chandra pair.

6.1. Smooth and analytic unitary representations

We recall the definition of smooth and analytic unitary representations of a Harish—
Chandra pair (see [CCTV06], [MeNeSal2], and [NeSal3]).

Definition 6.1.1. Let (G, g) be a Harish-Chandra pair (resp., an analytic Harish—
Chandra pair). A smooth unitary representation (resp., an analytic unitary repre-
sentation) of (G, g) is a triple (7, p™, ) satisfying the following properties.

(i) (m, ) is a smooth (resp., analytic) unitary representation of G on the
Zy-graded Hilbert space s = s @ S such that for every g € G, the
operator 7(g) preserves the Zo-grading.

(ii) p™ : g — Endc(9#) is a representation of the Lie superalgebra g, where
B = H> (resp., B = H").

(iii) For every x € gy, if dm(x) denotes the infinitesimal generator of the one-
parameter group t — m(e!?), then p™(z) = d7r(:1:)|@.
(iv) e~ p™(x) is a symmetric operator for every = € g7.

(v) Every element of the component group G/G° has a coset representative

g € G such that 7(g)p™(x)m(g)~! = p™(Ad(g)x) for every z € g7.

Lemma 6.1.2. Let (G,g) be a Harish—Chandra pair, (7, p™, 7) be a smooth uni-
tary representation of (G,g), and v € H>°. Assume that g is a Fréchet-Lie
superalgebra. Then for every n > 1 the map

9" =, (1, ) = p (1) p" (Tn)V
15 continuous.

Proof. The proof is by induction on n. For n = 0 there is nothing to prove. Let
n > 1. First we prove that the map

g X" = A, (mywr . wpn) = p (@) (1) p" (Tt )V (21)

is continuous. For every nonzero t € R define a map f; : gg x g" ! — 5 by

(m(e®)p™ (1) -+ p" (n—1) = p" (1) -+ " (wn—1)) 0.

1
ft(x7x17"~vxn71) = ;
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The maps f; are continuous from a Baire space into a metric space. Moreover,
: s s us
%E}g)ft(‘raxlv'-wxn—l) =p (I)p (xl)p (In_l)’l).

It follows from [Bo74, Ch. IX, §5, Ex. 22(a)] that the set of discontinuity points
of the map (21) is of first category, and therefore its set of continuity points is
nonempty. Since the map (21) is n-linear, [NeSal3, Lemma 4.8] implies that it is
continuous.

To complete the proof it is enough to show that the map

g X g = A, (zyy, . Tny) = p (@)™ (1) p (T )V (22)
is continuous at (0,...,0) € g7 x g" L. If (z,21,...,2p—1) € g7 x g" ! then
lp™ (@)p™ (x1) - p7 (wn—1)0]|?

= (p"(@)p" (1) - P (Tn—1)v, p"(2)p" (1) - P (T —1)V)

=" (21) - P (@n1)v, p7 (2)*p" (1) - p7 (0—1)0)|

IN

%Ilp”(xl) o pT (@)l - (" ([, 2])p" (1) - - p" (@1

Therefore continuity of (22) follows from the the induction hypothesis, continuity
of (21), and continuity of the superbracket of g. O

Lemma 6.1.3. Let (G, g) be an analytic Harish—Chandra pair. Assume that g is
a Fréchet-Lie superalgebra. Let (m, €, p™) be a smooth unitary representation of
(G,9). If v e % then p™(x)v € H¥ for every x € g.

Proof. The argument appears in the proof of [NeSal3, Thm 6.13], but for the
reader’s convenience we explain the details. Since J#“ is gg-invariant, it suffices
to prove that p™(z)v € A for every z € gy. Set w := p™(z)v. By [Nell, Thm
5.2] it suffices to prove that the map

G—-C, g (r(g)w,w) (23)

is analytic. Note that (7(g)w,w) = v—1(r(g)v, p"(g - )w). Since w € >,
Lemma 6.1.2 implies that the linear map z — p™(z)w is continuous, and therefore
the map g — p™ (g - z)w is analytic. Since the map g — 7(g)v is analytic, the map
(23) is also analytic. O

6.2. The involutive monoid associated to (G, g)

The anti-linear map
*

gc—~8c, T4
defined by

« —x ifngﬁ,
€T =
—v—-lz ifxe€gy.
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is an anti-automorphism. It extends to an anti-linear anti-automorphism
U(ge) = Ulgc) , D+ D* (24)

in a canonical way. Consider the monoid S with underlying set G x U(gc) and
multiplication

(91, D1)(92, D2) = (9192, (95 - D1)D2)

where g- D denotes the adjoint action of g € G on D € U(gc). The neutral element
of Sis 1s := (1¢, ly(g.)). The map

S—S,s—~s"

defined by
(g7D>* = (9_17.9 . (D*))
is an involution of S.

Recall that U(gc) is an associative superalgebra. An element (g,D) € S is
called odd (resp. even) if D is an odd (resp. even) element of U(gc).

6.3. Smooth and analytic superfunctions on Harish—Chandra pairs
Similar to Section 5.5, let C*°(G,g) (resp., C*(G,g)) denote the set of C-linear
maps

f:U(gc) = C=(G.C)
which satisfy the following two properties.

() F(@D)(g) = Lo(f(D))(g) for every @ € g5, every D € Ulgc), and every
g€ G.
(ii) For every m > 0 the map

Mg xG—=C, f["](xl,...,xn,g) = (f(x1-~-a:n))(g) (25)

is smooth (resp., analytic).

Remark 6.8.1. Because of Theorem 5.5.2, the spaces C*°(G, g) and C¥(G, g) de-
serve to be called the spaces of smooth and analytic superfunctions on the Harish—
Chandra pair (G, g).

For every f € C*(G,g) we set

v

f:S—=C, f(9,D) = f(D)(g)

for every g € G and every D € U(gc).
Lemma 6.3.2. Let f € C>*(G,g), (9.D) €S, and x € g5. Then

lim (f(get”7 e . D) - f(g7D)) = f(g, Dx).

t—0 t
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Proof. By linearity of the map D — f(D) we can assume that D is a monomial of
degree n. By the Chain Rule we have

lim l(f(gem,e_tac -D) - f(!]’D))

t—0 t
= %] e D)(ge) = f(-xD + Da)(g) + La(F(D))(0)
= f(=xD + Dz)(g) + f(xD)(9) = f(Dx)(g) = f(g, D)
which is the desired equality. O

Observe that S acts on C3 (the space of complex-valued functions on S) by right
translation, that is, (s -)(t) := t(ts) for every s,t € S and every ¢ € C°. The
next lemma shows that C>(G, g) is an invariant subspace of C> under this action.

Lemma 6.3.3. Let f € C*(G,g) and (go, Do) € S. Then the map
h:U(ge) = C%(G,C) , h(D)(9) = f((95" - D)Ds)(99)

belongs to C>*(G, g).

Proof. The only nontrivial statement is that L, (h(D))(g) = h(zD)(g) for z € g5
and D € U(gc). Observe that

= lim l(f((go’1 - D)D) (ggo¢" %)) = f((g5* - D)D) (ggo))
=Ly-1,(f((95" - D)D5))(990) = f((95" - (€D)) Do) (990)
(

which completes the proof. O

6.4. Positive definite smooth superfunctions

We can now define positive definite smooth superfunctions on a Harish-Chandra
pair using the involutive monoid S introduced in Section 6.2.

Definition 6.4.1. An f € C>(G,g) is called even if f(g, D) = 0 for every odd

element (g, D) € S. An f € C°°(G,g) is called positive definite if f is even and f
is a positive definite function on S, i.e.,

Z cﬁcjf(sfsj)ZOfornzl, cly...,cn €C, and s1,...,8, €S.
1<i,j<n

6.5. Matrix coefficients of unitary representations

For smooth and analytic unitary representations of a Harish-Chandra pair (G, g),
the matrix coefficients are defined as follows.
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Definition 6.5.1. Let (7, 57, p™) be a (smooth or analytic) unitary representa-
tion of (G, g). For every v,w € S the function

Pow:S—=C, puu(g, D) = (m(g)p" (D)v, w)
is called the matriz coefficient of the vectors v, w.
Proposition 6.5.2. Let (G,g) be a Harish-Chandra pair such that g is a Fréchet—

Lie superalgebra.

(i) Let (m, p™, H) be a smooth unitary representation of (G, g) and v,w € FH>
be homogeneous vectors such that |v| = |w|. Then there exists an even
feC>(G,g) such that f = Oow-

(ii) Assume that (G,g) is an analytic Harish—Chandra pair. Let (m, p™, 7) be
an analytic unitary representation of (G, g) and v, w € F* be homogeneous
vectors such that |v| = |w|. Then there exists an even f € C¥(G,g) such

that f = @y .
Proof. (i) It is fairly straightforward to check that the map

f:U(ge) = C2(G,C) , f(D)(9) := ¢vwlg, D)

is in Homg_ (U(gc), C>(G, C)). To complete the proof, we need to show that for
every n > 0 the map

Onwaw 0" XG=C, onyw(@i,. .., Tn,g) = (m(g)p™ (x1 - xn)v,w) (26)
is smooth. Note that

@n,v,w(zla e 7557“9) = <pﬂ(1‘1 T zn)vvﬂ(gil)w%

By Lemma 6.1.2 the n-linear map (x1,...,2,) — p™(x1- - x,)v is continuous,
hence smooth. Since w € #°°, the map g + 7(g~')w is smooth. Therefore the
map (26) is also smooth.

(ii) The proof is similar to (i), as a continuous multilinear map is analytic. O

In Theorem 6.7.5 we prove a converse for Proposition 6.5.2.

Remark 6.5.3. Assume g7 = {0}. Then the condition of Definition 6.4.1 a priori
seems to be stronger than the condition which is classically used to define positive
definite functions on a Lie group: classically, a map f : G — C is called positive
definite if

Z ciEjf(gigj_l) >0 forn>1,¢1,...,9. €G, and cq,...,c, € C.
1<ij<n
However, for smooth maps f : G — C, the classical definition and Definition 6.4.1
are equivalent. In fact, if f € C°°(G,C) is positive definite in the classical sense,
then by the GNS construction [Ne00, I11.1.22] we have f(g) = (w(g)v,v) for some
unitary representation (m, 5°) of G. Since f is smooth, from [Nel0O, Thm 7.2] it
follows that v € ##°°, and therefore the map

S—=C, (9,D) = (n(g)p™(D)v, v)

is well-defined. It is easy to check that the latter map is positive definite in the
sense of Definition 6.4.1.



34 KARL-HERMANN NEEB AND HADI SALMASIAN

6.6. The reproducing kernel Hilbert space

To every smooth unitary representation (m, p™, %) of (G, g) we can associate a
representation p™ of the monoid S as follows:

p™ 1S — End(#>) , p(g, D) := n(g)p™ (D) for every (g,D) € S. (27)

Observe that (p7, #°>) is a -representation, i.e., (p=(s)v,w) = (v, p7(s*)w) for
every s € S and every v,w € °. It is easy to check that for every v € > the
matrix coefficient ¢, , is positive definite.

Conversely, one can associate a *-representation of S to a positive definite func-
tion ¢ : S — C as follows. Set

9, :=Spanc{ps : sE€S cc® 28
© C

where @5 : S — C is defined by ¢,(t) := ¢(ts). Observe that 2, has a pre-Hilbert
space structure given by
(P, p1) = (t"s).

Set K(s,t) := p(st*) and define Kg : S — C by K(t) := K(t,s) = ps(t). The
completion JZ, of 9, is a reproducing kernel Hilbert space with kernel K(s,t). In
other words, one can identify J#, with a space of complex valued functions on S
such that

h(s) = (h, K,) for every h € J, and every s € S. (29)

The monoid S acts on %, by right translation, yielding a *-representation
(pps D) of S. More precisely,

(Po()¥) (t) = ¥(ts) for every s,t €S and every ¢ € D,.

Remark 6.6.1. If an element s € S satisfies ss* = s*s = 1s, then p,(s) : Z, = 2,
is an isometry and therefore extends to an isometry p,(s) : J, — J,, yielding a
unitary representation of the abstract group {s € S : ss* = s*s = 1s}.

6.7. Cyclic representations and the GNS construction

Our next goal is to prove Theorem 6.7.5 below, which is the analogue of the GNS
construction for Lie supergroups.

Definition 6.7.1. A smooth (resp. analytic) unitary representation (7, p™, ) is
called cyclic if there exists a vector v, € ji%oo (resp. v, € %%‘*’ ) such that the set

Spanc{m(g)p™(D)ve : g € G and D € U(gc)}

is dense in 4. The vector v, is called a cyclic vector of (m, p™, ).

Remark 6.7.2. To indicate that a unitary representation (m, p™, #) is cyclic with
a cyclic vector v, we write (7, p™, F,v,).

Definition 6.7.3. We say a Lie group G has the Trotter property if for every
x,y € Lie(G) the equality

. x R n
@Y — Jim (enmeny)
n— o0

holds in the sense of uniform convergence on compact subsets of R.
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Example 6.7.4. We now mention some examples of Lie supergroups G for which
Ga, has the Trotter property. Proofs are given in [NeSal3].

(i)

(i)

(iii)

Every locally exponential Lie group (and in particular every Banach-Lie
group) has the Trotter property. Therefore if G is a Lie supergroup modeled
on a Zy-graded Banach space, then G,, has the Trotter property.

From (i) it follows that if M is a compact smooth manifold and K is a
finite-dimensional Lie group, then the mapping group C*°(M, K) and its
central extensions have the Trotter property. These Lie groups appear as
Ga, of mapping Lie supergroups G := C*°(M, K), where M is a compact
manifold and K is a finite-dimensional Lie supergroup, or mapping Lie
supergroups G := C*°(M, K), where M is a compact supermanifold and
K is a finite-dimensional Lie group.

If M is a compact smooth manifold then the group Diff (M) of smooth
diffeomorphisms of M and its central extensions have the Trotter property.
This implies that if G is the Lie supergroup of smooth diffeomorphisms of
certain compact supermanifolds, such as the supercircle S'*, then Gy, has
the Trotter property. We expect the latter statement to hold for other
classes of compact supermanifolds.

Theorem 6.7.5. Let (G,g) be a Harish-Chandra pair such that g is a Fréchet—
Lie superalgebra and G has the Trotter property. Let f € C>®(G,g) be positive
definite.

(i)
(i)

(iii)

There exists a cyclic smooth unitary representation (mw, p™, 3, v,) of (G, g)
such that f = Py, v -

Let (o, p°, A ,w,) be another cyclic smooth unitary representation of (G, g)
such that f = Cwewe- Then (m,p", ) and (o, p”, K) are unitarily equiv-
alent via an intertwining operator

T:(0,p%, K ) = (m,p", )

which maps we to vs.
Assume that (G, g) is an analytic Harish—Chandra pair and the map

G—C, g f(lugey)(9)

is analytic. Then the representation (7,7, p™,v,) obtained in (i) is an
analytic representation of (G, g).

Proof. (i) Set ¢ := f. Let ¢ = J, be the Hilbert completion of Z,, defined in
(28), and v, := ¢ € . For every s:=(g9,D) € S =G x U(g) we have

Puo,vo (S> = <(psa <P> = QP(S) = f(S)

By Remark 6.6.1, if ¢ € G then ﬁ;(g,lU(gc)) extends to an isometry of JZ,.
Setting 7(g) := f)\;(g, 1U(gc)) we obtain a representation 7w of G on 4 by unitary
operators.
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Our next goal is to prove that (m, ) is a smooth unitary representation of
G and 9, C J>°, where A is the subspace of smooth vectors of (7, 7). By
[Nel0O, Theorem 7.2] it suffices to prove that for every s € S the map

G—C, g (m(9)ps, ¢s) (30)

is smooth. Fix s = (g, Do) € S and let § := (g, 1y(q4)) € S for every g € G. Note
that

(m(9)@s: ps) = (Pgss 0s) = 0(s*Gs) = f((95 "9 9o - D3) Do) (95 990)

and therefore smoothness of (30) follows from smoothness of the map (14).

Next we prove that if # € g5 and v € %, then dr(z)v = p,(lg, z)v. It
suffices to take v = g for some s := (g0, D) € S. Let s’ := (¢9,D) € S. Then
¢s(s') = (s's) = f((95" - D)Ds)(ggo). Lemma 6.3.3 implies that ¢, = h for some
h € C*(G,g). From (29) and Lemma 6.3.2 it follows that

(dm () () = (dm(e)h, Ko = {Jim +(x(e" )~ ), K)

1 vy 1. v
= lim ~ (7 (e"*)h — h, Ky) = lim —(h(ge'*,e”* - D) — h(g, D))

t—0 t t—0 ¢t
= B(g,D.’l?) = (Ps(gva) = 905((97D)(1Ga$)> = (ﬁ;(lC%m)(Ps)(SI)'

Finally, to complete the proof of existence of (m,p™, 5, v,) set pZe(x) :=
po(la,x) for every x € g. From linearity of ¢s(g, D) in D it follows directly
that the Zs-grading of U(gc) induces a Zo-grading on Z,, (and hence on J7,) and
the actions of G and g are compatible with the Zs-grading. From [MeNeSal2,
Lem. 2.2(a)] it follows that for every = € gg, the operator p?¢(x) is essentially
skew-adjoint. Consequently, the 4-tuple (7, 7, Z,,, p7#) is a pre-representation of
(g,G) in the sense of [NeSal3, Def. 6.4]. Therefore the existence of (m, p™, )
follows from [NeSal3, Thm 6.13].

(ii) In principle, the proof is similar to the standard uniqueness proofs of the
GNS construction (e.g., see [Ne00, Thm IIT.1.22]). Nevertheless, [Ne0O, Thm
IT1.1.22] is not directly applicable because for example the representation of the
semigroup S is not bounded. The new technical issues that arise in the super
context will be addressed below.

Let s (resp., £ °°) denote the set of smooth vectors of (mw, ) (resp.,
(0,#)). As in (27) we obtain *-representations (p=,.#>) and (p°, . # ) of S.
Set

Dy, = Spanc{p™(s)v, : s €S} and Dy, := Spanc{p°(s)w, : s € S}.
Define a C-linear map T': Z,, — %,, by
Tp° (s)wo := p™(s)v, for all s € S.

It is straightforward to check that T is well-defined and extends to an isometry
T : % — . From the definition of T it follows that

T (s)u = p=(s)Tu for every u € Z,,, and every s € S. (31)
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Since Z,,, is dense in £, from (31) it follows that
To(g)u =n(g)Tu for every u € # and every g € G.
Consequently, T2 = 7°°. Next we prove that
Tp° (x)u = p™(x)Tu for every u € # > and every x € g.

It suffices to prove the latter statement for € gy. Set

oo

P o= e_%p”(x), P = e_%Tp“(m)T_l‘ and L :=TDy, = Dy, .

The linear operators P; and P, are symmetric with common domain 2 such
that

Pl’ :PQ‘
<

<

Since £ is G-invariant, from [MeNeSal2, Lem. 2.2(a)] it follows that (Pl‘g)2
is essentially self-adjoint, and therefore by [MeNeSal2, Lem. 2.4] the operator
Py P is essentially self-adjoint. Consequently, by [MeNeSal2, Lem. 2.5] we have
P =Ps.

(iii) Let (m, p™, ) be the smooth unitary representation obtained in (i). By
[NeSal3, Thm 6.13(b)] it is enough to show that 2, C . Since (w(g)p, ) =
J(lu(ge))(g), from [Nell, Thm 5.2] it follows that ¢ € J#“. From Lemma 6.1.3
it follows that p™(D,)p € % for every D, € U(gc). Finally, for every s :=
(9o, Do) € S we have

s = Po(8) = Pop(gos Lu(ae))Pp(1a, Do) = m(go) p™ (Do) p € H

because 7% is G-invariant. O

The next corollary, which is of independent interest, is in a sense an automatic
analyticity criterion for smooth superfunctions in odd directions.

Corollary 6.7.6. Let G be an analytic Lie supergroup modeled on a Zo-graded
Fréchet space and (G, g) be the Harish—Chandra pair associated to G. Assume that
G has the Trotter property. Let f € C*(G,g) be positive definite. If f(1y(g.)) €
C¥(G,C) then f € C¥(G,g).

Proof. From Theorem 6.7.5(iii) it follows that f = (y, Where v is an analytic
vector. Thus, by Proposition 6.5.2, we have f € C¥(G,g). O

7. A characterisation of integrable linear functionals

Let (G, g) be an analytic Harish-Chandra pair such that G is 1-connected (that
is, connected and simply connected). In this section we give a characterisation of
C-linear functionals A : U(ge) — C which are integrable in the sense that there
exists an analytic unitary representation (m,p™, %) of (G,g) such that A(D) =
(p™(D)v,v) for some v € #*. For Lie groups, this question is addressed in detail
in [Nell, Sec. 6].
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7.1. Weak and strong analyticity of linear functionals

We begin by defining the notion of analyticity of a linear functional on U(gc).
Definition 7.1.1. Let A : U(gc) — C be a C-linear map. We say A is even if
A(D) = 0 for every D € U(gc)7. We say A is positive if X is even and \(D*D) > 0
for every D € U(gc), where D — D* is the map given in (24). We say A is
continuous if for every n > 0 the map

g" = C, (x1,...,2n) = MNa1 - 24)

is continuous. A continuous C-linear map A : U(gc) — C is called weakly analytic if
for every D1, D2 € U(gc) there exists a O-neighborhood Up, ,p, C g¢c5 = g5 ®rC

such that the series -

1
> = A(D12"Dy)|
n!
n=0
converges for every x € Up, p,. A continuous C-linear map A : U(ge) — C is
called strongly analytic if there exists a O-neighborhood U C g¢ 5 such that the

series
o0

1 n
> —A(D12" Dy)|

n=0
converges for every Dy, Do € U(gc) and every z € U.
7.2. Characterisations of integrability
We recall the definition of a BCH-Lie group.

Definition 7.2.1. An analytic Lie group G is called a BCH-Lie group if the
exponential map is an analytic diffeomorphism in an open 0-neighborhood.

Every Banach—Lie group is a BCH Lie group. For a detailed study and several
interesting examples of BCH-Lie groups see [G102] and [Ne06, Sec. IV].

Theorem 7.2.2. Let (G,g) be an analytic Harish—Chandra pair such that g is a
Fréchet-Lie superalgebra and G is a 1-connected BCH-Lie group. Let
A U(g(c) —C

be a C-linear map. The following statements are equivalent.
(i) A is positive and strongly analytic.
(ii) There exists an analytic unitary representation (mw,p™, ) of (G,g) and
a homogeneous vector v € ' such that A(D) = {(p™(D)v,v) for every
D e U(gc)

Proof. (i)=-(ii): Let U(gc)* denote the algebraic dual of U(gc) and

p:gc — Ende(U(ge)?) , (p(z)p)(D) = u(Dz) for every D € U(gc)

be the right regular representation of gc on U(ge)*. Set 2y := p(U(gc))A. We
denote the restriction of p to Zy by (px, Z»). We endow 2 with a pre-Hilbert
structure as follows:

(PA(D1)A, pA(D2)A) := M(D3D1) for every D1, D> € U(gc).
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It is easily checked that {(px(D)u1, p2) = {u1, px(D*)uz) for every pq, ue € Dy, i.e.,
(px, D) is a x-representation. Since A is even, the Zo-grading of U(gc) induces a
Zo-grading on 2 with perpendicular homogeneous components. The rest of the
proof is given in the following four steps:

Step 1. Since A is continuous, (pyx, Z») is a strongly continuous representation
of g5, i.e., for every u € &, the map

g5 — D, v pr(x)p

is continuous.
Step 2. We claim that 2, is equianalytic in the sense of [Nell, Def. 6.4], that
is, there exists a 0-neighborhood V' C g5 such that for every p € &) the series

oo

> Llioate)sl

n=0
converges for all z € V. Let U C gy be a 0-neighborhood such that the series

o0

1
> — (D12 D)

n=0

converges for every Dy, Dy € U(gc) and every x € U. Assume that u = px(Do)A
for some D, € U(gc). Then

lloa(@)" ull* = {pa(z" Do), pa(z" Do) A) = |N(D3z" Ds ).

Set V =1U :={z € g5 : ro € U} where r > 2. If z € V then by the Cauchy—-
Schwarz inequality

= 1 = 1 * 2 1
E HHP/\(CU)"MH = E E\A(Doﬂﬁ "D,)|?
n=0 n=0
0 5 /oo (2n)! 3
1 9 n)!
< [ * n .
< (ng_o (2n)!|)\(Do(rx) Do)> ( E: n!n!r2"> < 00

Step 3. By [Nell, Thm 6.8] there exists a unitary representation (my, .73 )
of G, where J7, is the completion of %, such that d’/T)\(.’E)‘ = pa(z) for every
T < gy 7

Step 4. From the previous steps and [MeNeSal2, Lem. 2.2(b)] it follows
that (mx, 74, P, pa) is a pre-representation of (G, g). By [NeSal3, Thm 6.13(b)],
the latter pre-representation corresponds to an analytic unitary representation of
(G, ).

(ii)=(i): To check that X is positive is routine. Next we prove that A is strongly
analytic. Let P denote the set of seminorms that define the topology of g¢ 5. For
every p € P and every r > 0 we set

Upr={r €gcg : plz)<r}
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and

o0
. 1
T = {w €™ E —'dﬂ(x)”w converges for every z € U, ,T} .
n!

n=0

Choose p, € P and r, > 0 such that the restriction of the exponential map of G to
Up,,r. Ngy is an analytic diffeomorphism, the Baker-Campbell-Hausdorff product
defines an analytic function Up, r, X Up, r, = §c g, and the map

g5 x99, (z,y) = Ad(e")(y)
extends to a complex analytic map
Upo,ro X 9C = ge- (32)

If p € P then we write p > p, if U, , C Up, » for some (equivalently, every) r > 0.
The rest of the proof is given in the following four steps:
Step 5. Let p > po, 0 <7 < 1o, and v € F°°. Then v € F*P" if and only if
the orbit map
g5 — 0, v (e

extends to an analytic function on U,,. The proof of the latter statement is
similar to the proof of [MeNeSal2, Lem. 3.3]. (Here the main point is that U, , is
a balanced 0-neighborhood.)

Step 6. Let p > po, 0 <1 <15, v €SP and a € gg. Then

oo

1

E —dm(z)"v € A for every x € Up,r
n!

n=0

and the map

n!

Ug : Upyr = I, ug(z) :=dm(a) (Z 1d7r(x)"v>

n=0

is an analytic function. The latter statement is an extension of [MeNeSal2, Lem.
3.4] to Fréchet—Lie groups. The proof of [MeNeSal2, Lem. 3.4] is still valid because
we are assuming that the BCH product formula locally defines an analytic function.

Step 7. If 0 < r < r, and p > po, then J¥P" is ge-invariant. The latter
statement is an extension of [MeNeSal2, Prop. 4.9] and its proof is an adaptation of
the proof of [MeNeSal2, Prop. 4.9]. For the reader’s convenience we briefly explain
the necessary modifications. Instead of [MeNeSal2, Lem. 3.3] and [MeNeSal2,
Lem 3.4] one uses Steps 5-6 above. In order to prove that the map given in
[MeNeSal2, Eq. (30)] is analytic, one can substitute the norm estimates given in
[MeNeSal2] by the analyticity of the map (32).

Step 8. Choose 0 < r < r, and p > p, such that v € #“P". By gc-invariance

of J#“P" the series
oo

> %p”(m)"p”(Dz)v

n=0
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converges for every z € U, , and every Dy € U(gc). Therefore the series

oo oo

1 n 1 s n m s *
S D Do) = 3 (T ()"0 (D)o, o7 (D))
n=0 n=0
converges for every Dy, Dy € U(gc) and every x € Up . O

Corollary 7.2.3. Let (G,g) be an analytic Harish—Chandra pair such that g is a
Banach-Lie superalgebra and G is 1-connected. Let A : U(gc) — C be a C-linear
map. The following statements are equivalent.

(i) A is positive and weakly analytic.
(ii) A is positive and strongly analytic.
(iii) There exists an analytic unitary representation (m,p™, ) of (G,g) and
a homogeneous vector v € ' such that A(D) = (p™(D)v,v) for every
De U(g(c).

Proof. (iii)=(ii) follows from Theorem 7.2.2 and (ii)=-(i) is trivial. For (i)=-(iii)
the proof of Theorem 7.2.2 still remains valid, because for Banach—Lie groups the
conclusion of [Nell, Thm 6.8] remains true without assuming equianalyticity. O

References
[AlLal2] A. Alldridge and M. Laubinger, Infinite-dimensional supermanifolds over
arbitrary base fields, Forum Mathematicum, 24 (2012), no. 3, 565-608.
[BoSi71] J. Bochnak and J. Siciak, Analytic functions in topological vector spaces,
Studia mathematica 39 (1971), 77-112.
[BFKS86] W. Boucher, D. Friedan, and A. Kent, Determinant formulae and unitarity

for the N = 2 superconformal algebras in two dimensions or exact results
on string compactifica- tion, Phys. Lett. B 172 (1986), 316-322.

[Bo74] N. Bourbaki, Topologie Générale, Chap. 5 & 10, Hermann, 1974.

[CCTVO06] C. Carmeli, G. Cassinelli, A. Toigo, and V. S. Varadarajan, Unitary rep-
resentations of super Lie groups and applications to the classification and
multiplet structure of super particles, Comm. Math. Phys. 263 (2006), no.
1, 217-258.

[DeMo099] P. Deligne and J. W. Morgan, Notes on supersymmetry (following Joseph
Bernstein), Quantum fields and strings: a course for mathematicians, Vols.
1, 2 (Princeton, NJ, 1996/1997), 41-97, Amer. Math. Soc., Providence, RI,
1999.

[DoPe85a] V. K. Dobrev and V. B. Petkova, All positive energy unitary irreducible
representations of extended conformal supersymmetry, Phys. Lett. B 162
(1985), no. 1-3, 127-132.

[DoPe85b] V. K. Dobrev, and V. B. Petkova, On the group-theoretical approach to
extended conformal supersymmetry: classification of multiplets, Lett. Math.
Phys. 9 (1985), no. 4, 287-298.

[FQS85] D. Friedan, Z. Qiu, and S. Shenker, Superconformal invariance in two di-

mensions and the tricritical Ising model, Phys. Lett. B 151 (1985), no. 1,
37-43.



42

[GKOS86]

[GeMa8s]

[G102]

[GINe]
[Hag2]
[1008]
[lo10]
[JaZh8S)]

[JaKa89]

[KaTo85]

[K77)

[Ko83]

[KrMi97]

[MeNeSal2]

[Milg84]

[Ne0O]
[Ne06]

[Nel0]

KARL-HERMANN NEEB AND HADI SALMASIAN

P. Goddard, A. Kent, and D. Olive, Unitary representations of the Virasoro
and super-Virasoro algebras, Comm. Math. Phys. 103 (1986), no. 1, 105—
119.

I. Gelfand and Y. Manin, Methods of homological algebra, Second edition.
Springer Monographs in Mathematics. Springer-Verlag, Berlin, 2003.

H. Glockner, Lie group structures on quotient groups and universal complez-
ifications for infinite-dimensional Lie groups, J. Funct. Anal. 194 (2002),
347-409.

H. Gléckner and K.—H. Neeb, Infinite-dimensional Lie groups, general the-
ory and main examples, book in preparation.

R. Hamilton, The inverse function theorem of Nash and Moser, Bulletin of
the American Mathematical Society 7 (1982), no. 1, 65-222.

K. Iohara, Modules de plus haut poids unitarisables sur la super-algebre de
Virasoro N = 2 tordue, Ann. Inst. Four. 58 (2008), 733-754.

K. Iohara, Unitarizable highest weight modules of the N = 2 super Virasoro
algebras: untwisted sectors, Lett. Math. Phys. 91 (2010), no. 3, 289-305.

P. D. Jarvis and R. B. Zhang, Unitary Sugawara constructions for affine
superalgebras, Phys. Lett. B 215 (1988), no. 4, 695-700.

H. P. Jakobsen and V. G. Kac, A new class of unitarizable highest weight
representations of infinite-dimensional Lie algebras. II, J. Funct. Anal. 82
(1989), no. 1, 69-90.

V. G. Kac, and I. T. Todorov, Superconformal current algebras and their
unitary representation, Comm. Math. Phys. 102 (1985), 337-347.

B. Kostant, Graded manifolds, graded Lie theory, and prequantization, Dif-
ferential geometrical methods in mathematical physics (Proc. Sympos.,
Univ. Bonn, Bonn, 1975), pp. 177-306. Lecture Notes in Math. 570,
Springer, Berlin, 1977.

J.—L. Koszul, Graded manifolds and graded Lie algebras, Proceedings of the
international meeting on geometry and physics (Florence, 1982), 71-84,
Pitagora, Bologna, 1983.

A. Kriegl and P. W. Michor, The convenient setting of global analysis,
American Mathematical Society, 1997.

S. Merigon, K.-H. Neeb, and H. Salmasian, Categories of unitary represen-
tations of Banach—Lie supergroups and restriction functors, to appear in
Pacific J. Math. 257 (2012), no. 2, p.431-470.

J. Milnor, Remarks on infinite-dimensional Lie groups, in: B. DeWitt, R.
Stora (Eds.), Relativité, groupes et topologie II, Les Houches, 1983, North-
Holland, Amsterdam, 1984, p. 1007-1057.

K.—H. Neeb, Holomorphy and convezity in Lie theory, Walter de Gruyter,
2000.

K.-H. Neeb, Towards a Lie theory of locally convex groups, Jpn. J. Math.
1 (2006), p.291-468.

K.—H. Neeb, On differentiable vectors for representations of infinite-
dimensional Lie groups, J. Funct. Anal., 259 (2010), no. 11, 2814-2855.



[Nell]

[NeSal3]

[Sac09]
[Sal0]
[Sh&4]

[Vo84]

POSITIVE DEFINITE SUPERFUNCTIONS 43

K.-H. Neeb, On analytic vectors for unitary representations of infinite-
dimensional Lie groups, Ann. Inst. Fourier (Grenoble), 61 (2011), no. 5, p.
1839-1874.

K.-H. Neeb and H. Salmasian, Differentiable wvectors and uni-
tary representations of Fréchet—Lie supergroups, Math. Z., in press;
arXiv:math.RT.1208.2639

C. Sachse, Global analytic approach to Teichmdiller spaces, Ph.D., Thesis,
Universiat Leipzig, 2007.

Salmasian, H., Unitary representations of mnilpotent super Lie groups,
Comm. Math. Phys. 297 (2010), no. 1, 189-227.

A. S. Shvarts, On the definition of superspace, Teoret. Mat. Fiz. 60 (1984),
no. 1, 37-42.

A. A. Voronov, Maps of supermanifolds, Teoret. Mat. Fiz. 60 (1984), no.
1, 43-48.



