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Introduction

Symmetric polynomials are an important object of study in many fields of modern mathematics.
The Schur polynomials (and their generalizations) are a particularly pervasive family of symmetric
polynomials which arise naturally in such diverse settings as representation theory, algebraic geom-
etry, and mathematical physics. In addition to their many applications, the Schur polynomials are
notable for their fascinating combinatorial properties. The purpose of this report is to provide a
thorough but streamlined survey of the basic theory of Schur polynomials, analyzed through the lens
of algebraic combinatorics.

The report is divided into six sections and is organized as a synthesis of three main sources.
In Section 1 we introduce terminology and notation related to integer partitions, which are the
basic combinatorial object used to parametrize many important families of symmetric polynomials.
Sections 2 and 3 are dedicated to developing the classical theory of symmetric polynomials and
introducing several important families of symmetric polynomials which appear throughout the text,
most notably the Schur polynomials. Our presentation of these topics is primarily adapted from that
of Procesi in [7, Ch. 2]|. Section 4 introduces some of the combinatorial theory of Young tableaux and
is based on Fulton’s treatment of the subject in [2]. Sections 5 and 6 are dedicated to studying some
of the combinatorial properties of symmetric polynomials and are based primarily on the presentation
offered by Macdonald in [6]. In particular, Section 5 focuses on the combinatorial theory of Schur
polynomials, while Section 6 focuses on analogous properties of the Macdonald polynomials, which
are natural generalizations of the Schur polynomials having many interesting applications, though
they are seldom included in introductory texts on symmetric polynomials.

We intend for our treatment to be accessible to an undergraduate audience, with prerequisites
kept to a minimum. Our treatment should be especially appealing to readers with little or no back-
ground in representation theory, and any reader with basic knowledge of algebra (i.e. group theory,
ring theory, and linear algebra) at the undergraduate level should be able to take full advantage of
these notes. We intend, as much as possible, for these notes to be self-contained, although a small

number of results are delegated to external sources for the sake of brevity.

Acknowledgements. This report is the result of a summer research project at the University of
Ottawa which was made financially possible due to the NSERC USRA program. I would like to
thank to Dr. Hadi Salmasian for supervising this project; I am sincerely grateful for his mentorship,

guidance, and illuminating mathematical discussions.
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1 Preliminaries

1.1 Partitions

In this section, we introduce relevant notions and terminology related to integer partitions, which are
used to parametrize many important families of symmetric polynomials, and present basic notation
that we will use throughout. Our choice of notation and terminology will typically follow that of [6].
The current introduction will only introduce those concepts which will be used fairly often in later
sections; a more exhaustive treatment of the basic theory of partitions can be found in [6, p. 1-17].

Definition 1.1. An integer partition is a finite or infinite sequence A = (A1, Ag,..., Ay,...) of
nonnegative integers which is weakly decreasing; that is, Ay > Ao >--- > A, > --- > 0.

We call a nonzero term \; a part of the partition X\. The length (or height) of a partition,
denoted [(A), is the number of nonzero terms. The sum [A| := >, A; of all the terms is the weight;
if |[A\| = n for some integer n, we say that X is a partition of n and write A - n.

Notation. Let A := (A1,...,\,) be an integer partition. We may write A = (1%12%23% ... ) where
the multiplicity a; == #{j | \; = i} counts the number of parts of the partition A which are equal to
the integer 1.

There are several common partitions and weakly decreasing integer sequences which we will
often use. For convenience we will often denote the empty partition (0,0,0,...) simply by 0. We
denote by 6(™ the following integer sequence of length n — 1:

5 =(n—-1,n-2,...,2,1,0)

We will often omit the superscript when the length n is clear from context. It is often useful to define
new sequences in terms of the sums of sequences of the same length; we do so componentwise. For

instance, if A\; := (my1,me,...,my) and Ay := (p1,p2,...,pn), then we define
A1+ A2 i= (M1 + p1,ma + p2, ..., M + Pn)

We may also define Z-scalar multiples and differences of integer partitions in an analogous way,
provided that the resulting sequence is still weakly decreasing and each term is a nonnegative integer.
For sequences of different length, we may apply a similar approach, first appending 0’s to the end of
the shorter partition so that the lengths are equal. In general it is customary to consider partitions
which differ only by the number of trailing zeroes as the same.

A useful way to represent partitions is diagramatically in so-called Young diagrams (sometimes
called Ferrers diagrams in the literature). This more geometric picture of partitions will be the
starting point for many interesting combinatorial investigations beginning in Section 4. Given a
partition A = (A1,...,A,), the corresponding Young diagram will be a collection of boxes arranged
in I(A) rows and A1 columns. In particular, we construct the Young diagram of A\ by first forming
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a row consisting of A\; horizontally arranged empty boxes. Below this, we place a row of Ay boxes,
aligned at the left, below this a row of A3 boxes, and so on until the bottommost row consisting of

An, boxes.

Example. If we have partitions A = (3,2,2,1) and p = (4, 2), then we have the respective diagrams

A= | and W= | |

Remark. An alternate convention, reminiscent of coordinate geometry, places the rows of the Young
diagram from bottom to top as the length of each row decreases. We will exclusively use the previous
convention, in which rows of decreasing length are placed from top to bottom.

Given this geometric picture of integer partitions, we define the conjugate (or dual) of a partition
A to be the partition obtained by exchanging columns and rows. We denote the conjugate partition
by X, although it is worth noting that the notation \ is also commonly used in the literature.

Example. If A and p are as in the previous example, then X' = (4,3,1) and ¢/ = (2,2,1,1):

)\/: 'u/,:

Algebraically, we may express the parts of the conjugate partition by X, = #{j | \; > i}.

Another useful construction which is motivated by the geometric picture of diagrams is the
notion of a skew diagram; these will be used extensively in Section 4. First we define the containment
partial order on the set of partitions as follows. If A\ and u are partitions, we say that u C A if
i < A; for each i. As usual, we add as many trailing zeroes as necessary to the shorter of the
two partitions while making this comparison. More geometrically, 4 C A means that if the diagram
of u is superimposed on the diagram of A so that they are aligned at the top and left, then the
diagram of p is “contained” in A. For example, one can easily see from the diagram below that
(5,3,1) = C A= (5,5,2,2), where the shaded boxes correspond to the diagram of .
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If A and p are partitions such that g C A, then we may define the skew diagram u/\ to be the
difference of their diagrams. That is, A\/u is the diagram comprising the boxes of A which are not
boxes of p. This is generally not a Young diagram, and is not necessarily connected. In the example
above, the unshaded boxes represent the skew diagram (5,5,2,2)/(5,3,1). As another example, if
A=(7,6,3,2) and p = (5,3,2,2), then we have

H v |
[

A particularly useful type of skew diagram are strips.

Definition 1.2. Let A D p be partitions such that A/u is a skew diagram consisting of k& boxes. We
say that A\/u is a horizontal (resp. wertical) k-strip if no two boxes of A\/u lie in the same column
(resp. row). Algebraically, A/ is a horizontal (resp. vertical) strip if and only if X, — u; <1 (resp.
Ai — pi < 1) for each ¢ > 1.

Example. The following table includes examples of skew diagrams which are horizontal or vertical

strips, or neither.

Horizontal Strip | Not a Horizontal Strip
Vertical Strip ] ]
L] -]
[]
Not a Vertical Strip (1] ]
L]

It is often useful to refer to the individual boxes of Young diagrams. In doing so, we follow the
1-based (row,column) indexing for entries of matrices. For example, the rightmost box in the Young
diagram of A above is in the (1,7) position, while the white box immediately above the A label is in
the (2,4) position. When referring to the boxes of a skew diagram A\/u, we carry over the indices
from A. For instance, in the prior example \/p = (7,6,3,2)/(5,3,2,2), the rightmost box of A\/u is
still in the (1,7) position, not the (1,5) position.
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2 Symmetric Polynomials

Symmetric polynomials, and their infinite variable generalizations, will be our primary algebraic
object of study. The purpose of this section is to introduce some of the classical theory of symmetric
polynomials, with a focus on introducing several important bases. In the final section 2.7 we outline
the formal construction of symmetric “functions” in infinitely many variables. Sections 2.1-2.5 are
adapted from Procesi’s exposition of the topic; the relevant material can be found in [7, p. 7-9, 19-24].
Sections 2.6 and 2.7 are adapted from [6, p. 19-23] and [6, p. 17-19], respectively.

2.1 Elementary Symmetric Polynomials

Let R = Zx1,...,z,] be the ring of n-variable polynomials over Z, and consider the action of
the symmetric group S, on R by permutation of the variables. We are particularly interested in
the elements of R that are invariant under this action; we call these invariant elements symmetric
polynomials. More explicitly, if f(z1,...,x,) is a polynomial in R, we define the action of S, on R
by

o f(m1,. . x0) = f(To1(1)s s To-1(m))

where o € S, is a permutation. For expository purposes, we provide the following basic introductory
definition, providing a slightly more formal treatment in section 2.5.

Definition 2.1 (Symmetric Polynomial). Consider the action of S,, on R = Z[z1, ..., x,] by permu-
tation of variables, as defined above. We call a polynomial f € R a symmetric polynomial if - f = f

for every o € S,.

Remark. The scope of the above definition need not be limited to polynomials over Z. Indeed,
the Sy-action defined above can be defined on any polynomial ring, and consequently symmetric
polynomials can be defined (as the invariant elements under this action) over any ring of coefficients.
For the vast majority of the results we will prove, it is necessary and sufficient that the ring of
coefficients be commutative. For a select few results, it may also be necessary (and sufficient) for
the ring of coefficients to be a characteristic 0 integral domain.

In what follows, we will typically consider symmetric polynomials to be symmetric polynomials
having coefficients in Z. The main exception to this tendency is in Section 2.2, where we consider
coefficients in Q, and Section 6, where our ring of coefficients will consist of multivariate rational

functions.

We often denote the set of symmetric polynomials in n variables by A, or, following a more
general notation from group theory, Z[z1, ..., z,]%". The set of symmetric polynomials in n variables
is a subring of the space of polynomials Z[z1, ..., x,).

There are several noteworthy classes of symmetric functions. One historically notable example
are the elementary symmetric polynomials. 1f we consider polynomials over Z in variables x; with
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an extra indeterminate ¢, we define the elementary symmetric functions implicitly by the generating

function - -
B(t) = [[A +ta) = eit’ (2.1.1)

i=1 i=0
To obtain the n+ 1 elementary symmetric polynomials e; := e;(x1,...,2,), 0 <i < n, we simply set

x; = 0 (and consequently e; = 0) for each i > n, which gives the following identity:
n n ]
B(t) =@ +ta)=> et (2.1.2)
i=1 i=0

By commutativity, we have [ [}, (1 + tx;) = [[[_; (1 4+ tz5-1(;)) for any permutation o € S,,. Hence
the polynomials e; are invariant under permutation of the variables x;, and are therefore symmetric

polynomials.

Example. It is clear that eg(z1,...,2z,) = 1 for any n. If n = 2, we have
E(t) = (1 + tCL‘l)(l + tﬂ?g) =1+ (.’L’l + l‘g)t + (CL‘l.’Eg)tQ
That is, e1(x1,x2) = x1 + x2 and ez(x1,x2) = x122.

The process of computing elementary symmetric functions using the implicit definition is quite
tedious for larger values of n. Fortunately, the i-th elementary symmetric function in n variables
admits a general combinatorial expression as the sum of all products of i distinct variables from

Z1,...,ZTn. More precisely, we have

Proposition 2.1. For 1 <i <n, we have
ei(T1,...,Tn) = > TayTay ** T,
1<ai<az<-<a;<n

Proof. We proceed by induction on n; if n = 1 the conclusion is trivial. Now let 1 < i < n for some
(n)

n > 1. Using the notation e; ' := e;(x1,...,xy) for convenience, by (2.1.2) we have
n ' n n—1 . n '
et =TT+ tai) = (1 twn) 3 e V00 = 3 (el g 4 D) o
i=0 i=1 i=0 i=1

Comparing coefficients gives the useful recursive identity, valid for all 1 < i < n:

egn) _ el(TiIl):En + egn_l) (2.1.3)
By our induction hypothesis, egnfl) is the sum of all products z,, --- x4, of ¢ distinct variables
in {x1,...,2,-1}. Evidently, this is precisely the sum of all products of i distinct variables in
{z1,...,2,} which do not contain z,, as a factor. Likewise, 61(7_71) is the sum of all products of 7 — 1
distinct variables in {z1,...,z,—1}. Multiplying by z, consequently gives all products of i distinct
variables in {z1,...,2,} which contain z,, as a factor. Adding these sums together gives the sum of
all products of ¢ distinct variables in {z1,...,x,}; the conclusion follows by induction. ]
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Example. Using the previous proposition, we may quickly verify the results of the previous example.
We also readily see that the following hold:

ea(z1, 2, x3) = 122 + 123 + T2x3
e3(1,x2, T3, T4) = T1T2T3 + T1T2Ty + T123T4 + TX3L4

e2(x1, X9, T3, Tg,T5) = T1T2 + X173 + 124 + T1X5 + T3 + ToTy + Toxs + T3y + T3T5 + T4T5

The elementary symmetric polynomials have received great interest historically in solving clas-
sical problems in algebra dealing with the roots of polynomials. In fact, expressions of the form
ei1(x1,x2) = o1 + 9 and ez(x1,x2) = w122 Were first used by the ancient Mesopotamians approxi-
mately 4000 years ago to solve quadratic equations. Likewise, the more general study of symmetric
functions arose within the past few centuries to study polynomial roots. Observe that

n n n
e e VIO R VGRS R N ()
i=1 i=1 i=1
That is, the polynomial t"FE (—%) has the variables 1, ..., x, as its roots. However, by definition of
FE, we have
[[t—z)=t"E(-}) =t"> ei(=1)" =D (=) et (2.1.4)
i=1 i=0 i=0

The equation (2.1.4) establishes an explicit correspondence between a polynomial and its roots. Let
[ =3 a;t""* be a degree n polynomial over a field, say R or C. Note that in our choice of
indexing, ag is the leading coefficient of f as opposed to the constant term. If F' is a splitting field
for f, then we may write f = ao [[_(t — a;), where ai,..., o, are the roots of f in the field F,
counted with multiplicity. Equation (2.1.4) reveals that the coefficients a; have an explicit form. In
particular, a; = (—1)’age; (a1, - - ., o).

Consequently, many properties of the roots of polynomials can be deduced by studying expres-
sions involving elementary symmetric functions in the roots (i.e. expressions involving the coeffi-
cients); the roots themselves need not be known explicitly. This is the premise of several important
notions in the classical theory, such as the discriminant and resultant [7, p. 22-27]. We explore the
former in greater depth in section 2.3.

2.2 Power Sums and Newton’s Identities

Another important family of symmetric polynomials are the power sum symmetric polynomials. The
k-th power sum py in n variables is defined to be the polynomial pg(z1,...,x,) = zg‘:l :z:gC Clearly
each py is invariant under permutation of the variables.

The k-th power sum symmetric function is sometimes called the k-th Newton function. This is
in reference to Isaac Newton, to whom we attribute a sequence of recursive relations, the so-called

Newton’s identities, which allow us to express any power sum symmetric function px as a polynomial
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in the elementary symmetric functions e;, and vice versa. We will derive these identities by working
in the ring of formal power series. Beginning with (2.1.2), we take the logarithm of both sides, which

n n
log <Z eiti> = log (H (1 + ta; > Zlog (1 + tx;)
i=0

i=1

gives

Taking the formal derivative with respect to t yields

. ] — n
Yoy et Li

r ettt — 1+ tx;

The righthand side of the above equation can be expanded as follows:

;1 _z_:<xlz tf”@) ZZ t)tatt = i(_t)hph-i-l

i=1 h=0 h=0

Hence we obtain the following identity, setting e; = 0 for each ¢ > n:

S (S ($) - (S 0] (£r) - S

h=0 1=0

In the rightmost expression, we have a; := Z;‘:o(_l) pj+1€i—j. Comparing the m-th coefficients of
the leftmost and rightmost sides of the above equation, we obtain the following identity:

m

m
(m+1emt1 = Z(_l)jpj—‘rlem—j = (=1)"pm+1 + Z(—l)i_lpiemﬂ—z’
=0 =

By rearranging the above equation, we obtain Newton’s identities:

m
Pt = (=)™ (m+ Demer + 3 (=)™ pieni1—i (2.2.1)
i=1
The identity (2.2.1) is valid for any m > 1, provided that we follow the convention that e; = 0
for each i > n, where n is the number of variables. If we opt to work in the field of quotients of our
(characteristic 0) ring of coefficients, then we obtain a similar result which allows us to compute the

elementary symmetric functions e; in terms of the power sums pg:

S oo (=1 piy1€m—i (2.2.2)
m+1

Em+1 =

2.3 Classical Application: The Discriminant

As we alluded to in section 2.1, many properties of the roots of polynomials can be deduced without
explicit knowledge of the roots, provided that the property admits some sort of expression in terms

10
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of elementary symmetric functions in the roots. To be concrete, we will consider the example of a
polynomial’s discriminant.

Let f=31", a;t" " be a degree n polynomial over a field F. If K is a splitting field for f, then
we may write f = ao [[;_,(t — o), where a; € K are the n roots of f, counted with multiplicity.
One property of the roots that we may be interested in is whether or not f has any repeated roots.
It is clear that f has a repeated root if and only if the polynomial V(z) := [[,_;(z; — z;) is equal to
0 when evaluated at z; = o;.

The polynomial V is called the Vandermonde determinant, and has applications in many areas of
mathematics. It will be of particular interest to us in the theory of symmetric functions, in particular
in section 3 when we introduce the Schur polynomials. As the name suggests, the polynomial V (z)
is readily obtained as the determinant of a matrix. Namely, V(z) = det(A), where we define the

Vandermonde matrix A by setting A; ; := :c?*i as follows:

n—1 n—1

] z} I A
A a2
A= SR (2.3.1)
T o
1 1 ... 1

Evidently, V' is not a symmetric polynomial. In particular, if (ij) € S, is a transposition, then
(i7)V = —=V. We call a polynomial with this property an alternating (or antisymmetric) polynomial.

We have the following equivalent definition:

Definition 2.2 (Alternating Polynomial). A polynomial f(x1,...,x,) is said to be an alternating

polynomial if for any o € Sy,

of(z1,.- s 7n) == f(Toq)s - Tom)) = sgn(o) f(x1,...,75)

The fact that V is alternating can be deduced from the fact that V is the determinant of the
Vandermonde matrix, and a transposition of two variables x;,x; corresponds to a transposition of
the i-th and j-th columns of A.

While V' is not a symmetric polynomial, it is clear that V2 = det(AA”) is, and moreover V2
maintains the same property that V?(ay,...,a,) = 0 iff f has a repeated root. Observe also that

the entries of the matrix AA” are all Newton functions. In particular, we have
Y 3 ~ 2n(i+)
T o (it
AA; ;= ZAi,kAj,k = sz 'z = Z*’%ﬂ = D2n—(i+j)
k=1 k=1 k=1

By Newton’s identities, we can express each entry of the matrix AA” as a polynomial in the elemen-

tary symmetric functions e;. Consequently, the same is true of the detmerinant V2.

11
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Definition 2.3 (Discriminant). For n > 1, a polynomial D in the variables eq,..., e, such that

D(e1,...,en) = V3(x1,...,1,) is called the discriminant.

Remark. For the discriminant to be well-defined, it is important that this polynomial expression be
unique. This is in fact the case, as we will establish in section 2.4.

2 2
Example. Let n = 2. Then A = (% ), and AAT = (iﬁzg xl;”) = (P2 P1). Hence V2(z1,72) =
papo — p? = 2py — p3. By (2.2.1), we have p; = e; and py = e? — 2es. Hence V?(x1,22) =
2(e? — 2e5) — €2 = €2 — 4ey. That is, D(e1, e2) = €2 — dea.

Recall that in section 2.1, we showed that the coefficients of our polynomial f are related to the
roots by the explicit formula a; = (—1)%age;(aq, ..., a,). That is, the discriminant can be expressed
in terms of the coefficients of f. Hence, given an arbitrary polynomial, we can determine whether or

not it has any repeated roots simply by evaluating a polynomial expression of its coefficients.

Example. Consider the case of the previous example with n = 2. Suppose that we have a quadratic
polynomial az? 4 bx + ¢ (a # 0) with roots ay, as. By the previous remark, we have the identities
b= —aei (a1, as) and ¢ = aez(ay, ). Since the monic polynomial 22 + %x + ¢ has the same set of
roots, we see that a; = ag iff D(eg(aq, a2),e2(a1,a2)) = 0. But

D(ey(on, 2), e2(ar, a0)) = D (2, €) = (%b)Q —4(2)

Multiplying through by a?, we see that a; = ap iff b — 4ac = 0.

2.4 Fundamental Theorem of Symmetric Polynomials

As we saw in section 2.2, any power sum symmetric function can be expressed as a polynomial in
the elementary symmetric functions. In fact, this result applies more generally to any symmetric

polynomial. In particular, we have the following theorem:

Theorem 2.2 (Fundamental Theorem of Symmetric Polynomials). Any symmetric polynomial in n
variables can be expressed uniquely as a polynomial in the elementary symmetric functions ey, ..., e,

with integer coefficients.

Proof. The proof is by induction, simultaneously on the degree d and the number of variables n.
If d = 0 or n = 0, then the conclusion is trivial, so we proceed directly to the inductive case. Let
f be a symmetric polynomial of degree d > 1 in n > 1 variables x1,...,z,, and suppose for our
induction hypothesis that the theorem holds for all symmetric polynomials of degree d’ < d in at
most n variables, as well as for all polynomials of degree at most d in m < n variables.

Consider the homomorphism 7, n—1 : Z[z1,...,2,] — Zlx1,...,25—1] given by evaluating f
at x, = 0. If mpp_1(f) == f(z1,...,29p-1,0) = 0, then x, | f. Consequently, z; | f for each i

by symmetry, so in particular e&m | f. Dividing by e,, we obtain a polynomial of strictly smaller

12
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degree. Our induction hypothesis then implies the existence of a unique polynomial g(ey,...,ey)
with coefficients in Z such that f = e,g.

If instead 7 —1(f) = f(z1,...,2n-1,0) # 0, then m, ,—1(f) is a polynomial of degree at
most d in n — 1 variables. Our induction hypothesis implies that there exists a unique polynomial
p in n — 1 variables such that p(egn_l), .. .,efln__ll)) = f(z1,...,2n-1,0). By (2.1.3), we have el(-n) =
LT, e for all 1 < ¢ < n. In particular, when we evaluate at x, = 0, we see that

(
i—1 7
l(") = egnfl). Hence [ — p(egn), .. ,egi)l) is a symmetric polynomial which vanishes at z, = 0,

which allows us to revert to the previous case. O

Example 2.1. For any n > 0, the symmetric polynomial f(z1,...,2n) 1= >, xzxf can be uniquely

written as f(x1,...,2,) = egn)egn) — 3e§n).

Proof. By Lemma 2.8, it suffices to show that this identity holds for n = 3. We have
f(x1, 9, 23) = xiwe + 2123 + w02 + 1273 + 1327 + T30

Evaluating at x5 = 0 gives

m3(f(@1, 72, 3)) = (21,72, 0) = 2239 + 2927 = (1 + ) (2122) = €D

By the proof of Theorem 2.2, we see that p(y1,y2) := y1y2 is the unique polynomial over Z satisfying
p(e1,e2) = m3(f). Consequently, we have m3(f — 653)623)) = 0, and hence e:())g) | f— 6%3)623). In
particular, we have

3) (3 2 2 2 2 2 2
flxy, 29, 23) — eg )eg ) = xrix + 175 + Tox] + T2x3 + T3T] + T375

— (z1 + 2 + x3)(T122 + T123 + T23)
= 3:%:1:2 + 331:1:3 + 9:21:% + $2$§ + l‘ng% + xgxg

2 2 2 2 2 2
— (xz2 + x125 + T2} + Tox§ + x3x] + w375 + 3T1T273)
3)

= —3r1w2703 = —3e€3
Hence f(x1,x9,x3) = 653)623) — 36:(,)3), and consequently the identity f(z1,...,z,) = egn)eg") — 36:(3n)
holds for each n > 0. ]

Remark. The polynomial f used in the previous example is in fact an example of a monomial

symmetric polynomial which we will define in the next section. In particular, we have f(z1,...,z,) =
mg1)(T1, -, Tn).
2.5 Monomial Symmetric Polynomials

Another basis of the symmetric polynomials are the monomial symmetric polynomials. In order to
introduce these polynomials, and prove that they form a basis for the symmetric polynomials, we
will briefly work in the more general setting of group actions.

13
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Let G be a group acting on sets X and Y. Then we have an induced G-action on the set
YX ={f|f:X — Y} of maps from X to Y by setting

(g-f)(@)=g- flg” )

For our purposes, it suffices to consider the special case where the G-action on Y is trivial. Using
the notation 9f := g - f, the induced G-action on Y¥ then reduces to 9f(z) = f(g~'z). In this
context, we say that a function f : X — Y is tnvariant if 9f = f. More explicitly, f is invariant
iff f(x) = f(g~'a) for each g € G,z € X. Equivalently, f is invariant when f(x) = f(gz) for all
g € G,z € X or, in other words, f is invariant iff it is constant on each G-orbit in X.

Example 2.2. Let X be a finite G-set, and let F' be a field (in fact a ring suffices). Identify z € X
with the characteristic function x ) € F X Tt is easy to verify that in this way, X becomes a basis
for FX as a vector space with operations defined pointwise. The induced G-action on FX is by linear

maps which permute the basis elements. In this case, we call FX a permutation representation.

Proposition 2.3. Let (FX)G denote the set of elements of a permutation representation FX which
are invariant under the action of G. Then (FX)G is a subspace of FX with a basis given by the
characteristic functions of the G-orbits in X.

Proof. Recall that f € FX is invariant if and only if f is constant on the G-orbits in X. If f
is invariant, so that f(x) = a; for each x in a given G-orbit O;, then we may uniquely write
f =2, aixo,, where X0, is the characteristic function of the orbit O;. O

Remark. We may express the conclusion of Proposition 2.3 more concretely as follows. If O is a
G-orbit, and we let up 1= Y., o, then {up} is a basis for (FX)C.

We will now relate the preceding result to the theory of symmetric functions via the following

discussion, in which we offer a formal treatment of monomials.

Definition 2.4. A monomial is a function M : {1,...,n} — N. The set of monomials form a

commutative monoid under pointwise addition.

Notation. We indicate by zj the monomial which is the characteristic function of the set {k}.
Addition of monomials is written multiplicatively. Given a monomial M such that M (k) = hy, we
write M = a:]flﬂsgz cooghn,

We define the degree of a monomial to be the quantity >, h;. Evidently monomials may be
written unambiguously as n-tuples (hi,...,h,). Moreover, any degree d monomial is equivalent
under the induced action of S,, to a monomial M := (ki,...,k,) with ky > ko > -+ > k,. In
particular, we may associate M with a unique partition A(M) b d with [(A(M)) < n.

If we consider the set X of monomials under the induced action of S,,, and let I’ be a commuta-

tive ring, we may consider the corresponding permutation representation. The resulting permutation

14
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representation F'X is in fact isomorphic to the polynomial ring F[z1, ..., z,]. By our previous discus-
sion, Fxy,...,2,] is an F-module with the monomials (identified with their respective characteristic
functions) as a basis.

The symmetric group S, acts on the set of monomials X by oM (k) := M (o~1(k)). This action
is compatible with addition of monomials. Moreover, we see that the S,-action induced on the
permutation representation F[z1,...,x,] is such that of(z1,...,20) = f(To-101), -+, To-1(n)). We
may more formally define the set A,, of symmetric polynomials in n variables to be the set of invariant
elements of this permutation representation (cf. 2.1). Proposition 2.3 gives an explicit basis for this
space, which we call the monomial symmetric polynomials.

kn

»» can be uniquely associated with a

As we remarked earlier, the orbit of a monomial 3:]1“ ST
partition A\ = (b1 > hg > ... > hy,) of the degree ) . k;. Moreover, the characteristic function of an
orbit, given our identification in F'[z1,...,z,] of the monomial M with the characteristic function of
the singleton set {M}, is the sum of all monomials in the orbit. The following definition concretely

describes the characteristic function of an S,-orbit A, interpreted as an element of Fx1,...,z,].

Definition 2.5 (Monomial Symmetric Polynomial). Let A = (A1, A2,...,\,) be an integer parti-
tion with [(\) < n. Then we define the corresponding monomial symmetric polynomial to be the

polynomial

- A1 A2
ma(T1,...,Tp) = Z Lo )T o(2) " Toln)
O’ESn

where the sum is taken over all distinct permutations o.

Example. Note that although |S3| = 6, the monomial symmetric polynomials below do not neces-
sarily have 6 monomial terms as the summation in Definition 2.5 is taken over distinct permutations,
not all permutations.

m(1,1,0) (w1, 22, 23) = T1T2 + X123 + T2T3

m(1,1,1)($1,$2,i€3) = T12273

3.2 2.3 3. .2 2. .3 3.2 2.3
m3,2,1)(T1, T2, T3) = T{T3T3 + TITHT3 + TIT2TF + X1 ToTy + T1THT3 + T1T5T

For instance, in the first example m(j 1), the action of the permutations (13) and (132) on the

monomial z1zix) are the same, so we only include the term z2z3 in the sum once.

As we have previously remarked, Proposition 2.3 implies the following corollary.

Corollary 2.4. The set {m) | l(\) < n} of monomial symmetric polynomials is an integral basis for

the set Ay, of symmetric polynomials in n variables.

2.6 Complete Homogeneous Symmetric Polynomials

In this section we introduce a third basis for the symmetric polynomials, the complete homogeneous
symmetric polynomials (or simply complete symmetric polynomials). These polynomials are in some

15
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sense dual to the elementary symmetric polynomials introduced in section 2.1. Like the elementary
symmetric polynomials, we define the complete homogeneous symmetric polynomials implicitly with

a generating function:

=11 - _m = thz (2.6.1)

=1 =0
As with the elementary symmetric polynomials, the complete symmetric polynomials admit an

explicit combinatorial expression.

Proposition 2.5. Letn > 1, ¢ > 0. Then h;(x1,...,xy) is the sum of all degree i monomials in n

variables:
hi(x1,...,xn) = Z TayTay *** Ta; (2.6.2)

1<a;<az<--<a;<n

Equivalently, we have

hi(ze, .. mn) = Y ma(21, ..., 2n) (2.6.3)

where the sum is taken over all partitions A with |A| =i and [(\) < n.
Proof. Expanding (1 — tz;)~! as a geometric series, we have (1 — tz;)™! = >3 2k, Taking the
product over all i, together with the identity (2.6.1), gives

o0

St =Tl =TT

= =1 k=0

Expanding the righthand product, we wish to provide an expression for the coefficient of !, namely

h;. This will clearly be a sum of monomials in the x;. Now suppose that one of the monomials
"I;:l « o x‘];m
the exponents of the x;, summed over each occurence of x; in the product which produced this

appearing in this coefficient is x . For each I, 1 <[ < m, the exponent k; is the sum of
monomial. Since the exponent of z;, in any given term of the product is equal to the exponent of
t, it follows that the sum of the k; is equal to the sum of the exponents of ¢ which occured in the
product. This is precisely the exponent of ¢ in the lefthand series, namely i. That is, each monomial
appearing in this sum has degree i. Since the product is taken over all combinations of 3:’C then
consequently every degree ¢ monomial in the z; appears in this sum.

To reiterate, the coefficient of ¢ (that is, h;) in the lefthand series is precisely the sum of all
degree ¢ monomials in the variables x;. If we permute the terms of this sum to collect terms which

lie in the same symmetric group orbit, we have the equivalent formulation

where m) is the infinite-variable monomial symmetric function which corresponds to the partition
A. How to interpret such a symmetric function precisely will be handled in section 2.7.

16
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Setting z; = 0 for all ¢ > n gives the corresponding identities 2.6.2 and 2.6.3 for symmetric
polynomials in n variables. O

Example. Using the explicit expresison (2.6.2), we can easily compute
ho(xy, 2, 23, 74) = ﬁ + 33% + x% + :Bi + 21T2 + 2123 + X174 + X223 + T2T4 + X324
Using the expression (2.6.3), we may likewise compute

hs (w1, 22, 23) = m3,0,0)(T1, T2, 3) + My(2.1,0)(T1, T2, T3) + M(1,1,1) (1, T2, T3)

= (23 + 23 + 23) + (232 + 2123 + 2323 + 2123 + 2wz + 20xd) + (z12023)

One of the interesting properties of the complete symmetric polynomials is that they act as a
sort of dual to the elementary symmetric polynomials. In particular, consider the polynomials E
and H which respectively define the elementary and complete symmetric polynomials (or equally
well consider their extensions as formal power series). We have

H()E(—t) = (H : _1tmk> (H - mk> ~1 (2.6.4)

k=1 k=1

Expanding the respective series expressions, we see that

[e'e) 0 0 k
1= (Z hktk> (Z ek(—t)k> = Z <Z(_1)lezhk1> tk
k=0 k=0

k=0 \i=0
Comparing coeflicients, we obtain the following identity, valid for each k£ > 1:

k
> (el =0 (2.6.5)
i=0
Remark. The above expression is in fact valid as an identity for symmetric functions (cf. section 2.7)
and consequently (2.6.5) holds as an identity for symmetric polynomials in any number of variables
n. To be explicit, the following symmetric polynomial identity holds for each n, k > 1:

k
SO, =0
i=0
where we denote hgn) = hi(x1,...,2y), as with the elementary symmetric polynomials. A simple

corollary of this identity is obtained by letting k = 1. We see then that e&") = hgn) for each n > 1.
This can also be seen by comparing the combinatorial expressions in Propositions 2.1 and 2.5.

The expression (2.6.5) establishes an essential duality between the elementary and complete
symmetric polynomials. This duality is exploited, and perhaps made more explicit, by the following
result.

17
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Theorem 2.6. Any symmetric polynomial in n variables can be uniquely expressed as a polynomial,

with coefficients in Z, in the complete homogeneous symmetric polynomials hy, ..., hy in n variables.

Proof. By the Fundamental Theorem of Symmetric Polynomials 2.2, the same result is true for the
elementary symmetric polynomials eq,...,e,. As the e¢; form a basis for the space A,, of n-variable
symmetric polynomials, then a homomorphism on this space can be defined unambiguously by its
action on the e;. Making use of this fact, we define a homomorphism w : A, — A, by defining
w(eg) = hy, for each k, 0 < k < n. We in fact have that w is an involution, namely w? = Id.

Indeed, we may see this by induction on k, noting first that hg = 1 = eg. Now consider
k > 0 and suppose that w?(e;) = w(hj) = e; for each j < k. By (2.6.5), we have the identity

hy, = Z?zl(—l)j“ejhk,j. Applying w, we obtain

k k

k
W er) = whg) =w | Y (=1 eshy | = > (1) wley)wlhn—;) = > (=1)/  hjer; = e

and so it follows by induction that w is an involution. Consequently, w is invertible and is therefore
an automorphism of A,. The fact that the h; form a basis of A,, follows from Theorem 2.2 and the
fact that an isomorphism maps bases to bases. O

2.7 Ring of Symmetric Functions

For many of the results we have proved regarding symmetric polynomials, the number of variables is
immaterial. As our generating function definitions of the elementary and complete symmetric func-
tions would suggest, it is often natural and useful to consider symmetric polynomials in infinitely
many variables. We moreover approach these formal expressions with the idea in mind that an iden-
tity that holds for symmetric functions in infinitely many variables can be reduced to an analogous
result for symmetric polynomials in n variables by setting all but finitely many variables x; to 0.
The purpose of this section is to construct this so-called ring of symmetric functions in infinitely
many variables and to provide the useful lemma 2.8 which facilitates the proofs of many identities
involving symmetric polynomials.

Consider the set A,, of symmetric polynomials in n variables. In light of the fact that the
monomial symmetric polynomials my with I[(A) < n are a Z-basis for A,, we see that A,, is a graded
ring. That is, we may decompose A, as a direct sum

An:@Aﬁ

k>0

where AF is the set of symmetric polynomials in A,, which are homogeneous of degree k, together
with the 0 polynomial. Equivalently, Aﬁ is the Z-module generated by the basis of all monomial
symmetric polynomials my such that A - &k and I(A\) < n. The above decomposition moreover
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satisfies the properties that A%Aﬁ C AL for each j,k > 0, and any element f € A,, can be written
uniquely as f = >~ fk, where each f, is an element of Ak

Recall the map_ Tnn—1 introduced in the proof of the Fundamental Theorem 2.2, defined by
evaluating the polynomial f(z1,...,2,) at x, = 0. We generalize this map as follows. Let m > n

and consider the homomorphism 7y, , : Ay, = A;, defined by

Tmn{1) = 0 <1<
, n<i<m

The effect of m,,, on the basis given by monomial symmetric polynomials is easily understood
as follows. For all my with I[(A\) > n, we have m, ,(mx(21,...,2m,)) = 0. On the other hand,

Tmn(Ma(21, ..., 2m)) = ma(z1,...,2,) when [(A) < n. Consequently, 7y, is surjective. By re-
k

v, we obtain homomorphisms an,n : Ak — AX for all k > 0 and m > n. These maps

stricting to A
are always surjective, and are bijective precisely when m >n > k.

We now form the inverse limit A¥ := lim A% of the Z-modules A% relative to the homomor-

k

phisms 7, . Formally, an element of A¥ is a sequence {f,}n>0 with terms f,, € A% such that

7T7].€nn( fm) = fn whenever m > n. Intuitively, we may think of an element f € A¥ as an “infinite
variable” extension of a symmetric polynomial in finitely many variables which is homogeneous of

degree k. Now define a projection Wfb o G Afl which sends f to f,.
k

m,n

isomorphism for all n > k. Consequently, an integral basis for A* is given by all monomial symmetric
functions my € A* such that \ F k and, for all n > k:

k

Since T is an isomorphism whenever m > n > k, it follows that the projection 7, is an

WfL(m,\) =my(z1,...,2n)

Definition 2.6 (Ring of Symmetric Functions). We define the ring of symmetric functions A in

infinitely many variables to be the direct sum

A::@Ak

k>0

Remark. We see that A is the free Z-module generated by the monomial symmetric functions m) for
all partitions A.

It is easy to see that A has a graded ring structure. By applying the projections 7% componen-

twise, we obtain surjective homomorphisms

Tn ZZ@WiiAk — AF
k>0

for each n > 0. By the properties of the maps Wﬁ, it follows that 7, is injective (and hence an
isomorphism) when restricted to the space @} _, A* of all symmetric functions of degree k < n.
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While it is seldom necessary to consider the foundational content underlying the central con-
struction of this section, the homomorphisms defined therein are particularly useful with regards to
the following lemmas, which we have already referred to in Example 2.1, and is useful in proving

many identities involving symmetric polynomials.

Lemma 2.7. Suppose that we have an identity ' involving symmetric polynomials which is homoge-
neous of degree n and is valid in A,,. Then the identity is also valid in A, as well as in A, for each

m > n.

Proof. By our prior remark, the map 7, : A — A,, is an isomorphism when restricted to the space
of symmetric functions of degree k < n. That is, we have

n n n
Prf =, (@Ak> =P

k=0 k=0 k=0

That is, the space of symmetric functions of degree at most n is isomorphic to the space of symmetric
polynomials in n variables of degree at most n. Now suppose we have an identity that is homogeneous
of degree n which holds in the space of symmetric polynomials in n variables. Then in particular,
the identity will still hold in the space of symmetric polynomials in n variables of degree at most n.
Then by the isomorphism, the identity will also hold in the space of symmetric functions of degree
at most n. By applying projections m,,, which are isomorphisms for m > n, we see that the identity
is also valid in A,,, for each m > n. O

In many cases, an identity satisfying the hypotheses of Lemma 2.7 is in fact valid in A,, for
each m > 0. A concrete and important class of examples are those of the form of Example 2.1. That
is, identities which express a particular symmetric polynomial in terms of a basis which behaves well
under the projections m,, ,, such as the elementary symmetric polynomials.

Lemma 2.8. Let pgn), . ,p%n) be symmetric polynomials in n variables of degree at most n, and write

pl(.m) = (7rm o 77,71) (pgn)). Let f be a symmetric polynomial in n variables which is homogeneous of

degree n and let g be an arbitrary polynomial in n variables such that

g(pgn), . ,p;”)) = f(x1,...,2p)

Then for any m > 0, the following identity holds:

g(pgm),...,pglm)) = (wm o7r,;1) (f) = f(z1,. ., xm)

Proof. The lemma essentially amounts to recalling the various properties of the projections 7 defined

1

throughout this section. We note that the homomorphism 7, o 7, " is well-defined on the space of

1To make the notion of “identity” precise, one may interpret an “identity” to be a first-order sentence in the (possibly
enriched) language of rings.
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symmetric functions of degree at most n. It is an isomorphism if m > n, and surjective (but not
injective) when m < n. If we let 7y, 1= Ty o7, I then we in fact recover our original definition
for m, m, defined for n > m, and consequently extend this definition unambiguously for n < m. In
particular, the map 7, ,, is well-defined for all polynomials under consideration in the statement of
the lemma for all m > 0. The conclusion of the lemma follows by applying the homomorphism 7, ,
to both sides of the initial equation. O

(n) (n)

Lemma, then note that 7, (e for each m > 0. That is, the elementary symmetric

Remark. If p; ™ is taken to be the elementary symmetric polynomial e; "’ in the statement of the

(n) (m)

i) =¢
polynomials “behave well” under the projections 7, ,,. Hence we are justified in making the remark
in Example 2.1 that it suffices to verify the identity (which homogeneous of degree 3) for n = 3, and
conclude that it holds for each n > 0. More generally, if we have an identity involving elementary
symmetric polynomials which is homogeneous of degree n and we wish to show that the identity holds
in A,, for each m > 0, it suffices to show that the identity holds in A,,. The elementary symmetric
polynomials are not unique in this respect; the same principle holds for the homogeneous symmetric

polynomials by virtue of the automorphism w, as well as for the Schur polynomials of Section 3.

We conclude this section with a brief discussion of bases for the ring of symmetric functions.
As we remarked in Section 1.1, integer partitions are useful for parametrizing important families of
symmetric functions. We have seen that this is the case for the monomial symmetric functions my,
which form a Z-basis of A. In fact, many of the important Z-bases of A can be paramatrized by
partitions. In particular, this can be accomplished with the elementary and homogeneous symmetric
functions, given a suitable construction.

As we have remarked, the elementary and homogeneous symmetric polynomials behave well
(n)) = el(-m) and Trmm(h(”)) = hl(m)

with respect to the homomorphisms 7, ,, in the sense that 7, ,(e; i
for all m,n > 0. Clearly we may just as well speak of elementary and homogeneous symmetric
functions e; and h; in A by applying the appropriate inverse projections m; : A; — A. Moreover,
the symmetric functions we obtain by these homomorphisms agree completely with the original
generating functions (2.1.1) and (2.6.1).

Given a partition A = (A1,..., \,), we define symmetric functions ey := ey, - - - ey, and similarly
hy = hy, - -~ hy,. Each ey can be written uniquely as a Z-linear combination of monomial symmetric
functions my,; a proof of this fact can be found in [6, p. 20]. Since the m,, are a Z-basis for A essentially
by construction, the same is consequently true of the e). Now recall the map w : A,, = A, used in
the proof of Theorem 2.6, which was defined by setting w(eg) = hy for each k& < n. We may just
as well define the homomorphism w : A — A on symmetric functions by setting w(ey) = hy for each
k > 0. This is again an involution (and hence automorphism) by essentially the same proof as in the
finite variable case. Since w(ey) = hy, then the hy also form a Z-basis of A. This gives the following

generalization of the Fundamental Theorem of Symmetric Polynomials and Theorem 2.6.
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Proposition 2.9. The set of symmetric functions ey (resp. hy), as A runs over all partitions, forms
a Z-basis for the space A of symmetric functions. That is, any symmetric function can be expressed
as a unique polynomial in the ey (resp. hy) with coefficients in Z.

Remark. Just as symmetric polynomials can be defined over any ring of coefficients, we may carry out
the construction of the ring of symmetric functions over any (commutative) ring of coefficients. If we
work in the ring Ag of symmetric functions with rational coefficients, then we may recover Newton’s
identities from Section 2.2. If we define py := py, ---p»,, then Newton’s identities together with
Proposition 2.9 imply that the py form a Q-basis of Ag. See [6, Ch. I, §2] for a more comprehensive

discussion.
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3 Schur Polynomials

The purpose of the following sections is to introduce another classical symmetric polynomial basis,
namely the Schur polynomials. The Schur polynomials in fact form an orthonormal basis with respect
to a natural inner product, and admit many interesting combinatorial properties; these properties
will be explored further in Section 5. In Sections 3.1, 3.2, and 3.4, we again follow Procesi’s treatment
of the topic; the relevant material can be found in [7, p. 28-33]. Section 3.3, which explores some
relationships between Schur polynomials and some of the bases encountered in Section 2, is based

primarily on results from [6, p. 41-42].

3.1 Alternating Polynomials

In section 2.3 we introduced the notion of an alternating (or antisymmetric) polynomial, which is a

polynomial in n variables with the property that, for any permutation o € S,,, we have

f(@o1)s s Tom)) = sgn(o) f(z1,...,zn)

We have already seen that the Vandermonde determinant V(z1,...,z,) = [[,;(2; — ;) is an
example of an alternating polynomial (cf. Section 2.3). In fact, the following proposition indicates
that the Vandermonde determinant is the prototypical alternating polynomial.

Proposition 3.1. A polynomial f(x1,...,xy,) is alternating if and only if

flze,...;zn) =V(zy, .. zn)g9(1, .0, 20)
for some symmetric polynomial g(z1,...,%ys).

Proof. (<) This follows from the easily verifiable general fact that if p; and p are polynomials in n
variables with p; alternating and p, symmetric, then pipo is alternating.

(=) Let f(x1,...,2,) be alternating. Consider two indices ¢ < j, and substitute z; for x;
to obtain a polynomial f[z;/z;]. Evidently, we will obtain the same polynomial if we apply the
transposition (ij) before making the substitution. That is, flz;/z;] = ((ij) - f)[z;/xi]. Since f is
alternating, we therefore have

flzj/zi) = ((i7) - lzj/zi] = (= flzj /2] = — flog /2]

Consequently, flzj/z;] = 0. Since flx;j/z;] is precisely f with x; evaluated at z;, we see that
x; —x; | f. Since i and j were arbitrary, we see that z; — x; | f for each @ < j. That is, V' | f. We
may therefore write f(x1,...,2,) =V (21,...,2n)g(x1,...,2,). If 0 € S, then

sgn(o)Vg=sgn(o)f=o-f=0-(Vg)=(0-V)(o-g) = (sgn(o)V)(o-g)

Dividing both sides by sgn(o)V gives o - g = g, so g is symmetric. O
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Let A denote the Z-algebra of alternating polynomials, S the Z-algebra of symmetric polyno-
mials. Then we may express Proposition 3.1 more formally in the following manner.

Proposition 3.2. The algebra A of alternating polynomials is a free rank 1 module over the algebra
S of symmetric polynomials generated by V(x). That is, A=V (x)S.

Consequently, if we have a basis for A over Z, then we may obtain a basis for S over Z by dividing
each basis element by V' (z). It is in this way that we will construct the Schur polynomials in Section
3.2. As such, we will begin here by constructing an integral basis for the space of antisymmetric
polynomials.

Consider the polynomial ring Z[x1, . .., z,] with the basis given by the monomials, and consider
the usual action of S, by permutation of the variables. Recall from section 2.5 that the orbit of
a given monomial corresponds to a partition A of its degree. In particular, the weakly decreasing
sequence of nonnegative integers given by mi > mg > -+ > m, > 0 corresponds to the orbit of the

mi ,.m2

monomial z7"'x, Mn

..l‘n

Let f be an alternating polynomial, (ij) a transposition. Since f is antisymmetric, then we

have (ij)f = —f. However, applying the transposition (ij) fixes all monomials for which z; and z;
have the same exponent. Consequently, each monomial with nonzero coefficient in f must have each
exponent distinct. Moreover, if such a mononial lies in the orbit of 1" 25" - - - 27" with m; > mg >
<o+ >my > 0, we have
ﬂzzll)x;né) e .”L’ZL(’:L) =sgn(o)z"xy? - xpn

for any o € S,,. From this we conclude the following theorem.
Theorem 3.3. The polynomials

Ay smosesmn>0(T1y ooy Tn) 1= Z sgn(a):cg”(ll):p;né) . xffn&) (3.1.1)

O’GSn

form an integral basis for the space of alternating polynomials.

When performing computations with alternating polynomials, it is often convenient to reduce
modulo S,,-orbits. More precisely, consider the space SM spanned by the standard monomials, which

are monomials of the form xi“xé” e xﬁ“ with k1 > ko > --- > k, > 0. We then have a linear map
L from the space of polynomials to SM which is the identity on SM and sends all nonstandard
monomials to 0. Then L(Am,>my>>mn>0) = l‘]flng -o.zFr and so L is a linear isomorphism

between the space of alternating polynomials and SM. In particular, L maps the basis elements in
(3.1.1) to the standard monomials.
3.2 Schur Polynomials

The basis of the antisymmetric polynomials defined in Theorem 3.3, together with Proposition 3.1,
allows us to construct a new integral basis for the symmetric functions. Before we do so, we first
introduce a useful result related to integer partitions.
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Remark. The map

A= (p1,p2, -, Pn—1,0n) = (P1+n—1Lpa+n—2,...,pp—1+1,py)
=A+0

is a bijection between the sets of decreasing and strictly decreasing finite sequences. Hence we may
unambiguously use the notation Ay;s to refer to the basis antisymmetric polynomials in (3.1.1).

The following proposition, which follows from the Leibniz determinant formula
n
det(A) = Z sgn(o) HAz-p(i)
€Sy i=1
gives a convenient identity which provides an alternate way of expressing the basis antisymmetric
polynomials.

Proposition 3.4. If A := (\1,...,\,) is an integer partition, then

Axts = det(Ayys)

where the n x n matriz Axys is defined by (Axts)ij = x;‘ﬁ"*i.

Remark. In the notation of the preceding proposition, we have:
V(i ... 2n) = Astny = det(Ag,sem)

Definition 3.1. Let A be an integer partition with I(A) < n. Then we define the Schur polynomial

associated to A by

Ay s (21, -+, @)

Using the notation of Proposition 3.4, we may equivalently express Schur polynomials as a quotient

(3.2.1)

of determinants:

g, . det(Aris)
AT T det(Ap)

Example. As per the remark following Proposition 3.4, we have V' = A; in any number of variables,

(3.2.2)

and hence Sy = 1.
4 .4

If n =2, and A = (3,2), then Ay;5 = (2; i%) Computing the determinant, we obtain
1 *2

Ayys = 2173 — 2323, Dividing by the Vandermonde determinant gives Sy = x3x3 + x3x3.

By Proposition 3.1, we see that each Schur function is in fact a symmetric polynomial. The

same proposition, together with Theorem 3.3, moreover implies the following.

Theorem 3.5. The polynomials Sy, with A = m and I[(\) < n, are an integral basis of the space of
symmetric polynomials homogeneous of degree m in n variables.
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The preceding theorem in fact generalizes to symmetric functions in infinitely many variables.
In order to work towards this result, summarized in Theorem 3.8, we must first develop some basic
algebraic properties of the Schur polynomials. We begin with the following proposition.

Proposition 3.6. Let A := (p1,...,pn) be an integer partition, a a positive integer. Then

A)\+5+(an) = (:pl cee xn)aA)\Jr(S, S)\+(an) = (.’L‘l . -:):n)“SA (3.2.3)
where (a™), in multiplicity notation, is the partition of length n with each entry equal to a.

Proof. By Proposition 3.4, we have Ay s, (qn) = det(Axys4(an))- By definition of this matrix, we
have
Aitatn—i Aitn—i
(Arpsp@n)ig = 27T = 2fad ™ = wf (Anis)iyg

By multilinearity of the determinant, we factor out z§ from each column to obtain

A)\+6+(an) = det(A)\+5+(an)) = H Z‘? det(A,\+5) = (3:1 s X)) Ants
j=1

The analogous identity for Schur polynomials follows by dividing by the Vandermonde determinant.
O

We now consider the effect of projecting Schur functions in n variables into the space of Schur

functions in n — 1 variables. This behaviour is summarized in the following lemma.

Lemma 3.7. Consider the set of Schur polynomials in n variables x1,...,T,. Under the map 7, n—1
which evaluates x,, at 0, Sy vanishes when [(X\) = n. Otherwise, Sy maps to the corresponding Schur

polynomial Sy in n — 1 variables.

Proof. Fix a number of variables n and let A := (hy, ho,...,hy) with hy > hg > ... > h, > 0. If
I(A) = n, then h,, > 0 and so by 3.6 we have

S)\(xl, ey acn) = (.1'1 cee xn)S)\_(ln)(ml, N ,xn)

Clearly, 7, n—1(Sx) = 0 in this case.
Suppose instead that {(\) < n (and so h, = 0), and refer to the partition (hq, ha,...,hn—1) by
the same symbol A. Consider first the evaluation of the Vandermonde determinant at x, = 0. We

have
n—1 n—1
V(21 2p-1,0) = (H 171) H (xi—z;) | = (H xz) Vi(z1, ..., 2p-1)
i=1 i<j<n—1 i=1
Now consider the alternating polynomial Ays(z1,...,2,). Denote l; := h; + n — i, so that [,, =0
and

! lo(n
Axis(z, ..o zp) = Z sgn(o)z -y ™
O'eSn
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Setting x,, = 0, we restrict the above sum to only those terms for which o(n) = n (namely, those
terms for which l,(,) = 0). Since the subgroup of all such permutations is isomorphic to S,_1, we
have

l, lo(n_
Axis(x1,.. . xp-1,0) = Z sgn(o)zy W x0T = Axyar-1)45(T15 -y Tn—1)
oESH—1
The rightmost identity follows since I; = h; +n—1i = (h; + 1) + (n — 1) — i. Combining these results,

we have

V(I’l, - o5 Tn—1, O)S)\<I'17 -5 Tn—1, 0) = A)\+5($1, s 7$n—170)

= A,\+(1n—1)+5($1, ey Tpo1)
n—1

= (H $z> Axys(z,. .. zp—1)
i=1

n—1
= (H l‘z> V(IL‘l, . ,:L‘nfl)S)\(l‘l, e ,xnfl)
=1

=V(x1,.. ., Xn-1,0)9\ (21, ..., Tpn_1)
Dividing through by V(z1,...,z,-1,0) implies that
Tnn—1(O\ (@1, ..., 2n)) = S\(z1,. .., Tp—1,0) = Sx(z1,...,Tp-1)
whenever [(\) < n, which completes the proof. O

Remark. Lemma 3.7 is particularly useful in light of the discussion surrounding Lemma 2.8 in section
2.7. In particular, we have shown that the Schur polynomials “behave well” with respect to the
homomorphisms 7, ,, in the same way that the elementary symmetric polynomials do. That is, for
any m,n > 1, we have my, ,(Sx(z1,...,2m)) = Sx(z1,...,Zp).

Consequently, we have the same important conclusion regarding Schur polynomials as we did
for the elementary symmetric polynomials. That is, if we wish to show an identity involving Schur
polynomials which is homogeneous of degree n holds in any number of variables, it suffices to verify
the identity holds in A,,.

We again make recourse to the homomorphisms 7 discussed in section 2.7 in order to prove the
following generalization of Theorem 3.5.

Theorem 3.8. The ring A of symmetric functions in infinitely many variables has as an integral
basis all Schur functions Sy. Restriction to symmetric functions in m variables amounts to setting
all Sy with I(\) > m to 0.

Proof. Consider a fixed degree k, and let AF denote the space of symmetric polynomials of degree
k in n variables, as in section 2.7. By Theorem 3.5, an integral basis for this space is given by the
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Schur polynomials Sy in n variables with A - & and [(A\) < n. Consequently, a Z-basis for the space
@} _, AL is given by all Schur polynomials Sy with [A| < n and I(A\) < n. The latter condition is
superfluous in this case, so the basis is precisely the set By, :== {S) | |\| < n}.

In the proof of Lemma 2.7, we showed that the space @j_, AF is the isomorphic image of ,
applied to the space @ _, A¥. That is, a Z-basis for the space Do A* of symmetric functions of
degree at most n is given by applying 7, ! to the basis B,. In particular, the resulting basis is the
set of Schur functions Sy in infinitely many variables such that |[A| < n. Extending to the entire
graded ring A = @~ AF, we see that a Z-basis for the space A of symmetric functions is given by
all Schur functions S;.

Restriction to m variables amounts to applying 7, to this basis. The map m,, sends all Schur
functions Sy with I(A\) < m to the corresponding m-variable Schur polynomial Sy(z1,...,zy), and

all Schur functions with I[(A) > m to 0. O

3.3 Schur Polynomials and Other Symmetric Polynomial Bases

In this section we present some results relating the Schur functions to other families of symmetric
functions we have introduced earlier. The first of these results establishes that the elementary
symmetric functions are in fact a subset of the Schur functions, namely those corresponding to

partitions containing a single column.

Proposition 3.9. In the ring of symmetric functions, we have e, = Sy for each k > 0. For any

k,n > 0, we have the symmetric polynomial identity
ek (1, Tn) = Sary (1,0 Tn) (3.3.1)

Proof. Since ey, is homogeneous of degree k, then by Lemma 2.8 and the remark following Lemma
3.7, it suffices to prove the identity in Ag. In this case, we have

k k
ex(21,...,25) = sz = So(z1, .. -wk)Hfm = Sam (1, ..., T)
=1 =1

which establishes the identity in the ring of symmetric functions, as well as the polynomial identity
for all k,n > 0. O

Dually, the complete homogeneous symmetric polynomials can also be realized as a special
case of the Schur polynomials, namely those corresponding to the conjugate partitions (k) = (1¥)’
containing a single row. Before we can prove this, we will require several intermediary results. Due to
the Fundamental Theorem 2.2 and the corresponding Theorem 2.6 for the homogeneous symmetric
polynomials, any given Schur polynomial can be expressed uniquely as a polynomial in terms of the
elementary (or homogeneous) symmetric polynomials. In fact, these expressions are given by in a

compact manner by the following Jacobi-Trudi identities.
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Proposition 3.10 (Jacobi-Trudi Identities). Let X be a partition such that [(X\) < n and such that
A1 =U(N) <m. Then the following identity holds in the ring of symmetric functions.

Sx = det(hy—itj)1<ij<n = det(ex_ij)1<ij<m (3.3.2)
with the convention that e, = hy, = 0 for k < 0.

Proof. A proof that the two determinants in (3.3.2) are equal can be found in [6, p. 22-23]. It
therefore suffices to prove the leftmost equality that that Sy = det(hy,—i+;). To do so, we will prove
the identity in A,. For 1 < k < n, denote by egﬁk) the elementary symmetric polynomial e, in n — 1

variables under the evaluation
—k) .__
eg, ) = 6,«(1‘1,...,:Ek_l,l’k+1,...,$n)

Let M denote the n X n matrix

n-t ) 1<i,k<n

For any n-tuple a = (a1, ..., a;,) € N, define the n x n matrices A, and H, by
J— (677 [ .
Aa = ((17] )1§Z7]Sn and Hoc = (hai—"‘*‘ﬂ)lgi,jgn

We claim that A, = H,M. Indeed, let ECR (t) := Y01 ey = [ 1z (1 +24t). Then if H(t)
is the generating function for the homogeneous symmetric functions as in (2.6.1), we have

o0
HHETH (—t) = (1 —apt) ' = aft”
r=0
Comparing the a;-th coefficient of the leftmost and rightmost sides gives the identity
n
> b (1) el ) = g
j=1

The lefthand side is precisely the (i, k)-th entry of H,M, and the righthand side is the (i, k)-th entry
of A,, establishing the claim. By taking determinants, we obtain the following identity valid for any
ae N

Ay = det(Ay) = det(H,) det(M)
If we let o = 60", we see that the lefthand side becomes the Vandermonde determinant As =V (x).

The matrix H, becomes upper triangular with 1’s along the diagonal, so we have det(Hs) = 1 and
hence det(M) = V(z). We therefore have

Ay =V(x)det(Hy)

for any @ € N™. By letting o« = A+ and dividing both sides by the Vandermonde determinant V' (z),
the lefthand side becomes Sy and the righthand side becomes det(hy,—i+j)1<i j<n, which completes
the proof. O
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Recall the involution w : A — A defined by setting w(ex) = hi for each k£ > 0, which is an
automorphism of A. By applying the map w to the various expressions in (3.3.2), we deduce that

w(Sy) = S (3.3.3)

for any partition A. In particular, this implies the following corollary, which follows from Proposition
3.9 at the beginning of this section.

Proposition 3.11. In the ring of symmetric functions, we have hy = Sy for each k > 0. For any

k,n > 0, we have the symmetric polynomial identity
hk(xl, e ,wn) = S(k) (gcl, v ,l’n) (3.3.4)

3.4 Cauchy Formulas

The Schur functions defined in the preceding sections admit some rather interesting identities in
terms of generating functions. Remarkably, as we shall see in Section 5, these identities turn out to

provide the foundation for a natural inner product on the ring of symmetric functions.

Proposition 3.12. Let {z; | i € N},{y; | j € N} be sets of variables. Then

n

I1 1_195% =Y Sx(@)Sx(y) (3.4.1)

i,j=1 A

where the righthand sum in (3.4.1) is taken over all partitions. If X' denotes the conjugate partition
of \, in which columns and rows are exchanged, then for any m,n we have

m,n
H 1+ a:zyj Z S)\ S)\/ (3.4.2)
i=1,j=1
Proof. We will first prove (3.4.1). Consider the matrix A given by A;; := % Our goal is to

provide two expressions for the determinant of A, the equality of which will imply the desired identity.

We will first show that
V(z)V(y)

HZj:l(l — Tiy;)

Beginning with the matrix A, subtract the first row from the i-th row for each ¢ > 1. Doing so, we

det(A) = (3.4.3)

obtain a new matrix B with the same determinant. The entries of B are given by By; = Ay, and,

for each 7 > 1:
1 1 _ (i — x1)y;

1—zy;  l—way; (- ay;) (1 — 21y))

Bz’j =
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Thus we may factor x; — ;1 from the i-th row for each ¢ > 1, and we may factor 1_;1% from the j-th
column. Hence
1 1 . 1
1 LN lyl 1y2 lyn
det(B) = ! det | ~7MYr TR TreYn 3.4.4

(B) (1—x1y1g1—x1yi> : : : ( )

Y1 Y2 . Yn
1—zpy1  1—znys 1—2nyn

In the righthand matrix, we subtract the first column from the j-th for each j > 1. This yields a
new matrix C' with the same determinant as the righthand matrix above. The entries of C are given
by C11 =1, Ci1 = § {{;yl for each @ > 1, C1; = 0 for j > 1, and for each 4, j > 1:

Y — 1

Cij =
T (1= zyy) (1 — i)

For each 7,5 > 1, we may extract a factor % from the i- th row and a factor (y; — y1) from the

j-th column. This alters the determinant by a factor of [} . After doing so, we are left with

=2 1 x; y
1 0 . 0
1 = " L 1 e 1
det(A) = H Li = 1 Yi—hn det 1—z21n 1—z2y2 1-z2yn
L=zy i -2y 1 -z : : :
il 1 AU S
l-zny1r  1-zny2 1—xnyn

Note that the (1, 1) submatrix of the rightmost matrix is precisely a square matrix of size n — 1 with
the same form as the original matrix A, albeit with the variables 1 and y; removed. By expanding
the above determinant along the first row, we see that (3.4.3) follows by induction.

We will now find an alternate expression for the determinant of A by considering each entry of

A as a geometric series = S zkyk  In this way, we may realize each row (resp. column
g k=0 zy] Ys y P

1
1—z;y;
of A as the formal sum of infinitely many rows (resp. columns). By multilinearity in the rows, we
obtain

det(4) Z Z det(Ap, hy,.o )y Where (Apy k..o, )ij = (ziy;)" (3.4.5)
k1=0 kn,=0

By factoring out :Ufl from each row, we see that det(Ag, ks, k,) = <Hl mfl) det(By, ks, k,)- Here

we define By, i, k, to be the matrix with entries (B, ko, kn)ij = yfl This determinant is 0 if
the k; are not all distinct. Otherwise, we may reorder the sequence of k; to be strictly decreasing,
introducing the sign of the permutation as we do so. We then collect all terms in which the k; are
a permutation of a given sequence A 4+ d. Doing so produces the term Ajxis5(z)Axr+s(y). Repeating
this procedure for all partitions A, together with (3.4.3), implies the following identity:

an( = :L‘Zyj Z Axgs(x)Axnis(y) (3.4.6)

J=1
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Dividing both sides by the Vandermonde determinants turns the alternating polynomials into the
corresponding Schur polynomials, which implies (3.4.1).

The dual identity (3.4.2) follows from (3.4.1) by applying the automorphism w. By the remark
following the end of the proof, the identity (3.4.1) may just as well be written as

m,n

H (1 —a2y5)” ZS)‘

i=1,j=1

By applying w to the symmetric functions in y, the lefthand side of the identity becomes

w H (1 xzy] = H y] = HE(yj) = H (1 + xiyj)
i=1,j=1 j=1 j=1 i=1,j=1
which is the lefthand side of (3.4.2). By (3.3.3) we have seen that w(Sy) = Sy, which turns the
righthand side of (3.4.1) into the righthand side of (3.4.2). O
Remark. A variant of the identity (3.4.1) still holds if we have sets of variables :El, ooy Ty and

Yi,.-.,Yn with m > n. Indeed, we may obtain [, [T’ by setting

1 from ]!
j=1 T—a;y; y i,5=1 T—x;y; y
y; = 0 for all 7 with n < j < m. Lemma 3.7 accounts for the corresponding change to the righthand
sum, yielding

HH 1_ . Z S/\(Q?17~~-,Hfm)SA(y1,~--7yn) (341&)

i=1j5=1 AEmyl(A)<n

If m < n, then by a symmetric argument we also obtain
1
HH* - Z Sk(xl""7xm)S)\(y17"'7yn) (341b)
i=1j=1 AFn,l(A)<m

Of course, both of the above identities amount to taking the given product on the lefthand side and
taking the righthand sum over all partitions A. The way that we have written the identities above

simply clarifies which terms in the sum are nonzero.
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4 Combinatorics of Young Tableaux

In this section we move away from the algebraic theory of symmetric functions and focus instead on
the combinatorial theory of Young tableaux. We will primarily follow the presentation of this subject
offered by Fulton in Part I of [2]. We will refer to the same source for terminology and notation,
most of which we have summarized in Section 4.1. Sections 4.2-4.4 correspond roughly to §1 and
§2.1 of the same source, although the order of the material has been reworked in order to develop
the theory more directly. Section 4.5 on the Robinson-Schensted-Knuth correspondence is adapted
from [2, §4.1].

4.1 Young Tableaux

In Section 1.1 we introduced the notion of a Young diagram, which provided a means to reason
geometrically with integer partitions. The choice of using boxes (as opposed to, say, dots) to populate
the rows of the diagram is not entirely superfluous, as it enables us to fill the boxes. From a
combinatorial perspective, it is natural to consider the number of ways that the boxes of a Young
diagram can be filled, subject to certain constraints. Although this seems unrelated to our current
discussion, the combinatorics of filling Young diagrams with positive integers turns out to have deep
connections to the study of symmetric functions, as we shall see beginning in Section 5.3. The
primary combinatorial object we will be concerned with in the following sections are tableauz. We
provide in this section the following necessary definitions.

Definition 4.1. Any way of putting a positive integer in each box of a Young diagram is called a
filling of the diagram. A filling in which each box contains a distinct entry is called a numbering of
the diagram.

Definition 4.2. A semistandard Young tableau, or simply tableau, is a filling of a Young diagram
such that the entries are

1. Weakly increasing across each row, and
2. Strictly increasing down each column.
We say that the tableau is a tableau on the diagram A, or that X is the shape of the tableau.

Definition 4.3. A standard tableau is a tableau in which the entries are the integers 1 to n = ||,

each occurring once.

Example. The following are a tableau and standard tableau, respectively, on A = (5,3,2,2):

2[3]4] 4]10[12]

0| U N
~

Ty = and T =

O[T x| Do
ot

OO W+

Y | DN~

—
—
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Remark. The entries of tableaux need not be positive integers. More generally, fillings of Young
diagrams can use entries from any alphabet (i.e. totally ordered set).

Recall that a skew diagram is the diagram obtained by removing a smaller Young diagram from
a larger one that contains it. We may just as well consider fillings of skew diagrams, which prompts

the following analogous definition.

Definition 4.4. A skew tableau is a filling of the boxes of a skew diagram with positive integers
such that the entries weakly increase across each row and strictly increase down each column. We

call the skew diagram of a skew tableau its shape.

Example. Let A = (5,5,4,3,2) and p = (4,4,1). The the following are the skew diagram of \/u
and a skew tableau S on A/u, respectively:

2
6
and S =F12]4]4
2[3[6
5(6

Remark. When working with tableaux or skew tableaux in the sections that follow, we must often
compare which of two entries is lesser and which is greater. As a general convention, we consider
the rightmost of two equal entries to be the greater of the two. For example, in the skew tableau
S shown above, we would consider the 2 situated in the (4,1) box to be less than the 2 situated in
the (3,2) box, which is in turn less than the 2 situated in the (1,5) box. Each of these 2’s is still

considered less than the 3 in the (4,2) box, of course, regardless of their position in the diagram.

Definition 4.5. Let A\, u be Young diagrams such that 1 C A and consider the skew diagram A/p.
A box (in A/u) such that the two boxes immediately below and immediately to the right are not
contained in the diagram is called an outside corner. A box (in ) such that the boxes immediately
below and immedately to the right are not contained in y is called an inside corner.

For instance, if A and p are as in the previous example, then the skew diagram \/u has two
inside boxes, namely those in the (3,1) and (2,4) positions. There are four outside boxes in \/pu,
namely those in the (5,2), (4,3), (3,4), and (2,5) positions.

In the sections that follow, we will investigate various operations on tableaux and skew tableaux.
When proving results related to these operations, it is helpful to eschew the geometric view of
diagrams and instead consider how these operations act on lists of the entries of tableaux. In
particular, we will be interested in examining how these operations act on the row words of skew

tableaux, which we define as follows.

Definition 4.6. A word w is a finite sequence of letters taken from some alphabet, typically the

positive integers. Given two words w, w’, we denote their juxtaposition by w - w’, or more often ww’.
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Definition 4.7. Given a (possibly skew) tableau 17" with n rows, we define the word (or row word)
of T', denoted w(T") or wyew(T'), to be

w(T) = wpwp—1 - - - wowy

where w; is the word consisting of the entries of the i-th row of T, written in increasing order. In
other words, w(T) is the word obtained by writing the entries of T' from left to right within each

row, starting with the bottom row and working up to the top row.

Example. Consider the tableaux T and 77, and the skew tableau S as in the previous examples of
this section. We have

(Th) =56145|245|112234

w(Th)=911]68 3571241012

w(S)=56[236|244|6]2

w

The vertical strokes are included only to indicate row breaks; they are not part of the word.

Remark. A tableau T can be recovered from its word; simply introduce a row break each time an
entry in the word is strictly larger than the one directly to its right, as in the first two examples
above. We call each subsequence delimited by such a strict decrease a piece of the word.

Evidently not every word corresponds to a tableau. In particular, the pieces of the word must
have weakly increasing length to ensure the shape of a Young diagram, and the usual order-theoretic
properties of a tableau must be respected in each resulting column. On the other hand, every word
corresponds to a skew tableau (in fact, many skew tableaux). For instance, if one partitions a word w
into weakly increasing pieces, then these pieces can be put in rows. Then a skew tableau is obtained
by placing each row above and entirely to the right of the preceding piece’s row.

It is often useful to consider the number of times a given entry appears in a (skew) tableau, or

equivalently the number of times that a given letter appears within a word.

Definition 4.8. We say that a skew tableau S with entries in [n] has content (or type or weight)
a = (ay,...,qp) if the multiplicity of 7 in S is «; for each i, 1 < i < n.

Example. Let Ty, T1, and S be as in the previous examples of this section. The skew tableau S
has content (0,3,1,2,1,3). The tableau Ty has content (1,3,1,3,3,1). The standard tableau 77 has
content (1!2). In general, a standard tableau with n boxes has content (17).

4.2 Schensted Row-Insertion Algorithm, Knuth-Equivalence

In this section we introduce the first of two useful operations which produce tableaux, namely the
“row-insertion” algorithm. Along with the “sliding” procedure of Section 4.3, we will use the row-
insertion algorithm to provide two equivalent definitions for an associative multiplication of tableaux;
this will be the content of Section 4.4.
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We begin by describing how the Schensted row-insertion (or row-bumping) algorithm acts on
tableaux, later investigating how the algorithm acts on the words of tableaux. This algorithm takes
a tableau T' and positive integer x, and constructs a new tableau 1" <— x which contains one more
box than T'. The procedure runs as follows.

o If x is at least as large as all the entries in the first row of T', append a new box to the end of

the first row containing xz and halt.

e If not, find the least (i.e. leftmost) entry, say x1, of the first row that is strictly greater than
x. Remove (“bump”) z; from its box and place x in the now empty box.

e Take the entry z; that was bumped from the first row and repeat the above procedure, row-
inserting x1 into the second row of 7.

e Repeat this process on each subsequent row until one of the following conditions is met:

— The bumped entry is maximal in the row below, and can be appended to the end of the

row it is bumped into, or

— The entry is bumped from the bottom row, in which case it forms a new bottom row

containing one box.

1]2]2[3
Example. Row-inserting « = 2 into the tableau T' = i i g > yields:
516
112 — 2 112 112 2 1122
213 213 +— 3 213 5 2133
— — —
414 414 414 +~ 5 41415
516 516 516 516]|6

It is not difficult to verify that the Schensted algorithm will always produce a tableau; it suffices
to show that the order-theoretic properties of the tableau rows and columns are preserved at each
step. Indeed, by construction we have that each row remains weakly increasing. Now suppose that
an entry y bumps an entry z from a given row. The entry directly below z (if one exists) is strictly
greater than z by definition of a tableau. Hence z either stays in the same column or moves to the
left as it is bumped into the next row. The entry directly above z’s new position is at most ¥y, and
hence strictly less than z.

The Schensted algorithm is in fact reversible, provided that one identifies the new box that has
been added. Running the algorithm in reverse will produce the original tableau as well as the entry
that was row-inserted into the first row:

e If z is the entry in the new box, locate the position of z in the row above. In particular, find
the greatest (i.e. rightmost) entry in the row above which is strictly less than z.
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e Place 2 in the box from the previous step and bump the original lesser entry into the next row
above.

e Repeat the above two steps until an entry has been bumped out of the top row.

In fact, this reverse row-insertion algorithm can be run on any tableau and any box in the tableau
which is an outside box.

Definition 4.9. A row-insertion 7T < x determines a collection R of boxes, namely those where an
element is bumped from a row, together with the box where the last bumped element is placed. We
call R the bumping route of the row-insertion. We call the bottommost box of the bumping route,

namely the box which was added to the diagram of T, the new box of the row-insertion.

Example. If we consider the row-insertion of the previous example, then the bumping route R is
indicated by the shaded boxes below:

2
;
4

d

1
2
4
)

The box in the (4,3) position is the new box of the row-insertion.

We say that a route R is strictly (respectively weakly) left of a bumping route R’ if in each row
containing a box of R, the route R has a box in the same row which is left of (respectively left of
or equal to) the box in R’. We give similar strict and weak definitions when speaking of bumping
routes or boxes being above, below, or to the right of one another. The preceding definitions provide
us with the necessary terminology for the following lemma, which will be of use in proving the Pieri
formulas for Schur polynomials in Section 5.3.

Lemma 4.1 (Row Bumping Lemma). Consider two successive row-insertions, first row-inserting a
positive integer x into a tableau T, then row-inserting an element x' into the tableau T <+ x. Suppose
that these two row-insertions produce respective bumping routes R and R’ and respective new bozes
B and B'.

1. If x < ', then R is strictly left of R, and B is strictly left of and weakly below B'.
2. If x > 2/, then R’ is weakly left of R and B’ is weakly left of and strictly below B.

Proof. Let © < 2/, and suppose that  bumps an element y from the first row. The element v/
bumped by z’ from the first row must lie strictly to the right of the box where x bumped ¥ since
all boxes weakly left of x have entries at most x (and hence at most z’). Since the box formerly
occupied by v is strictly left of the box formerly occupied by 3/, we see that y < ¢/, and so the same
argument applies to each subsequent row. Hence R is strictly left of R’. Note that R cannot stop in
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a row strictly above the row in which R’ stops; moreover, if R and R’ stop in the same row, then B
must lie to the left of B’ by the previous argument. Hence B is strictly left of and weakly below B’.

Now let z > 2’ and suppose that  and 2’ bump elements y and 3/ from the first row, respectively.
The box where 2’ bumps 3’ must be weakly left of the box where x bumps y. This follows from the
fact that ' bumps the least entry strictly greater than it; since z > 2/, then any such entry is at
most z, so ¥’ < x and the box of 3/ cannot be to the right of the box of x. Since ' < x and = < y,
then ¢ < y and so the same argument applies to each subsequent row. Hence R’ is weakly left of
R. Moreover, 3y’ will never be maximal in a row occupied by vy, so R’ must extend at least one row
further down than R. Hence B’ is weakly left of and strictly below B. O

The row-bumping lemma can be extended as follows.

Proposition 4.2. Let T be a tableau of shape i, and let U := (--- (T < x1) < x2) < -+ ) <
for some positive integers x1,...,xp. Let X\ be the shape of U. If 1 < xg < --- < x, (resp.
x1 > X2 > -+ > xp), then no two bozes in \/p lie in the same column (resp. row).

Conversely, suppose U is a tableau on X\ D u, with p bozxes in A\/p. If no two boxes in A/ lie
in the same column (resp. row), then there is a unique tableau T of shape p and unique positive

integers x1 < xg < -+ <z, (Tesp. xy > x92 > -+ > xp,) such that
U=( (T« x1)x2) ) xp

Proof. Note that the boxes of \/u are precisely the new boxes of the subsequent row-insertions of
the x;. The first half of the proposition follows from p — 1 applications of the row-bumping lemma.

For the converse, first consider the case where no two of the boxes lie in the same column.
Perform p consecutive reverse row-bumpings on U using the boxes in A/u, proceeding from the
rightmost to the leftmost. This gives a tableau 7' on p and elements 1 < z9 < -+ < x, whose
uniqueness is guaranteed by the row-bumping lemma. The case where no two boxes lie in the same
row is handled similarly, albeit with the reverse row-bumpings proceeding from the bottommost to
the topmost box in \/pu. O

We will now move away from the diagrammatic treatment of tableaux and consider how the
Schensted algorithm operates on the words of tableaux. Suppose that a letter (i.e. positive integer)
x is inserted into a row. Then the Schensted algorithm asks us to factor the word of this row as
w2’ - v, where v and v are (possibly empty) words and z’ is a letter such that v < x and = < a'.
Here u < z means that u; < x for each letter u; in u. We perform the row-insertion by replacing x’
with z and bumping z’ to the next row down; this yields the tableau with word ' -« -z - v. In sum,
the Schensted algorithm acts on the words of rows by

(-2’ -v) z~a - (u-x-v), ulz<az' <wv (4.2.1)

where the letters of u and v are weakly increasing, and u < v means u; < v; for any two letters u;

in u, v in v.
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Example. Consider the tableau 7" from the first example of this section. The row word of T' is given
by w(T") = 5644623551223. Row-inserting x = 2 into this word gives

(56)(446)(2355)(1223) - 2 ~» (56)(446)(2355) - 3 - (1222)
56)(446) - 5 - (2335)(1222)
56) - 6 - (445)(2335)(1222)

566)(445)(2335)(1222)

H

$

~—~~ I~

>

which is the word of the tableau T' < x as obtained earlier.

Although the transformation (4.2.1) does correctly describe the action of the Schensted algo-
rithm on the word of a tableau, the description is incomplete in the sense that it does not describe
how to find such a factorization u - 2’ - v. In order to address this issue, we will look more closely
at how the Schensted algorithm acts on triplets of neighbouring letters in a word. Maintaining the
same notation as in (4.2.1), then within a given row, the Schensted algorithm amounts to performing
two sequences of transformations acting on adjacent letters. The first sequence of transformations

runs as follows:

ux'vy - Vg—1VgT ux'vy - Vg—12g (x <vg—1 <)
> Uz vy - Vg2 TVG—17g (x < vg—2 < vg—1)

> ux V1TV - Vg1 (x < v <wg)

> uz’Tuy - vg_11, (u<z<a <w)

For this stage, the reiterated transformation is
xyz—xzy (2 <x<y) (K")

At this point, x bumps 2’ and 2’ moves successively to the left, yielding a second sequence of

transformations:
Up - Up 1 Up TO — Uy - U1 T UpTV (up <z <a’)
> up e 2 Uy U T (up—1 < up <)
> ura ugus - - UpTY (ug <wug < 2’)
— 2 ugug - upTY (up <wug < ')

For this stage, the reiterated transformation is
zyz—yrz  (x<z<y) (K"

Definition 4.10. The transformations K’, K”, or their inverses, are called elementary Knuth trans-

formations on a word when applied to three consecutive letters in the word.
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Another way to realize the elementary Knuth transformations is as follows. Suppose that zyz
are three consecutive letters in a word. If one of y and z is smaller than x and the other greater
than z, then the transformations K’ and K'~! allow us to interchange y and z. This still applies if
one of the neighbours y or z is equal to z, following the usual convention that the rightmost of two
equal letters is greater. Likewise, if one of  and y is smaller than z and the other greater than z,
then the transformations K” and K”~! allow us to interchange x and y.

An important observation is that the elementary Knuth transformations may be used to define

the following equivalence relation.

Definition 4.11. Two words w, w’ are Knuth-equivalent if they can be changed to the other by a

sequence of elementary Knuth transformations. In this case we write w = w’.

We have the following proposition, which follows immediately from the initial discussion moti-

vating the elementary Knuth transformations.
Proposition 4.3. If T is a tableau and x is a letter, then w(T < z) = w(T) - z.

Although the notion of Knuth-equivalence may seem unmotivated at present, its significance
will become apparent in the sections that follow. In particular, Knuth-equivalence provides a crucial
link between the Schensted algorithm and the seemingly unrelated “sliding” algorithm we will explore
in the following section. The important connection is established by the following central theorem

of Knuth-equivalence on words.
Theorem 4.4. Every word is Knuth-equivalent to the word of a unique tableau.

The existence of such a tableau is easy to establish, and there is a so-called canonical procedure

to construct it. In particular, if w = x1 - - - x,- is a word, then the word

Py (o () o ) ) )

constructed by the canonical procedure is the word of a tableau, and is Knuth-equivalent to w by
Proposition 4.3. The uniqueness claim is far less trivial to prove, and requires a number of new ideas
and results. As these results are not of tremendous importance for what follows, we have omitted the
uniqueness proof from the present discussion. The interested reader can find the proof in Chapter 3
of [2].

4.3 Sliding, Rectification of Skew Tableaux

In this section we concern ourselves with a second tableau operation, namely the “sliding” algo-

rithm due to Schiitzenberger. While the Schensted algorithm of the previous section operated on a

tableau and letter to create a new tableau including that letter, Schiitzenberger’s algorithm suitably

rearranges the box of a skew tableau so as to form a tableau after sufficiently many iterations.
Given a skew tableau S, the basic sliding algorithm runs as follows.
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e Select an inside corner (“empty box”) of the skew tableau S, and consider the two neighbouring
entries immediately below and immediately to the right of the empty box.

e Identify the smaller of these two neighbouring entries, taking the leftmost of equal entries to

be smaller, as usual. Slide this smaller entry into the empty box, creating a new empty box.

e Repeat the previous step with the new empty box until the empty box becomes an outside
corner. At this point, remove the empty box from the diagram.

Example. Starting from the inside corner in the (2,1) position, the sliding algorithm acts on the
following skew tableau as follows:

1 1 1

2044 202(4]4 202(4]4
236 ™ W36 3(5(6
5[5 505 5]

The fact that the sliding algorithm produces a skew diagram is clear, as the algorithm amounts
to adding a box to an inside corner, and removing the box from an outside corner. The fact that the
sliding algorithm produces a skew tableau is also simple to verify. At each stage, there are two cases
to consider:

bl v
E.Ewaﬁy (x <)
u X u

(z>y)

$
ISE RS I~

U

Note that any of the boxes in the basic configuration above may be empty. In each of the above cases,
it is easy to verify that the rows remain weakly increasing and columns remain strictly increasing.
Consequently, the tableau ordering is preserved throughout the entire procedure.

As with the Schensted algorithm, the sliding algorithm is reversible subject to additional in-
formation. In particular, given a skew tableau and the (outside corner) box that was removed, we
can perform the reverse slide to recover the original skew tableau. The reverse slide is conducted by
running the sliding algorithm in reverse, as follows. Starting with the removed box, slide the greater
of its two neighbours immediately above and immediately to the left into the empty box. Repeat
this procedure until the empty box becomes an inside corner.

Observe that applying the sliding algorithm to any inside corner of a skew tableau .S of shape
Ao/ o produces a new skew tableau S of shape A;/uy with |A1| = [Ao| and |p1| = o] — 1. Moreover,
the entries of S7 are simply a rearrangement the entries of S. Consequently, the sliding algorithm can
be performed on each resulting skew tableau until one obtains a skew tableau with no inside corners;
namely, a tableau. The entries of this tableau will moreover be a rearrangement of the entries of S.
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Definition 4.12. The resulting tableau is called the rectification of S, which we denote by Rect(S).
The process of applying subsequent slidings to obtain Rect(S) is called the jeu de taquin.

Example. Continuing from the previous example, we obtain

1 1 1 114]  M[4]4] 1]2]4]4]
_ W24 2244 2[2[4[4] _ [2]2]4 2[2[6 2[5(6] _
S =156 ~7 3]5]6 a6 T BEE T BE6 MEE] = Rect(S)
5[5 5] 5] 5] 5] 5]

Although it is not obvious at this point, the rectification of a skew tableau is in fact well-defined.
That is, the tableau Rect(S) is independent of the choice of inside corner at each stage of the jeu de
taquin. In order to justify this claim, we will consider how the sliding algorithm affects the words of
skew tableaux. In particular, we have the following proposition.

Proposition 4.5. If one skew tableau can be obtained from another by a sequence of slides, then
their words are Knuth-equivalent.

Proof. We first note that the result of a slide need not be a skew tableau; quite often it will be a
skew tableau with a hole. In any case, the word is defined in the same way by listing the entries
from left to right in each row, from the bottom row to the top. Thus it suffices to show that the
Knuth-equivalence class of the word is unchanged by a single horizontal slide or a single vertical
slide. In the case of a horizontal slide, the Knuth class of the word is clearly preserved as the word
itself is unchanged. The case of a vertical slide requires a more involved analysis. As the details are
ultimately unimportant for our purposes, we will omit the proof of this case. The interested reader
can find a complete proof in [2, p. 20-22]. O

This proposition, together with Theorem 4.4, implies the following corollary, which establishes
that the rectification is well-defined.

Corollary 4.6. The rectification of a skew tableau S is the unique tableau whose word is Knuth-
equivalent to the word of S. 1If S, S' are skew tableauz, then Rect(S) = Rect(S’) if and only if
S=9.

4.4 Products of Tableaux

At this point we are now equipped with the concepts required to define a multiplication of tableaux.
In light of the results we have collected on Knuth-equivalence, we will define our product in terms
of the words of tableaux, and use the algorithms of Schensted and Schiitzenberger to facilitate
explicit computations. The utility of this tableau product will become apparent beginning in Section
5.3 when we establish an explicit correspondence between Schur polynomials and tableaux. We
will then be able to translate questions about products and factorizations of Schur polynomials
(or more specifically their monomial components) into corresponding questions about products and
factorizations of tableaux. With this in mind, we define the product of two tableaux as follows.
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Definition 4.13. Let 7' and U be tableaux with words w(T') = t;---t, and w(U) = g -- - us,
respectively. We define the product tableau T - U to be the unique tableau whose word is Knuth-
equivalent to the word w(T') - w(U) given by juxtaposition.

By Theorem 4.4, we see that this multiplication is well-defined. It is moreover easy to derive
several basic properties, which can be seen by investigating the corresponding properties of the
juxtaposition product of words, and are summarized in the following proposition.

Proposition 4.7. Consider the set of tableauz with the product - defined as above. The product - is
associative, and an identity element is given by the empty tableau @, the unique tableau on the empty

partition (0). In other words, the set of tableaux with the product - and identity & forms a monoid.

Remark. If T and U are tableaux consisting of r and s boxes, respectively, then it is clear from the
definition that the product tableau T' - U consists of r + s boxes. As any nonempty tableau consists
of a strictly positive number of boxes, it can easily be seen that @ is the only invertible element of
this monoid.

By repeated applications of Proposition 4.3, we deduce the following method to explicitly com-
pute the product of tableaux using the row-insertion algorithm. Let T, U be tableaux and suppose
that U has row word w(U) = uy - - - us. Then the product tableau T - U is given by

T-U=((-((T < up) ¢ ug) ¢ ) < us_1) < Us (4.4.1)
Example.
q 1 1 3 |
113 2 2
H ‘:233 3-\1|3\:3 1= .
4 4

Given this simple means to perform explicit computations, we can also readily observe that the

product - defined on tableaux is not commutative in general, even in simple cases.

Example.

11(1
2] (1]~ Y ) - [ AT

A second explicit method for computing tableau products is given by the sliding algorithm. Let
T and U be tableaux, and define the skew tableau T x U diagramatically by placing U immediately
above and to the right of T'. It is clear that w(T « U) = w(T) - w(U). By Corollary 4.6, we see that

T -U = Rect(T «U) (4.4.2)
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1]2]3]
1 . .
Example. If T'=[3[3] and U =5 3[as in our earlier example, then we have
1[6 2]
1]3] 113 1]3] [1]3] 113]  [L[2]3] 1]1]2]3]
2 2 2 2|2 1[2]2 1[2]3 2[3[3
TxU =[1]|2]3 ~[1]2]3 ~ [1]2]3] ~[1[3]3] ~ ~ ~ =T.U
3[3]3 3[3 3[6
3(3 3(3 3[3 3]6 s TS 1
1]6 1]6 1[6 4] =

Having now defined a multiplication of tableaux, we are ready to establish an initial correspon-
dence between tableaux and polynomials. To do so, first recall our earlier remark that the set of
tableaux form a monoid. As with any monoid, we may form a corresponding monoid ring by treating
the monoid elements as indeterminates over an additive group, such as Z. In particular, we will con-
sider this construction with the monoid M of tableaux with entries in the alphabet [m] := {1,...,m},
where m is a positive integer, and the additive group Z. We define the tableau ring R|,, to be the
free Z-module with basis given by the tableaux with entries in [m]. Multiplication in Ry, is of course
defined by our usual multiplication of tableaux, and R|,, forms an associative, noncommutative ring.

There is a canonical ring homomorphism from Ry, into the polynomial ring Z[z1, ..., zx,]. In
particular, if 7" is a tableau with entries in [m], then we define the monomial 27 to be the product

m
ol =g = H:Uf" (4.4.3)
i=1
where o = (a1,...,ay) is the content of T (cf. Definition 4.8). In other words, «; denotes the

multiplicity of ¢ in the tableau T'; that is, the number of boxes of T" which contain ¢ as an entry. We
then have the canonical ring homomorphism Rj,,) — Z[z1,...,xm] given by mapping a tableau to
its monomial, i.e. T — 2T. The key observation to see that this is a homomorphism is the fact that
the entries of a product of two tableaux are precisely the entries of the two tableau factors. Hence
the multiplicity behaves additively with respect to tableau multiplication.

Remark. A more general variation of the above construction can be carried out by extending the
alphabet of our tableaux to be the entire set of positive integers. In this construction, we allow
elements of our tableau ring R to be formal power series of tableaux with coefficients in Z. In this
case, we define the monomial of a tableau and the canonical homomorphism 7' — X7 in the same
way; the degree of each monomial will remain finite since any given tableau contains only finitely
many entries. The difference in this case is that the canonical homomorphism maps elements of
the tableau ring to elements of the ring of formal power series in infinitely many variables with
coefficients in Z.

We conclude this section with a special case of the central result of Section 5.3, namely that
the Schur polynomials admit a remarkably simple expression as a sum of tableau monomials. In
particular, we will concern ourselves for the time being with tableau monomial expressions for the
elementary and complete homogeneous symmetric polynomials, which are provided in the following
proposition.
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Proposition 4.8. Let A\ be a partition and denote by T (\) the set of tableauxr with shape A and
positive integer entries. Then if k > 0, we have

Z zt and Z zt (4.4.4)

TeT(1F) TeT (k)

Restriction to tableaur with entries in [m] yields the corresponding expressions for symmetric poly-
nomials in m variables, valid for all k < m:

ep(T1, ..., Tm) = Z zT and hi(x1,...,2m) = Z zT (4.4.5)

TE Ty (1F) T€Tm) (k)
where Ty () denotes the set of tableauz with shape A and entries in [m].

Proof. We will first prove (4.4.5). Recall that the partitions (1¥) and (k) correspond to a column
and row of length k, respectively. Tableaux on (k) with entries in [m] correspond (by their words)
to weakly increasing sequences in [m] of length k. Likewise, tableaux on (1*) with entries in [m)]
correspond (by reversing their words) to strictly increasing sequences in [m] of length k. The identities
in (4.4.5) follow by comparing with the combinatorial expressions in Propositions 2.1 and 2.5 for
elementary and complete symmetric polynomials, respectively.

The proof of (4.4.4) is a simple generalization of this argument, noting that the combinatorial
expressions in Propositions 2.1 and 2.5 generalize naturally for symmetric functions in infinitely
many variables. O

Remark. Recall that the elementary and homogeneous symmetric functions are special cases of the
Schur functions by Propositions 3.9 and 3.11, with e, = Sy») and hy = S for each k > 0. In
fact, the expressions of the previous proposition generalize directly to arbitrary Schur polynomials,
although the proof is more involved in the general case; this will be the content of Sections 5.2 and
5.3.

4.5 Robinson-Schensted-Knuth Correspondence

In this section, we introduce the Robinson-Schensted-Knuth (RSK) correspondence, a remarkable
combinatorial bijection between pairs of tableaux and matrices with nonnegative integer entries.

Recall that for each word w, there exists a unique tableau P(w) whose word is Knuth-equivalent
to w. In particular, if w = x1 - - z,, then P(w) can be constructed by the canonical procedure:

Py = (-~ (B o) o) ) ) oo

Given a tableau constructed by the canonical procedure, we may be interested in determining which
word was used as the blueprint. The tableau alone is insufficient to determine this word uniquely;
it will only provide a Knuth-equivalence class of possible words. Recall however that the Schensted
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algorithm is completely reversible, provided that one has the additional information of which box
has been added to the tableau at each stage. Consequently, one can recover the word w from the
tableau P(w) together with the numbering of the boxes that arise in the canonical procedure. To
preserve this information, we use a recording (or insertion) tableau, which we construct as follows.

Definition 4.14. Let w = z1 - - - x, be a word of length r. The recording tableau Q(w) is a standard
tableau with the same shape as P(w). The entries of Q(w) are the integers 1,...,r with the integer
k placed in the box added at the k-th step of the canonical construction of P(w). If we let

Po= (- (([m] e m) «m) ) e

and denote by Q the corresponding insertion tableau obtained at the k-th step of the canonical
procedure, then we construct Q(w) = @, recursively as follows. We begin by letting Q1 = . We
then construct Qi from QQx_1 by adding a new box in the same position as the new box added to P
from Pj_q; we fill this new box with the integer k.

Note that the new box added to P, (and hence Q) at each stage of the canonical procedure
is always an outside corner. Hence the entry k which is placed in this box will be larger than the
entries above or to its left, so the result will be a tableau.

Example. Let w =548234. Then for each k > 1, the pair (Py, Q) is given by

EEE

’p&|l\3 =

1 _o I g [4[8) (8] 4y,
k=1: k=2: k=3: 5] 5 k=4:
3

w
D

k=5:

’O‘(Hkl\b
0.0]
’»kav—l

2 1
5 k=6: Pw)=|4|8 Qw)=|2]5
2] 4]

To recover the original word w from the pair (P, Q), we perform the following procedure to
reduce from (Pg, Qk) to (Pr—1,Qk—1). Begin by locating the box in @) with the largest element
(namely k). We obtain P;_; by reverse row-inserting the element in the corresponding box in P.
The entry that is bumped out of the top row is the k-th letter z; in the word w. We obtain Qx_1
from Q) by removing the box containing the entry k.

By virtue of the fact that the canonical procedure is reversible, we see that any pair of tableaux
(P,Q), with @ a standard tableau, arises in this way. Indeed, if @) is a standard tableau, then we
may perform the word recovery procedure to obtain a word w such that P = P(w) and Q = Q(w).
We therefore have the following proposition.

Proposition 4.9. The canonical procedure together with the construction of a recording tableau, and

the word recovery inverse procedure, establish a bijective correspondence between the following sets:

e The set of words w of length r in the alphabet [n], where n > r, and
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e The set of ordered pairs (P,Q) of tableaux on the same shape \ = r, with entries of P taken
from [n] and Q a standard tableau.

We call this bijection the Robinson-Schensted correspondence.

The Robinson-Schensted correspondence is in fact a generalization of an earlier result due to
Robinson, which is interesting in itself. Suppose that n = r, so that the letters of the word w are the
letters 1,...,n, each occurring once. Then w corresponds to a permutation of the set [n], namely
that which sends ¢ to the i-th letter of w. In this case, P is a standard tableau. Conversely, if P is
a standard tableau, then n = r and w corresponds to a permutation ¢ € S,,. We call this bijective
correspondence between permutations in S, and pairs of standard tableaux on the same shape A Fn
the Robinson correspondence.

Knuth in turn generalized the Robinson-Schensted correspondence to arbitrary ordered pairs
(P, Q) of tableau on the same shape. The generalized procedure and its inverse require only minor
modifications from the Robinson-Schensted correspondence. In particular, suppose that (P, Q) are
tableaux on the same shape, with P having entries in [m] and @ having entries in [n]. Then one can
perform the reverse process described above to obtain a sequence of pairs of tableaux on the same
shape:

(P,Q) = (P, Pr), (Pro1, Pro1), - oo (P2, P2), (P, P1)

each having one fewer box than the preceding pair. Explicitly, we construct (Py_1,Qk_1) from
(Pg, Qi) as follows. Begin by locating the box in @) containing the greatest element, as usual
treating the rightmost of equal elements as the greatest. We obtain Q;_1 by removing this box from
Qr. We obtain P;_1 by reverse row-inserting the entry from the box located in the corresponding
position in Pj.

If we let up be the element removed from @), and let vy be the element bumped out of the

top row of Py, then one obtains a two-rowed array w = (! = 37 ).

By construction, the u; € [m]
appearing in the top row of w are weakly increasing, so u; < ug < --- < u,. By the row-bumping
lemma 4.1, the v; € [n] appearing in the bottom row of w satisfy vg_1 < vy if ugp_1 = ug. We say
that a two-rowed array w satisfying these two properties is in lexicographic order. Evidently, given
a two-rowed array w in lexicographic order, we can construct a pair (P, Q) of tableaux on the same
shape using essentially the same procedure as before. In particular, we construct P by the canonical
procedure using the entries of the bottom row of w, from left to right. The entries of the recording
tableau () are given in this case by the corresponding entries of the top row of w.

This construction of course reduces to the earlier Robinson-Schensted correspondence. In par-

1o

& 20) which we may interpret as

ticular, if @) is a standard tableau, then we have an array w = (
the word vy - - - v,. In particular, we call a two-rowed array a word if u; = 7 for each index 1 <7 < r.
When the v; are the r distinct elements of [r|, we call the array a permutation. We summarize this

in the following theorem.
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Theorem 4.10 (RSK Theorem). The above procedures establish a bijective correspondence between
two-rowed lexicographic arrays w and ordered pairs (P, Q) of tableauz on the same shape. In partic-
ular,

1. w has r entries in each row <= P and Q) each have r boxes. The entries of P are the entries

of the bottom row of w, and the entries of Q are the entries of the top row of w.
2. w is a word < @ 1is a standard tableau.
3. w is a permutation <= P and Q are both standard tableauz.
We call this bijection the Robinson-Schensted-Knuth (RSK) correspondence.

The RSK correspondence can be extended in turn to a correspondence between ordered pairs
(P, Q) of tableaux and matrices with nonnegative integer entries. We first note that an arbitrary two-
rowed array determines a unique lexicographic array by rearranging its columns into lexicographic
order. Thus, for the purposes of the RSK correspondence, we may work with two-rowed arrays
modulo permutation of the columns. There is a natural way to express two-rowed arrays in terms of
matrices as follows.

Consider a two-rowed array such that the entries of the top row are elements of [m], and the
bottom row entries are elements of [n]. We can identify this array by a collection of columns, which
we represent as pairs (i,7) with ¢ € [m] and j € [m], with each pair having some nonnegative
multiplicity; namely, the number of times that (;) appears as a column in the array. Consequently,
we may associate an equivalence class of arrays with an m x n matrix A, where A;; is the multiplicity
of (4,7) in the array.

: : : . 12
Example. We associate the array w = (11122333 3) with the matrix 4 = (% %>

Consequently, the RSK correspondence provides a bijective correspondence between matrices
with nonnegative integer entries and ordered pairs (P, Q) of tableaux on the same shape. There
are a number of simple properties that follow from the correspondence. For instance, if a matrix A
corresponding to a pair of tableaux (P, Q) has size m x n, then P will have entries in [n] and @ will
have entries in [m].

A more interesting observation is that the i-th row sum of A is precisely the number of times
that 7 occurs in the top row of the corresponding matrix, or equivalently the number of times that
i occurs in the tableau ). Similarly, the j-th column sum is the number of times that j occurs in
P. Consequently, A is the matrix of a word if and only if each row of A consists of one 1 with all
other entries 0. Likewise, A is the matrix corresponding to a permutation w if and only if the same
property holds for each column. In this case, A is in fact the permutation matrix of w, following the
convention that the permutation matrix of w has a 1 in the w(7)-th column of the i-th row, with all
other entries 0.
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In this section, we have defined the RSK correspondence between pairs of tableaux and matrices
by factoring into two distinct correspondences with two-rowed arrays. In fact, there are combinatorial
algorithms which establish the RSK correspondence between pairs of tableaux and matrices directly,
with no intermediate reference to an array. This so-called “matrix-ball” construction will not be of
particular use for our purposes, so we will not provide any further discussion. A thorough description
of the algorithms comprises Section 4.2 of [2]. One property of the RSK correspondence that follows
quite clearly from the matrix-ball construction which we will make use of is the following theorem.

Theorem 4.11 (Symmetry Theorem). If an array (! %) corresponds to the pair of tableaux

(P,Q), then the array (4% 0 47 ) corresponds to the pair of tableauzr (Q, P). In particular, if w is a
permutation, then P(w™1) = Q(w) and Q(w™!) = P(w).

We conclude with some interesting corollaries of the Symmetry Theorem.

Corollary 4.12. Symmetric matrices with nonnegative integer entries correspond bijectively with

tableauzx.

Proof. By the definition of our array-matrix correspondence, turning an array upside down amounts
to taking the transpose of the corresponding matrix. In this context, the Symmetry Theorem states
that a matrix A corresponds to a pair of tableaux (P, Q) iff its transpose AT corresponds to the pair
(Q, P). In particular, symmetric matrices of size n correspond to pairs of the form (P, P) where P
is a tableau with entries in [n], hence the conclusion follows. O

Corollary 4.13. Standard tableauxr with n boxes correspond bijectively with involutions w € Sy,.

Proof. Consider the special case of Corollary 4.12 where the tableau P in question is a standard
tableau. By the RSK Theorem, P corresponds to a permutation w € S,,, where n is the number of
boxes in P. By the previous corollary the corresponding permutation matrix is symmetric, which

forces w to be an involution. ]
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5 Combinatorics of Schur Polynomials

Having introduced some core aspects of the theory of Young tableaux, we are now ready to connect
some of these combinatorial results to our study of symmetric polynomials. Our primary goal
in the first two sections will be to arrive at an alternate definition for the Schur polynomials in
terms of tableaux and prove that this agrees with the original determinantal definition from Section
3.2. This will enable us in the following sections to prove a number of algebraic results regarding
Schur polynomials, most notably the Littlewood-Richardson Rule, which provides a relatively simple
combinatorial method to compute the product of two Schur polynomials.

There are many ways that one may prove the equivalence of the determinantal and combinatorial
definitions of the Schur polynomials. We will follow the primarily algebraic approach of Macdonald;
this comprises the content of Sections 5.1, 5.2, and the first half of Section 5.3, which are adapted
from [6, Ch. I, §4, 5]. Once the equivalence of definitions for the Schur polynomials is established,
we return to Fulton’s treatment of the combinatorial theory. In particular, the proof of the Pieri
formulas in Section 5.3 is adapted from [2, p. 24-25] and Section 5.4 on the Littlewood-Richardson
Rule is based on [2, p. 58-66].

5.1 Hall Inner Product

As we have seen in Section 3.2, the Schur functions Sy form a Z-basis for the ring of symmetric
functions. Remarkably, there is a natural inner product on the ring of symmetric functions such
that the Schur functions form an orthonormal basis. This utility of this inner product will become
apparent in the next section when we use it to define the skew Schur polynomials, which in turn will
help establish a link between the algebraic and combinatorial aspects of Schur polynomials. In this
section we will restrict our focus to the definition and basic properties of the Hall inner product.

The Hall inner product is in some sense defined by series expansions of the Cauchy product
[L,;1- z;y;) " from Section 3.4. We have already seen one expansion of the Cauchy product in
terms of Schur polynomials, namely the expansion given by (3.4.1). Recall that for any partition A,
we define h) = Hﬁ(jl) hy,;, and that the hy form a Z-basis of the ring of symmetric functions. The
Cauchy product in fact admits a second series expansion in terms of the hy and m,).

Proposition 5.1. Let © = {z1,22,...} and y = {y1,y2,...} be sets of independent variables. Then

[T =2y ™ =D ha(@)ymaly) = D> mal@)ha(y) (5.1.1)
X X

2
where the sums are taken over all partitions A.

Proof. We have

[T =ziy) ™ =TT H@) = 1D (@) =D halz)y™ =Y halz)maly)

irj j i k=0 a A
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where the second to last sum is taken over all sequences a € @;°; N of nonnegative integers with
finitely many nonzero terms. The rightmost expression above follows by rearranging the terms of the
series into their symmetric group orbits. The equality of the rightmost expression in (5.1.1) follows
by a symmetric argument, beginning with the identity [], ;(1 — ziy;) "t = [1; H (). O

With the identity (5.1.1) established, we are ready to define the Hall inner product and list
some basic properties and related results, the most significant of which is Theorem 5.2 which states
that the Schur functions are an orthonormal basis of A.

Definition 5.1 (Hall Inner Product). We define the Hall inner product on A to be the Z-valued
bilinear form (u,v) such that the Z-bases given by the h) and m) are dual to one another. In

particular, we define the Hall inner product by requiring

1 A=ypu
<h>\7mu> - 5/\ﬂ =
0 A#p
Theorem 5.2. For all partitions X\, u, we have
(Sx, Sp) = O (5.1.2)

That is, the Schur functions are an orthonormal basis for the symmetric functions with the Hall
inner product. If A™ denotes the space of symmetric functions homogeneous of degree n, then the
Schur functions Sy with A+ n form an orthonormal basis of A™.

Proof. Since the hy and m) form Z-bases, we may write Sy = Zp axphp, Sy = Zp bupm,. Then by
computing the inner product (S, S,), we see that

(Sx, Sp) = Z axpbup
P
By virtue of the Cauchy identities (3.4.1) and (5.1.1), we see that
th(m)mp(y) = Z Sp(x)sp(y) = Z <Z apAhA(i’f)) (Z bpumu(y)>
p P p A Iz
By comparing coefficients in the leftmost and rightmost expressions, we obtain
Z apxbpy = Oxp
P

Now consider square matrices A and B whose entries are indexed by partitions so that A = (a,s)
and B = (b,y). In this context, the previous equation can be interpreted as saying that ATB =1,
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namely AT = B~!. This is of course the case if and only if A = (AT)T = (B~1)T = (BT)~!. Hence
we have the identity ABT = I, which translates componentwise into the identity

Z axpbup = Oxp
P

Since the lefthand expression is equal to (S}, S,), this completes the proof. O

Remark. The proof of Theorem 5.2 can be generalized to show that the power sum symmetric
functions py := Hﬁ(j} Py, form an orthogonal basis of the space Ag of symmetric functions with
rational coefficients. The relevant discussion can be found in [6, p. 62-64]. The same argument can

also be found later in this document in the proof of Proposition 6.2.

Proposition 5.3. The Hall inner product is symmetric and positive definite. That is, for all f,g € A
we have (f,qg) = (g, f) and (f, f) > 0, with equality iff f = 0.

Proof. Let f,g € A. If we write f = ), a\S\, g = Zu b,Sy, then by bilinearity we may expand
the inner product as (f,g) = > yax)_, by (Sx, Su). Since 0y, = 6y, then (S, Su) = (S, Sx).
By applying the symmetry of the Hall inner product on Schur functions and moving the linear
combinations back into the inner product, we obtain the desired identity (f, g) = (g, f).

Since the Schur functions are an orthonormal basis, then if f = ), axSy as before, we have
(f.f) =>_, a3. As the a, are integers then clearly this is strictly positive if f # 0, and 0if f =0. O

Proposition 5.4. The involution w : A — A defined by e — hg is an isometry. That is,
(w(f),w(g)) = (f,g) for all f,g € A.

Proof. By bilinearity, it suffices to verify that (w(f),w(g)) = (f,g) for all f,g in a particular basis,
say the basis given by Schur functions. By (3.3.3), we have w(S)) = Sy, and so for any two Schur

functions Sy, S, we have

(W(SA), w(Su)) = (Sx, Spur) = darpr = S = (S, S)

5.2 Skew Schur Polynomials

By Theorem 5.2, we have that the Schur polynomials Sy form an orthonormal Z-basis for the space
A of symmetric functions. Consequently, any symmetric function f is uniquely defined by the values
(f,S)\), namely its Hall inner product with any given Schur polynomial. This allows us to define the
following generalization of the Schur functions as follows.

Definition 5.2. Let A\,v be partitions. We define the skew Schur function S, /5 to be the unique

symmetric polynomial such that
<SV/)\7 SM) - <Sl/7 S)\S/J,> (521)

for each partition pu.
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The following definition allows us to give an equivalent formulation of the skew Schur functions.

Definition 5.3. Let A, u, v be partitions. We define the Littlewood-Richardson coefficient c‘)’\# to
be the coefficient of S, in the linear combination expressing the product 5,5, in terms of Schur
functions. That is, we define the Littlewood-Richardson coefficients by

SaSu=>_ cX,Sy (5.2.2)

Remark. Surprisingly, the Littlewood-Richardson coefficients are nonnegative for any choice of A, u
and v. In fact, there are a number of combinatorial algorithms which can be used to compute these
coefficients. An investigation of some of these algorithms will be the focus of Section 5.4.

With the Littlewood-Richardson coefficients defined as above, the skew Schur function S,/ can
be equivalently expressed as
Sun=>_ K. (5.2.3)
2
From this formulation, it is clear that S, o =5, for any partition v. Moreover, since S is homoge-
neous of degree |A[, we see that ¢, 7 0 only if |v] = |A[ + [u[. Consequently, S,y is homogeneous of
degree |v| —|A|, and is 0 if |v| < |A[.

At present, the formula (5.2.3) is not particularly useful due to the a priori nonconstructive
nature of the Littlewood-Richardson coefficients CKM. This will be remedied in Section 5.4, in which
we describe combinatorial algorithms for determining these coefficients. A more immediately useful
expression is the following generalization of the Jacobi-Trudi identity.

Proposition 5.5. Let A be a partition with [(A\) <n and \y = 1(N) < m. Then
Sx/p = det(hx;—p;—irj)1<ij<n = det(ex_y i j)1<ij<m (5.2.4)
with the usual convention that e, = hy, =0 if k < 0.

Proof. As with the proof of the original Jacobi-Trudi identity (3.3.2) for Schur functions, a proof
of the right equality can be found in [6, p. 22-23]. We will now prove the left equality. Let z =
{z1,22,...},y = {y1,y2,...} be sets of independent variables. By the identities (5.2.3) and (5.2.2)

we have

D Sau@)Sa) = e Su(@)Sa(y) = D Su(2)Su(y)Sx(y)
A v

AV

By applying the Cauchy identities (3.4.1) and (5.1.1) to the rightmost expression we obtain

S S u(@)w) = Su) - huw)ma (y)
A v
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Now suppose that the set of variables y = {y1,...,yn} is finite, so that the above sums are restricted
to partitions A, v of length at most n. After multiplying by the Vandermonde determinant, we may
rewrite the previous equation as

Z Sx/u(@)Axts(y) = Z hy (x)my (y) Apss(y) = Z ho () Z Sgn(a)yo‘+‘7(“+5)
A Py -

O'GSn

with the rightmost sum taken over all n-tuples a € N" of nonnegative integers. Consequently, Sy, ()

A+d

is equal to the coefficient of y in the rightmost expression. In particular, we have the identity

Sau =D 580(0) rgs—o(urs) = det(hn,—p—itj)1<ij<n
gES,

following the convention that h, = 0 if at least one of the components «; is negative. 0

As with Schur functions, we have the simple corollary that the involution w acts on the skew
Schur functions by conjugation of the corresponding skew diagram. That is,

w(Sxn/u) = Sy (5.2.5)

The Jacobi-Trudi identity (5.2.4) also provides some necessary conditions for a skew Schur
polynomial to be nonzero, as well as a useful factorization of skew Schur functions.

Proposition 5.6. If A\, u are partitions, then Sy, # 0 only if p C A.

Proof. Suppose i ¢ A, so that A\, < p, for some r. Then \; < A\, < p, <pjfor 1 <5 <r <i<n.
Thus \; — pj — i+ j < 0 for this range of (i,7), so (hx,—u;—i+j)1<ij<n has an (n — 7+ 1) x r block
of zeroes in the bottom left corner. Therefore its determinant vanishes, so Sy/, = 0 by (5.2.4). [

Proposition 5.7. The skew Schur polynomial Sy, (71, ...,Ty) is nonzero only if 0 < N — ol <n
for all i > 1.

Proof. Suppose that A, — u!. > n for some r > 1. Then since e, = 0 for all £ > n, the matrix
(eA;—M;—Hj)lgi,jgm has a rectangular block of 0’s in the top right corner with one vertex of the

rectangle on the main diagonal. Consequently, the determinant is zero. O

Remark. The converse of Proposition 5.7 also holds by virtue of Theorem 5.12, for if each column
of A/u has height at most n, then there exists a skew tableau on \/u with entries in [n], and hence
Sx/u(x1,...,2n) will have a nonzero monomial term. For the present discussion (indeed, for the

purposes of proving Theorem 5.12), only the previously stated implication is required.

For the next result, we first introduce a general fact about skew diagrams. Any skew diagram
can be decomposed as a collection of skew diagrams which have no “gaps”. More precisely, we have
the following definition.
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Definition 5.4. Let A/u be a skew diagram, and let ¢ be a subset of A\/u. A path is a sequence of
boxes xg, ..., x, € ¢ such that x;_; and x; share a common side for each ¢, 1 <7 < m. We say that
¢ is connected if any two boxes in ¢ are joined by a path in ¢. If ¢ is a maximally connected subset
of A/, we call ¢ a connected component of \/p.

Evidently, any skew diagram can be partitioned into components, and of course each component
is itself a skew diagram. This leads to the following factorization result for skew Schur functions.

Proposition 5.8. Suppose that \/p is a skew diagram with components 0; (cf. Definition 5.4).
Then the skew Schur function Sy, is the product of the skew Schur functions of the components.
That is, we have Sy, = [; S,

Proof. Suppose that A1 < p, for some r so that the skew diagram \/u consists of two disjoint skew
diagrams 6 and ¢. In this case, the matrix (h/\i—uj —i+j)1<i,j<n has the form (6‘ g ), where A has size
r x r and C has size (n —r) x (n — r). The determinant in this case is det(A) det(C), and A and
C correspond to the respective Jacobi-Trudi matrices for the components 8 and ¢. The conclusion

follows by induction. O

We will now concern ourselves with expressions for skew Schur polynomials in multiple sets of
independent variables, as reduction of these results to important special cases will provide us with
highly useful combinatorial expressions for skew Schur functions. Before proceeding to the general
case, we first consider expressions for Schur functions in two sets of independent variables, given by
the following proposition.

Proposition 5.9. Let x = {z1,22,...},y = {y1,y2,...} be sets of independent variables, and denote

by Sx(z,y) the Schur function in variables (x1,22,...,Y1,Y2,...) corresponding to the partition .
Then
Sr(@.) = 3 S @)Su(®) = 3 S, (@)Su(v) (5.2.6)
I v

Proof. The right equality follows from (5.2.3). To prove the left equality, first introduce a third set
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z ={z1,22,...} of independent variables. We have

ZS/\/;L('%.)S/\ Z C,uz/S )S ( )
A

7,“'7

= 8 (2)Su(y)Su(2)Su(2)
v
= (Z Su<y>su<z>) (Z Su<x>5v<2>>
"
= | JIQ = ziz)™ ) [ T]CC = wze)

ik J.k
= Z S)\(ZL’, y)S)\(Z)
A

The left equality in (5.2.6) is obtained by comparing the coefficients of S)(z) in the initial and final
expressions. ]

We may generalize the previous result quite easily to obtain an expression for an arbitrary skew
Schur function in two sets of independent variables.

Proposition 5.10. Let z = {x1,z2,...},y = {y1,y2, ...} be sets of independent variables, and denote
by Sx/u(®,y) the skew Schur function in variables (x1,%a,...,Y1,Y2,...) corresponding to the skew
diagram \/u. Then

SA/H x,y) ZSA/V V/H Y) (5.2.7)

where the sum is taken over all partitions v such that p C v C .

Proof. Introduce a third set z = {z1, 22,...} of independent variables. By the previous proposition
we have

> Syul@y)Su(2) = Sx(z,y,2) ZSA/V ZSA/V Suyu(y)Su(2)
I

The conclusion follows by comparing coefficients of S, (z). O

If 2z, ..., 2™ are n sets of independent variables, then we may generalize Proposition 5.10
inductively as follows.

Proposition 5.11. Let 2, ... 2 be n sets of independent variables. Then
Syu@M, 2™y =T Spi v (@) (5.2.8)

where the sum is taken over all sequences (v) = (V(O), v V(”)) of partitions such that
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5.3 Schur Polynomials as Sums of Tableau Monomials

An important special case of Proposition 5.11 is obtained by letting each set of variables () contain
a single variable x;. In doing so, we reduce to the skew Schur polynomial S}, (71, ..., %) and obtain
a novel expression for this polynomial without any reference to Littlewood-Richardson coefficients.
This is summarized in the following theorem, which establishes a fundamental connection between
(skew) Schur functions and (skew) tableaux.

Theorem 5.12. Let A and p be partitions and let T(\/p) denote the set of skew tableaux on A/

with positive integer entries. Then the skew Schur function \/u admits the combinatorial expression

Syu= >, a° (5.3.1)
SET(\n)

where ©° denotes the skew tableau monomial x®, where o is the content of the skew tableau S. If we
let T (A/ ) denote the set of skew tableaur on \/p with entries in [n], then we have the following
identity for skew Schur polynomials in n variables:

Sy/p(@1, .y an) = Z z° (5.3.2)
SETm (M 1)

Proof. We will first prove (5.3.2). As we remarked at the beginning of this section, the proof of
this result follows by reducing Proposition 5.11 in the special case of n sets of variables (! each
containing a single variable z;. In this way the lefthand side of (5.2.8) becomes the skew Schur
polynomial Sy, (21, ..., n).

Consider a single term S, /V(i—l)(xi> appearing as a factor in one of the summands of the
righthand side of (5.2.8). By Proposition 5.7 with n = 1, we see that Sy -1 (z;) # 0 only if the
skew diagram v(®) / v=1) is a horizontal strip. If this is the case, then the connected components of
v /11 are horizontal rows (k;) of length k;, whose individual skew Schur functions are given by

Sty (i) = hiy (i) = xfj By Proposition 5.8 the resulting skew Schur polynomial S, /,i-1) (%)
\,,(i)/,,ﬁfl)\

is simply x; . In this way, the righthand side of (5.2.8) becomes a sum of monomials z =

Qn

an where a; = [v® /v=D|. The sum in this case is taken over all sequences (v) of nested

20
partitions p = (@ c v c ... c ¥(™ = X such that each diagram I/(i)/u(ifl) is a horizontal strip.
An equivalent way of comprehending the sequences () that arise in this expression is by inter-
preting each sequence as a skew tableau on A/u with entries in [n]. Indeed, given a skew tableau S
on \/p with entries in n, we may recursively define a suitable sequence of partitions (v) by letting
v(© = 4 and defining v to be the diagram v~V together with all the boxes of S containing the
entry 7. Conversely, given such a sequence of n + 1 nested partitions such that each skew diagram
v / v(=1) ig a horizontal strip, we may recover the corresponding skew tableau. We do so by simply

filling the boxes of V(i)/u(i_l) with the entry i. By this correspondence, the products being summed
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in (5.2.8) become the monomials x®, where « is the content of the corresponding skew tableau on
A/p. In this way, we obtain (5.3.2).

The symmetric polynomial identity (5.3.2) in fact implies the symmetric function identity
(5.3.1). This follows because the identity holds in A,, for each n > 1. In particular, the identity,
which is homogeneous of degree |A/ul|, holds if n = |A/u|, so we may apply Lemma 2.7. O

By letting u = 0, we specialize to Schur functions and obtain the immediate corollary.

Corollary 5.13. Let A be a partition and let T(\) denote the set of tableauz on \. Then we have
the identity
Sy= > af (5.3.3)
TeT(N)
where xT is the tableau monomial whose exponents are given by the content of T. If 7@()\) denotes
the set of tableaux on A with entries in [n], then the following identity holds for Schur functions in
n variables:

Sx(x1, ... zn) = Z zT (5.3.4)
TeTR (N

Remark. By considering diagrams A consisting of either a single column or a single row, we specialize
further to elementary and complete homogeneous symmetric functions and retrieve Proposition 4.8.

This correspondence between Schur functions and tableaux is one of the fundamental results of
algebraic combinatorics; in fact, many authors use the identity (5.3.3) as the definition of the Schur
functions. With this crucial result, we are now equipped to begin a more in depth study of the
combinatorial properties of Schur functions.

In order to establish combinatorial results related to Schur polynomials, we will typically work
in the tableau ring Ry, (cf. Section 4.4). Indeed, in the tableau ring Rj,, we may define sy[n]
to be the sum of all tableaux T' € Ty, (A). By virtue of (5.3.4) the homomorphism T — a7 acts
on the sy[n] € Ry, by mapping it to the corresponding Schur polynomial in n variables, namely
sa[n] = Sa(x1, ..., zp).

With this in mind, we will now consider the problem of expressing the product of two Schur func-
tions as a Z-linear combination of Schur functions. The central result in this vein is the Littlewood-
Richardson Rule, which provides combinatorial expressions for the elusive Littlewood-Richardson
coefficients CK#; this will be our focus in the following section. For the time being, we will consider
an important special case. In particular, we will concern ourselves with expressions for a product of
two Schur functions, where one of these Schur functions is an elementary or complete homogeneous
symmetric function. This expression is given by the Pieri Formulas, which are in fact little more
than an elaborate restatement of the row-bumping lemma.
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Proposition 5.14 (Pieri Formulas). The following identity holds in the ring of symmetric functions
for all k > 0:

Sahe =Y _ S, (5.3.5)
7

where the sum is taken over all diagrams u O X\ such that p/X is a horizontal k-strip. Likewise, for
each k > 0 we have

Sxer = _ Sy (5.3.6)
w

where the sum is taken over all diagrams p D X\ such that p/X is a vertical k-strip.

Proof. We will begin by proving both formulas in the tableau ring R, for arbitrary n > 1. In this
setting, the homogeneous and elementary symmetric polynomials can be realized as special cases
of the sy[n] defined above. In particular, by Proposition 4.8 we have s()[n] + hg(21,...,2,) and
samln] = ek(r1,...,z,) under the canonical homomorphism 7" 27, With this in mind, we will
prove that the following identities hold in Ry, for each n > 1:

SAS(k) = Z Su (5.3.57)
“w
summed over all diagrams p D A such that /) is a horizontal k-strip, and

SAS(1k) = ZS“ (5.3.6”)
I

summed over all diagrams p D A such that p/\ is a vertical k-strip.

By definition, sy is the sum of all tableaux on A with entries in [n], and likewise s, is the sum
of all tableaux on (k) with entries in [n]. As the diagram (k) is a single row of length k, all such
tableaux on (k) correspond to weakly increasing sequences in [n] of length k. By definition of the
tableau ring, the product sys() is simply the sum of all product tableaux T\T(;) where Ty € T, (\)
and T(k) S 'T[n](k‘)

If we consider the tableau product via row-insertion, then we may apply Proposition 4.2. This
proposition asserts that all tableaux T\T(;) appearing in the sum have shape psup A such that
|| = |A|+ k and no two boxes in p/X lie in the same column. In other words, all such tableaux have
shape p such that /) is a horizontal k-strip. Since the converse of the proposition also holds, then
we see that all such products T)T(;) appear if we sum over all such u. Rearranging the sum modulo
shape yields (5.3.5”).

The proof of (5.3.67) is similar. In particular, the key observation is that a tableau on (1*) with
entries in [n] corresponds to a strictly increasing sequence in [n] of length k. Since the entries of a
tableau on (1¥) are row-inserted into T in reverse (i.e. strictly decreasing) order, then Proposition

4.2 may be applied to give the desired conclusion.
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Applying the canonical homomorphism T +— z7 establishes the corresponding results for sym-
metric polynomials in n variables for each n > 1:

S)\(xl, e ,xn)hk(xl, ce ,xn) = ZS“(J:‘L ce ,:L'n) (5.3.5”)
w

Sx(x1, .., xp)ek(xy, .. ) = Z Su(1,. .. xn) (5.3.67)
m

where the sums are taken over all diagrams p of the forms previously specified. Since these results
are valid for arbitrarily many variables n, then we may apply Lemma 2.7 to obtain the corresponding

identities for symmetric functions. O

Let A= (A1 > ... >\, > 0). Then a diagram p appears in the sum in (5.3.5) if and only if it
satisfies the following algebraic conditions:

Loju) = A +Fk l(p) <n+1

20 m >N 22> 2 i 2 A = i1 2 g2 =0
A diagram p appears in (5.3.6) if and only if it satisfies

Loful = A+ & l(p) <n+k

2. <y <A +1lforeachi, 1 <i<n—+k

Remark. As we remarked earlier, there are many different ways to prove the equivalence of the deter-
minantal and combinatorial definitions of the Schur functions. We have chosen to follow Macdonald’s
approach here because the associated discussion of the Hall inner product and skew Schur functions
motivates similar discussions in Section 6. An elementary proof of the equivalence was first published
by Proctor in [8]; a more detailed presentation of the same proof can be found in [1, p. 161-169]. Yet
another alternate proof, which can be found in [9, §4.5, 4.6], proves the Jacobi-Trudi identity directly
from each of the two definitions and uses the fact that the two definitions agree for the homogeneous

symmetric polynomials.

5.4 Littlewood-Richardson Rule

The purpose of the current section will be to establish several explicit combinatorial expressions
for the implicitly defined Littlewood-Richardson coefficients c‘)’\ﬂ introduced in Definition 5.3. This
will provide us with a relatively simple means to express a product of any two Schur functions as a
Z-linear combination of Schur functions.

Recall that we define the Littlewood-Richardson coefficient cl/(u by setting S\S, == >, CKMSV.
The identity (5.3.3) provides us with a more nuanced way of looking at this equation. In particular,
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we have

S\S, = Z z Z i | = Z T

TAET(A) T, €T (1) T\ET(A)
T, €T (1)

In order to turn the rightmost expression into a sum over Schur functions S,, we simply rearrange
the sum so that all monomials z7> 7k with Ty - T}, € T(v) are grouped together. Consequently,
determining the value of the Littlewood-Richardson coefficient CKM amounts to counting the number
of ways a tableau T' with shape v factors as a product T' = T’ -T}, of tableaux on A and p, respectively.

Central to this investigation is the following lemma.

Uy Um

Lemma 5.15. Suppose w = (31 I 3™ ) is a lexicographic array, corresponding by the RSK corre-

spondence to the pair (P, Q) of tableaux. Let T be any tableau and perform the row-insertions
(- (T v1) < v2) <) < vy

and place uy,. .., u, successively in the new boxes. Then the entries ui, ..., U, form a skew tableau

S whose rectification is Q.

Proof. Fix a tableau T and take a tableau Ty with the same shape as T, using an alphabet whose
letters are strictly smaller than the letters u; in S (e.g. using negative integers). The pair (7', Tp)

corresponds to some lexicographic array (‘zi i i:) The lexicographic array (ii L

) cor-
responds in turn to a pair (T - P,V) of tableaux. Here T - P is the result of the successive row
insertions of v1,...,v,, into T, and V is a tableau whose entries s1,...,s, make up Ty and whose
entries uq, ..., U, make up S.

Now invert this concatenated array and put the result in lexicographic order. The terms ()
will occur in this array in lexicographic order, with terms (g ) interspersed (but also in lexicographic
order). By the Symmetry Theorem 4.11, this inverted array corresponds to the pair (V,T - P) and
the resulting array with the columns ( iﬁ) removed corresponds to the pair (@, P). Consequently,
the word on the bottom row of this array is Knuth-equivalent to the row word w(V') and removing
the s;’s from this word yields a word which is Knuth-equivalent to w(Q). Of course, removing
the s;’s from w(V') leaves precisely w(S). Consequently w(S) and w(Q) are Knuth-equivalent, so

Rect(5) = Q. O

Let A, pu, and v be partitions. In light of the discussion preceding the lemma, we would like to
consider the number of ways that a given tableau V' with shape v can be written as a product T'- U
of a tableau 7" on A and a tableau U on u. Clearly this will be 0 unless |v| = |A| 4+ |p| and A C v.
One equivalent way of realizing this quantity is by considering the tableau product via rectification
(4.4.2). Evidently, the number of ways to factor V=T - U as above is equal to the number of skew
tableaux on the shape A*u whose rectification is V. Remarkably, this also happens to be the number
of skew tableaux with shape v/ whose rectification is a given tableau on p. To prove this fact, we

first introduce the following notation.
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Notation. For any tableau Uy with shape p, define S(v/\, Up) to be the set of all skew tableaux on
v/ whose rectification is Uy. For any tableau Vj on v, define T (A, i, V) to be the set of all pairs of
tableaux (T,U) € T(A) x T(p) such that T- U = V.

Proposition 5.16. Let Uy be a tableau on p, Vo a tableaw on v. Then there is a canonical bijective
correspondence

S(V/)‘v UO) A T(A7 M, ‘/0)

Proof. Fix (T,U) € T(X\, p, Vo) and fix a tableau Tp on A whose entries are all strictly less than the
entries of Uy (using negative entries if necessary). Consider the unique lexicographic arrays (éll i fC’ZL )

and (! 0 ™) corresponding to the pairs (7', 7Tp) and (U, Up), respectively, by the RSK correspon-

Um

dence. By concatenating these arrays, we obtain the unique lexicographic array (;11 " ;f;’; oL )
It follows from the tableau multiplication procedure via row-insertion that this concatenated array
corresponds to a unique pair (Vp, V’). In particular, V' is a tableau on v obtained from Ty by placing
the entries uq, ..., u, into the new boxes of the successive row-insertions T <— v1 < -+ < Up. We
may uniquely obtain a skew tableau S on v/\ by removing the boxes of Ty from the tableau V.
Since S was constructed according to the hypotheses of Lemma 5.15, we have Rect(S) = Up and so
S € S(v/\ Upy). Moreover, the skew tableau S we obtain is independent of the original choice of Tp.

Evidently this procedure is invertible. Indeed, given the skew tableau S on v/ that we obtain,
fix an arbitrary tableau 7" on X\ whose entries are all strictly less than the entries of S. Define a
tableau (T")s on v to be equal to 77 on X and equal to S on v/X. Then the pair (Vp, (T7)g) will

. . . Y .
correspond to a unique lexicographic array (ill iﬂ Zi o ), where the ¢, are the entries of ¢’ and
n m

the u; are the entries of S. We may split this into two smaller arrays (illl o fé:l) and (4 0 ym).
Since the bottom row of the concatenated array is precisely the bottom row of the concatenated
array used to obtain S, it is clear from the row-insertion involved in the RSK correspondence that
these arrays correspond to the pairs (7,7") and (U, Uy), where T and U are the original tableaux

with (T,U) € T(\, p. Vo). O

An important consequence of this correspondence is the following. Suppose that Uy and U
are tableaux on pu, and let Vj be a tableau on v. By the proposition, #S(v/\,Uy) = #T (A, 1, Vo)
and #S(v/\,Ur) = #T (A, p, Vo). Consequently, #S(v/\, Up) = #S(v/A,Uy) for any two tableaux
Uy, Uy on p. Likewise, #7T (A, p, Vo) = #T (A, i, V1) for any choice of tableaux Vp, Vi on v. By the
discussion preceding Lemma 5.15, the number of times a monomial 27 with T a tableau on v appears
in the product S\S,, is precisely #7 (A, i, T') times. Since this value is independent of the tableau T
on v, we may regroup the monomial terms of the sum into Schur functions S,, and the coefficient of
S, in this sum will be #7T (\, i, T'). By comparing with the definition of the Littlewood-Richardson
coefficients, this proves the following proposition.
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Proposition 5.17. Let A\, i, and v be partitions and let Uy and Vy be tableaux on p and v, respec-
tively. Then
Sy = #S(W/NUo) = #T (N, p, Vo) (5.4.1)

That 1is, the Littlewood-Richardson coefficient CKM is equal to the number of ways that Vo can be
written as a product Vo =T - U with T € T(X) and U € T (p), which is in turn equal to the number

of skew tableauz on v/\ whose rectification is Up.
Without much additional work, we may extend the proposition as follows.

Proposition 5.18. The following sets all have cardinality cxu:

1. S(v/p, To) for any tableau Ty on A,

2. T(u, A\, Vo) for any tableau Vi on v,

3. SV /N, Uy) for any tableau U on the conjugate diagram p',

4. TN, W, Vi) for any tableau Vi on the conjugate diagram v', and

5. S(\* pu, Vi) for any tableau Vi on v.

Proof. The cardinality of (5) is equal to CK# by the discussion preceding Proposition 5.17. Taking
Up to be a standard tableau on f, there is a natural bijection between S(v/\,Uy) and S(v'/ X, U))
by taking transposes. This establishes that the cardinality of (3) is > and consequently (4) has
the same cardinality by Proposition 5.17.

If we let V4 be a standard tableau, then transposition is again a natural bijection between
S(A* p, Vo) and S((Axp)', Vg). Since (A p)" = p'* X', then S(p' + X', V) has cardinality c§ , for any
tableau V{ on v/. Using the fact that (4) and (5) have equal cardinalities, we have

Cl)/\lt - #S(:U‘/ * )‘/7 VYO,) = #T(Mua )\”7 ‘/E),/) = #T(Mv )\a ‘/0)

which establishes the cardinality of (2). Finally, (1) and (2) have the same cardinality by Proposition
5.17. O

Remark. In particular, the proposition implies that S = G and Sy = CKI,M/. From the former
identity we obtain the additional constraint that c§ u= 0 unless A C v and p C v.

There is a great diversity of combinatorial expressions for the Littlewood-Richardson coefficients
beyond those listed in Propositions 5.17 and 5.18. The next such expression we will look at, which is
often called the “Littlewood-Richardson Rule”, requires a new notion, namely the idea of a reverse
lattice word.

Definition 5.5. Let w = x1---2, be a word of positive integers. We call w a reverse lattice (or
Yamanouchi) word if for all integers s < r, k > 1, the integer k appears at least as many times as
the integer k£ 4 1 in the sequence =, z,—1,....Tpr—s.
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Example. 2132121 is a reverse lattice word, but 1232121 is not since the last 6 letters contain
three 2’s but only two 1’s.

One of the important consequences of this definition is that the property of being a reverse

lattice word is preserved under Knuth-equivalence.

Lemma 5.19. If w = w' are Knuth-equivalent words, then w is a reverse lattice word if and only if
w’ is a reverse lattice word.

Proof. 1t suffices to check that this property is preserved by the elementary Knuth transformations.
First consider the elementary Knuth transformation

w = urzyv — uzryv = w' (x<y<z)

We are concerned with possible changes in the number of consecutive integers k and k + 1 reading
the words from right to left. If x < y < z there is no change, so it suffices to check the case where
z=y=kand z=k+ 1. For w or w' to be a reverse lattice word, the number of k’s appearing in
v must be at least as large as the number of (k 4 1)’s appearing in v. In this case, both zzyv and

zxyv are reverse lattice words. Now consider the other elementary Knuth transformation
W = uyrzv — uyzev = w' (r<y<z)

The only nontrivial case to consider is when z = k and y = z = k+ 1. In this case, w or w’ can only
be reverse lattice words if the number of £’s in v is strictly greater than the number of (k + 1)’s. If
this is the case, then yzzv and yzzv will each have at least as many k’s as (k+1)’s, which completes
the proof. O

Definition 5.6. Let S be a skew tableau. We call S a Littlewood-Richardson skew tableau if its row
word w(S) is a reverse lattice word.

The definitions for reverse lattice words and Littlewood-Richardson skew tableaux can be mo-
tivated in part by the following lemma. In particular, the rectification of a Littlewood-Richardson
skew tableau has a rather simple form.

Notation. Let p be a partition. We define the tableau U(u) to be the tableau on p such that all
entries of the i-th row are equal to i. For example, if = (4,4, 3,2), we have

1)1

Ulp) =

=W N =
w

W Do =

Lemma 5.20. A skew tableau S is a Littlewood-Richardson skew tableau with content u if and only
if Rect(S) =U(u).
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Proof. We will first prove that U(u) is the unique Littlewood-Richardson tableau with content u.
Indeed, suppose that U is a Littlewood-Richardson tableau of content p. Since w(U) is a reverse
lattice word, then its final letter must be a 1. Since the final letter of the row word corresponds to
the rightmost entry of the first row, we see that this entry must be a 1. Since U is a tableau, then
consequently each entry of the first row must be a 1. Since U is a tableau, then each entry of the
second row must be at least 2. If we again consider the rightmost entry of the second row, we see
that this entry corresponds to the rightmost letter in w(U) which is not necessarily a 1. Since w(U)
is a reverse lattice word, then this letter is at most 2. Thus the rightmost entry of the second row
of U is a 2, so each entry of the second row is a 2. The same argument applies for each subsequent
TOW.

Now that we have proven that U(u) is the unique Littlewood-Richardson tableau with content
1, it suffices to show that a skew tableau is a Littlewood-Richardson skew tableau if and only if its
rectification is a Littlewood-Richardson tableau. Indeed, this is the case by virtue of Lemma 5.19

and the fact that sliding preserves Knuth-equivalence (Proposition 4.5). O
With this result, we may easily derive the Littlewood-Richardson Rule.

Proposition 5.21 (Littlewood-Richardson Rule). The Littlewood-Richardson coefficient cX S equal
to the number of Littlewood-Richardson skew tableauzx with shape v/\ and content p.

Proof. Since U(p) is a tableau on y, then by Proposition 5.17, we have cf, = #S(v/A,U(n)).
Unpacking this equation, it states that the Littlewood-Richardson coefficient is equal to the number
of skew tableaux on v/A whose rectification is U(u). By the previous lemma, all such skew tableau
on v/\ are Littlewood-Richardson skew tableau on v/ with content p, and conversely. Hence the

conclusion follows. O
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6 Generalizations of Schur Polynomials

Although the symmetric polynomials that we have been considering up to this point have typically
had coefficients in Z or Q, recall that we may very well consider symmetric polynomials over any
ring of coefficients. In the following sections, we will study generalizations of the Schur polynomials
whose coefficients are rational functions in one or two additional parameters. These are the Jack and
Macdonald polynomials, respectively, and we will devote most of our attention to the latter. These
polynomials arise naturally in a diverse range of contexts. For instance, the Macdonald polynomials
appear in algebraic geometry [3], as well as mathematical physics where they are eigenfunctions of
certain differential operators related to the quantum n-body problem [4]. As in our treatment of the
Schur polynomials, we will be primarily concerned with the algebraic properties of these polynomials,
as well as related combinatorial expressions.

We will typically follow the development of this theory presented by Macdonald in Ch. VI of
[6]. Section 6.1 is adapted from [6, Ch. VI, §1,2]. The construction of the Macdonald polynomials
provided in Section 6.2 follows the more condensed treatment of [5] while the basic algebraic and
duality results that follow can be found in [6, Ch. VI, §4,5]. Sections 6.3 and 6.4, which will focus
on deriving combinatorial expressions for the Macdonald polnomials, are adapted from §6 and §7 of
[6, Ch. VI], respectively.

6.1 Generalized Hall Inner Product

In this section we will revisit the Hall inner product of Section 5.1, which we defined by requiring
the symmetric function bases given by the h) and the m) to be dual to one another. As per the
remark following Theorem 5.2, with this inner product the power sum symmetric functions py form
an orthogonal Q-basis of the space Ag of symmetric functions with rational coefficients. In fact, by
virtue of (4.6) and (4.7) in [6, Ch. I, the Hall inner product can equivalently be defined by requiring
that
(DA D) = Oauzn = O [ [ 4™ ! (6.1.1)
i>1
In the definition of z)2, m; denotes the multiplicity of ¢ in A = (1™12m23™3...). The Schur
functions are in fact characterized uniquely by the following two properties, as per the first remark
in [5, p. 139].

(a) The Schur functions S are pairwise orthogonal relative to the Hall inner product defined by
(6.1.1), namely (Sy,S,) # 0 iff A = p, and

2The value zx admits a combinatorial interpretation. In particular, if A F n, then 2y is the number of permutations
in S, which commute with a given permutation oy € S, of cycle type A [10, p. 299]. For our purposes, however, it just

suffices to recognize that z, is a scalar parametrized by .
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(b) Each Schur function Sy can be written (uniquely) in the form

SA:mA—i—ZK,\Nm“ (6.1.2)
p<A

for a suitable choice of coefficients K,. Here (and in what follows, unless otherwise stated)
< refers to the dominance partial order on partitions, where we say that pu < A if and only if
pr 4o+ KA+ A+ -+ A for each ¢ > 1.

Remark. The coeflicients K, appearing in (6.1.2) are called the Kostka numbers. Given the com-
binatorial formula (5.3.3) for the Schur functions, it is easy to see that the Kostka number K, is
equal to the number of tableaux on A with content p. A brief discussion of the Kostka numbers can
be found in [2, p. 25-26]. Among the results included is the fact that when |A| = |u|, Ky, # 0 only
if 4 < X in the dominance order and hence the indexing of the sum in (6.1.2) is valid.

The Jack and Macdonald polynomials generalize the Schur polynomials in the following sense.
The Jack polynomials are also characterized by the conditions (a) and (b), albeit with the scalar
product defined instead by

(Prs o) = a!N8y 2 (6.1.3)

where « is a positive real number. Likewise, the Macdonald polynomials are characterized by the
same conditions, with the inner product defined by

1—q"

S 14
1—th (6.1.4)

1N

(Pas D) = (PxsPu)at = Oxp2r(q, 1) 1= Oxp2n H

i=1

By taking the appropriate limits, we see that the Jack and Macdonald polynomials reduce to the
Schur polynomials. In particular, the Jack polynomials reduce to the Schur polynomials by letting
a =1in (6.1.3). Likewise, the Macdonald polynomials specialize to the Schur polynomials by letting
q = t so that z)(q,t) = z\. The Macdonald polynomials in fact generalize the Jack polynomials. The
l—in
1—thi
. By virtue of this specialization, we will

latter can be retrieved by letting ¢ = t“ and taking the limit ¢ — 1. In this way each factor
tends to o so that in the limit we have z(t%,t) — zya!
not study the Jack polynomials in any more depth, and will devote what remains to studying the
Macdonald polynomials.

Now that we have provided some motivation for its definition, we will devote the remainder of
this section to investigating the inner product (:,-),; defined by (6.1.4). Let F' = Q(q,t) be the field
of rational functions in indeterminates ¢ and ¢ with rational coefficients. In what follows, we will
work in the ring Ag of symmetric functions with coefficients in F', the part A]} which is homogeneous
of degree k, or the n-variable projections A, . It is in this setting that we will make sense of the
variables ¢ and ¢ appearing in (6.1.4).

It can also be useful to think of ¢ and ¢ as real variables. In fact, we need only consider
q,t € (0,1] by virtue of the following proposition.
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Proposition 6.1. On each homogeneous component A’} of Ap, the scalar product (-, -)q+ differs from

Land t=' only by a scalar. In particular,

<fvg>q*1,t*1 - (q_lt)n<f7 g>‘11t

the inner product defined with q~

for f,g € A%.

Proof. This follows from the fact that

Ny e 1IN Ny e 1IN (1 ey Wy q_l A
("M T T |~ [T | (11 T | = H (1= tA H
=1 =1 =1 i=1 i=1
and hence z)(¢ 1, t7!) = (q_lt)"\‘z)\(q’t), from which the conclusion follows. O

As with the original Hall inner product in A, orthogonality with respect to the (q,t)-Hall
inner product is closely related to (generalizations of) the Cauchy identities. In order to state the

appropriate generalizations, we first introduce the following notation.

Notation. Let a,q be indeterminates. We denote by (a; ¢)so the infinite product

o0

(a;q)oo == [J(1 — aq")

r=0

which we regard as a formal power series in a and gq.

Definition 6.1. Let z = (z1,22,...), ¥y = (¥1,¥2,...) be independent sets of indeterminates. We

define the (g, t)-Cauchy product to be the formal power series expression

(txiY5 @) oo
[, s, 1) o= [ LEibsi e (6.1.5)
E[ (Y53 @)oo

By setting ¢ = t, we see that

qx;iy;; q >0 %Z’/J >1 q’"aciyj) _
H(x,y;q,Q)ZH( — H L, HHT =[] - ziyy) !

i (:r@yj, Hr>o (1 —q"zy;) rxo(l—qwiy;) 4

and hence we obtain the classic Cauchy product appearing on the lefthand side of (3.4.1). As with the
classical Cauchy product, the (g, t)-Cauchy product admits several expressions as sums of symmetric
functions. For instance, we have the identity [6, Ch. VI, (2.6)]:

M(z,y; 4, 1) sz g,t) "' pa(z)pa(y) (6.1.6)

As we previously remarked, expansions of the (g,t)-Cauchy product are closely related to or-
thogonality with respect to the (g,t)-Hall inner product. In particular, we have the following gener-
alization of Theorem 5.2. Note that in what follows we will often omit the subscripts on the inner

product bracket if the inner product in question is clear from context.
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Proposition 6.2. For each n > 0, let {uy},{va} be F-bases of A% which are parametrized by
partitions of n. Then the following are equivalent:

(a) (ux,vy) = 0xy for all X, p, and

(0) Doy un(z)ualy) =1l(z,y;9,t).

Proof. The proof is similar to that of Theorem 5.2. Let p} := 2)(q,t) " 'py so that (p},p,) = dx,. If
we write uy = Zp axppy and v, = > busPs, then evaluating the inner product (uy,v,) gives

(ur, vp) = Z axpbup
p

and hence (a) is equivalent to

Za)\pbup = 5)\M (37)
P

By virtue of (6.1.6), we see that (b) is equivalent to the identity

D> pi@paly) =) ua(z)ualy) = <Z aApP;($)> <Z bmﬂ%(?J)) = > axpbroP}()po(y)
A A A P o

Ap,0

By comparing the coefficients appearing in the leftmost and rightmost expressions, we see that (b)

is equivalent to

D " axpbaro = dpo (b)
A

If we interpret (a’) and (b’) as statements about the components of products of matrices, then we
see that they are equivalent statements by the argument presented in the proof of Theorem 5.2. [

As we shall see in the following section, Proposition 6.2 will provide us with a (g, t)-generalization
of the Cauchy identities for Schur functions involving the Macdonald polynomials. In the meantime,
we will work towards a (g, t)-generalization of the Cauchy identity (5.1.1) involving the homoge-
neous and monomial symmetric functions. This will first require defining a suitable analogue of the
homogeneous symmetric functions in Ap. We do so as follows.

Definition 6.2. Let y be a single independent variable. We denote by g, (x;¢,t) the coefficient of
y™ in the power series expansion of the (g,t)-Cauchy product

(z,y;9,t) := Y gn(;9,1)y" (6.1.7)

n>0
For any partition A, we define gy(z;¢,t) := [[,51 9x, (25 ¢, ).

The polynomial g, (z;q,t) admits a simple closed form expression, and the g, are in fact a basis
of AF
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Proposition 6.3. Let n > 0. Then

(@50,t) =Y 2a(g,t) 'pa(x) (6.1.8)

AFn

and the g\ form an F-basis of Agp which is dual to the basis given by the my.

Proof. Beginning with the Cauchy identity (6.1.6) we set yo = y3 = --- = 0 to obtain
> n(@a )y = za(q. ) pa@pay) = Y aag.t) oAy
n>0 A A

Al

The identity (6.1.8) follows by comparing the coefficients of y'*!. The duality between the g\ and m)

can be seen as follows. Again letting y = (y1,y2,...) be a set of independent variables, we see that
H(l‘ yiq,t H Zgn x;q,1 Zg/\ x5 q,t m)\ y)
i n>0
By Proposition 6.2 we therefore have (gx,m,) = 0y, for all partitions A and p. O

We will conclude this section by defining a generalization of the involution w : A — A which
acts on the Schur functions by transposition (cf. (3.3.3)). Let u,v € F with u,v # 1. We define the
F-algebra endomorphism w, , of A by

I
Wuw(Pr) = (=) 3 px (6.1.9)
for each r > 1. For each partition A, we likewise have
(A
) 1 — 7
wuo(Pr) = x| 7 5P (6.1.9)

i=1

where e(\) := (—1)A=!A). Unlike the map w, the endomorphism w, ,, is not an involution in general,
although it is invertible (and hence an automorphism). In particular, it is clear from the definition

that wy, = w;,lj

. Moreover, w,, = w, the original involution exchanging h;, and ej. This can be
seen by (2.13) in [6, Ch. I], which states that w(py) = (—1)¥"!ps. The following proposition provides
another property that the g, share with the homogeneous symmetric functions in A; namely, the

way in which the map w,; acts on them.

Proposition 6.4. For all k > 0 we have wq(gx(z;q,t)) = ex(x).
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Proof. By (6.1.8) we have

war(gr(@0,8) = Y 2a(q, 1) wg(pa(x))
Ak

= sz(qv SAH t)‘ p>\

Ak

2 : -1
= 2y 8)\1?)\.%'

A=k

:ek

The final equality is (2.14") in [6, Ch. I]. O

6.2 Macdonald Polynomials

In this section we will prove the existence of the Macdonald polynomials alluded to at the beginning
of the previous section by defining them to be the simultaneous eigenfunctions of a family of linear
operators. We offer here a condensed summary of the construction as outlined in [5, §2]. For more
details, one may refer to [6, Ch. VI, §3,4]. The central result of this section is the following existence
theorem for the Macdonald polynomials.

Theorem 6.5. For each partition A there is a unique symmetric function P\ = P\(x;q,t) € Ap such
that

(a) Py =my+ > uy,my, with coefficients uy, € F', and
p<A

(b) (Px, Pudgs =0 if X # p.
We call the symmetric functions Py the Macdonald symmetric functions.

Proof. We will first prove the existence of the Macdonald polynomials in finitely many variables
x = (21,...,2y). We will do so by constructing an F-linear operator D = Dy : A, p — Ay, p with
the following properties:

(i) The matrix of D relative to the basis given by the my is triangular. Namely, Dm) = Z/\ CrpMy
pu<
for each partition A with I[(A) < n;
(ii) D is self-adjoint. That is, (Df, g)q:t = (f, Dg)q for all f,g € Ay, F;
(iii) The eigenvalues of D are distinct. Namely, X\ # p implies cxy 7# cpp-

We will explicitly construct such a linear operator following the end of this proof. We now define the
Macdonald polynomials as the eigenfunctions of D. In particular, we will show that for each partition
A with [(X) < n, there is a unique symmetric polynomial Py € A,, p satisfying the conditions
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(a) Py = > uyym, with uy, € F' and uyy = 1, and
p<A

(c) DPy = cx\\P.

Indeed, (a) together with (i) implies that

DPy = Z uyyDmy, = Z UApCpr My

sy v<u<A

and by (a) we have cxxPy = > caauxymy. Consequently (a) and (c) are satisfied if and only if
<A

C\UNy = E UNpCuv
v<p<A

or equivalently
(e — co)uny = Z U Cp
v<p<
whenever v < A. In this case cy) # ¢, by (iii) and so the equation above uniquely determines wuy,
in terms of the uy, such that v < p < A. Hence the coefficients uy, in (a) are uniquely determined
after normalizing so that uyy = 1.

Having proven that there are symmetric polynomial eigenfunctions Py of D which satisfy (a),
it only remains to show that they are pairwise orthogonal. By the self-adjointness condition (ii) we
have

NPy, Pu)gr = (DPx, Pu)qi = (Px, DPu)gi = cup(Pr; Pu)gyt

Since cyy # cuu when A # p, then (P, P,)q: = 0 for A # p. Hence the Py satisfy (b), which
completes the proof in A, p. In order to pass to Ap, one must modify the operator D so that it
is compatible with the projection homomorphisms m, of §2.7. The necessary modifications can be
found in [6, Ch. VI, §4], where the operator D : A, p — A, r is denoted by D). The eigenfunctions
of the modified operator F,, are precisely the Macdonald polynomials we have already constructed,
and consequently the Py are well-defined as elements of Ap. O

The existence proof of the Macdonald polynomials which we have presented ultimately rests
on the existence of a linear operator D satisfying the conditions (i)-(iii). We will now explicitly
define this operator. We will not verify that it satisfies the properties (i)-(iii), as the proofs are
rather technical and are not particularly important for our development of the theory of Macdonald
polynomials. The cautious reader can find the necessary details in [5, §2]. In order to define the
operator D, we fix the following notation.

Notation. We denote by V' the Vandermonde determinant V(z) = As(z) = [[;<;<j<, (i — ;) inn
variables, as before. For each u € F', 1 <1i < n, we define the “shift” operator T, 5, : Fz1,...,xp] —
Flz1,...,x,] by

(Tuz, )1, .. xp) = f(x1, ..., uxi, ..., 2p)
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Definition 6.3. We define the operator D as follows:

n

D=V an(TmV)Tq,xi S (&= 1., (6.2.1)
=1

T — Ty
i=1 \i#j " J

Using the fact that V = As = 3 sgn(o)z?%, we may equivalently write D as
gESy

D=Vv"! Z sgn(o) Z t@®)igooT, .. (6.2.17)
o€Sy i=1

It is also worth noting here that the eigenvalues cy) of D are given by (2.11) in [5] as
n .
Ch\ = Z q)‘itnil (6.2.2)
i=1

Having now proved the existence of the Macdonald polynomials, we will dedicate the remainder
of this section to establishing some of their basic algebraic properties. Many of these properties gen-
eralize analogous properties of the Schur polynomials that we encountered in §3, for as we remarked
in the previous section, the Macdonald polynomials reduce to the Schur polynomials by letting ¢ = ¢.

In light of Proposition 6.2 and the orthogonality condition (b) in Theorem 6.5, we have an
analogue of the Cauchy identity (3.4.1) for the Macdonald functions. In order to state the identity,
we first introduce the following “normalized” Macdonald functions.

Notation. Let by = by(q,t) := (P)\,P)\>;t1, and let Q) := by Py.

Clearly (Py,Q,) = dx, so by our previous remark we obtain the following identity:

H(x7y;%t) = ZP)\(I';%t)Q)\(y;%t) (623)
A

As we remarked earlier, the parameters ¢ and ¢ can be thought of as real variables, and in
particular one need only consider real variables in the interval (0,1]. This is reflected in the following
proposition, which states that the Macdonald polynomials Py are invariant under taking reciprocals
in ¢ and t¢.

Proposition 6.6. The Macdonald functions satisfy the following identities when evaluated at recip-
rocals of q and t:

(i) Py(z;q ', t71) = Py(254,t), and ,
(i) Qx(z;q 1 t71) = (gt~ H)MQx (23 4. 1).

Proof. Both identities in follow from Proposition 6.1. In particular, since the inner products defined
by (¢,t) and (¢~ ', ¢ !) differ by a scalar factor on each A%, we have (i). The scalar factor appearing
in (ii) follows by computing by(¢—!,#71) using the scalar factor appearing in Proposition 6.1. O
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As we have also mentioned, the Macdonald polynomials generalize both the Schur and Jack
polynomials, which can be obtained by taking the appropriate limits in ¢ and ¢. By instead consid-
ering particular choices of partition A, we also have the following interesting special cases.

Proposition 6.7. For partitions consisting of either a single row or a single column, the correspond-

ing Macdonald functions are given by

(i) Ply(@ig,t) = 8 gy (w3, ) where (a5 q)g == [[Z5(1 — ag"),

(i) Quy(T;q,t) = gr(;q,t), and
(i1i) Pary(75q,t) = ex(z).

Proof. By Proposition 6.3, g, is orthogonal to all m, with p # (k). Consequently, g is orthogonal
to all P, except for 4 = (k) and hence g is a scalar multiple of ). The particular scalar that
appears in (i) is due to Example 1 of [6, Ch. VI, §2]. The identity (iii) follows from the fact that
(1%) is minimal in the dominance order, and hence Pyry = miry = ex. The proof of (ii) will appear
at the end of this section, after we have presented the duality result (6.2.5). O

The following two propositions establish two further properties of the Macdonald polynomi-
als which generalize analogous properties of the Schur polynomials. In particular, the Macdonald

polynomials also possess the vanishing property stated in Lemma 3.7.
Proposition 6.8. If \ is a partition with [(\) > n, then Py(z1,...,x,;q,t) = 0.

Proof. By (1.11) of [6, Ch. I], the dominance ordering satisfies the property that 1 < A if and only if
N </ IEI(N) > n then for all g < X we have I(p) = pf > N = I(A) > n. Hence my(x1,...,2,) =0
for each p < A, and so Py(z1,...,%n;q,t) = 0. O

The following generalization of Proposition 3.6 also holds for the Macdonald polynomials.

Proposition 6.9. Let a be a positive integer. Then
Py (1,205 q,t) = (21 20)  Pa(w1, . ., T ¢, 1) (6.2.4)

Proof. 1t suffices to show that the identity holds for a = 1. We have Tj, », (21 - - - 2 Py) = g1 - - - 2 Py

and consequently
n .
D(gjl .. an/\) =qr1--- an(P/\) =q (Z q)\itn—z> x1- 1Py
i=1

by (6.2.2). Thus Py{ (1) and 1 - - - ¥, Py are both eigenfunctions of D with eigenvalue Yoy gt
Since the eigenvalues of D are distinct, then the polynomials Py (1») and zy - - -z, Py only differ by
a scalar. Since they each have the leading term 2*t(1") then they are in fact equal. O
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We will conclude this section by considering the action of the automorphism w,; on the Mac-
donald polynomials. The principal result in this vein are the identities (5.1) in [6, Ch. VI, §5], which
generalize the identity (3.3.3) as follows:

wet(Pa(5,t)) = Qx (w3t,q) (6.2.5)
wet(@a(w59,t)) = P (z3t,q)

As usual, by taking the specialization ¢ = t we obtain the identity (3.3.3) for Schur functions,
namely the fact that w(Sy) = Sy. From (6.2.5) we may easily deduce that by(q,t)bx(t,q) = 1. By
applying wy ; to the Cauchy identity (6.2.3), we also obtain the dual version, reminiscent of (3.4.2):

[T+ ziy) =D Pa(wia.6)Pu(yst,q) (6.2.6)
1, A

= Qay; 0, )Qx (w3 t,q)
A

We may now conclude by completing the proof of Proposition 6.7. By (iii) of the same
proposition we have Q) (%;¢,t) = wiq(Pr) (2, q)) = wiq(ex(x)). Using Proposition 6.4 we have
wiq(ex(x)) = wy/ (er(x)) = gr(x; ¢, 1), which proves (ii).

6.3 Pieri Formulas for the Macdonald Polynomials

The central result of Section 5 was Theorem 5.12, and in particular its specialization to Schur
functions. This combinatorial expression for the Schur functions established a deep correspondence
between the algebraic properties of symmetric functions . The purpose of this section and the next
is to work towards an analogous combinatorial expression for the Macdonald polynomials. A crucial
step in working towards this goal, which is interesting in its own right, is to generalize the Pieri
formulas of Proposition 5.14 to the Macdonald setting; we will do so in A, p. This will require the
following definitions and notation.

Definition 6.4. For each partition p with I() < n, define a homomorphism u,, : Flz1,...,z,] = F
by u,(x;) = ghith Tt 1 < i <n.

Remark. For any polynomial f we have ug(f) = f(t°) = f(t"1,¢"2,...,¢,1).

Definition 6.5. Let p, v be partitions of length at most n such that 4 C v and = v/ is a vertical

strip. Define
1— q#i*,ujtjfi+9¢*9j

— ¢n(v)—n(p)
By =t 11 T g (6.3.1)
1<i<j<n
where n(p) == 3 ;51 (1 — 1)
Notation. Write Py := — . With this notation, we are now ready to provide our initial formu-

ug(Py)”
lation of the Pieri formula for Macdonald polynomials.
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Proposition 6.10. For all partitions \, i of length at most n, we have
ux(P,) = uu(Py) (6.3.2)

For all partitions o of length at most n and integers r > 0, we have
v

where the sum is taken over all partitions v D o of length at most n such that v/o is a vertical

T-Strip.

Proof. We will prove (6.3.2) and (6.3.3) simultaneously by induction on |u|. First consider the case
where ) is any partition and p = 0 is the empty partition. Then

ur(By) = up(1) =1 = u(Py) 5

and so (6.3.2) is easily seen to hold. Now let u # 0 be a partition of length at most n and suppose
for our induction hypothesis that (6.3.2) holds for all partitions A\, 7w such that |w| < |u| or |7| = |y
and ™ < p.

Let r > 1 be such that u, > p,+1 and let o := g — 1". To show that (6.3.3) holds in general, it
suffices to prove that it holds for this particular choice of ¢, as any choice of partition o and integer
r > 1 can be realized in this way for a suitable partition x4 (namely p = o + 1"). We will now prove
that (6.3.3) does in fact hold for this o.

Consider the product Paer. The leading monomial in ]50 is 7 and the leading monomial in e,
is 1 - - 2, = (1), By definition of o, the leading monomial in P,e, is therefore z#. Consequently

Prer =Y a,P, (6.3.4)

v<p

for suitable coefficients a,. For any partition 7, the result (6.5) from [6, Ch. VI] states that:

U (e, )ty (Pr) ZBZ,/Uu,, Py) (6.3.5)

where the sum is taken over all partitions v D o such that [(v) <n and v /o is a vertical r-strip.

Suppose that |7| = |u| and 7 < p. By our inductive hypothesis, uy(Py) = ur(P,) since
lo| < |u| = |x|. Likewise, u,(P;) = ur(P,) for all v < p; this is guaranteed by our inductive
hypothesis if 7 < v or v < pu, and the only other possibility is that @ = v = u. Consequently, we
may rewrite (6.3.5) in the following form:

ur(erPr) = B, jotr(Py) (6.3.6)
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On the other hand, we may apply the map u, to both sides of (6.3.4) to obtain

ur(e,Po) = ayux(Py) (6.3.7)

where the sum is indexed as before. Using the result (6.8) from [6, Ch. VI], which states that

det(ur(Py))rv<u # 0, then by comparing (6.3.6) and (6.3.7) we conclude that a, = B, /, if v/0 is a
vertical r-strip, and a, = 0 otherwise. In this way (6.3.4) becomes

ﬁaer = Z Bl//crﬁu
v

with the sum taken over all partitions v O o of length at most n such that v/o is a vertical r-strip.
This completes the proof of the Pieri formula (6.3.3).

We will now complete the inductive step in order to finish the proof of the symmetry result
(6.3.2). Let A\ be any partition with [(A) < n. Applying u) to both sides of the Pieri formula (6.3.3)
gives

UA(ﬁJ)UA(er) = Z By/guk(ﬁu)

By our induction hypothesis we have uy(P,) = u, (Py) since |o| < ||, and uy(P,) = u, (Py) if v # p.
Hence the previous equation may be written as

ua(ﬁA)uA(eT> = Bu/auA(p#) + Z BV/UUV(‘E;)\)
v<p

On the other hand, from (6.5) of [6, Ch. VI] we have

UJ(P)\)UA(er) = B,u/auu(PNA) + Z Bu/auV(pA)
v<p

Since B/, # 0, then comparing the previous two equations shows that u>\(15#) = u#(]%\), which

completes the inductive step. O

With a slight adjustment in notation, we may put the Pieri formula (6.3.3) into a more conve-

nient form.

Notation. Let A, i be partitions. Define

By uo(Py)
! 14 H
= 6.3.8
A UO(P)\) ( )
Then we may rewrite the Pieri formula as
Pue, =Y W), Py (6.3.3")
A

summed over all partitions A D p of length at most n such that A\/u is a vertical r-strip.
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Given the explicit definition of B)/,, one may deduce an explicit expression for the coefficient
\Il’/\/u. In particular, one has the identity (6.11) from [6, Ch. VI]:

AT)
P = Pa(Lt . g ) = 0 AR 3.
uO( )\) )\( s Uy ) 4, ) Uo(A+) (6 3 9)
where we define
TiT; 14 )oo
At = At(gt) = H %
1<i<j<n (tziz; ;4o
From this one can derive the identity (6.13) (loc. cit.):
;o H (1 _ qui—ujtj—i—l) (1 _ q>\i_>‘jtj_i+1) (63.10)
M ™ (1— qm—ujtjfi) (1 _ q>\7j—>\jtj7i) 3.

where the product is taken over all pairs (¢, j) such that i < j, A; = 4, and \j = pj + 1.

Although (6.3.10) does provide an explicit expression for the coefficients W' I it is rather
complicated to work with, especially from a theoretical perspective. As such, we will work towards
an alternate expression which perhaps uses more information about the geometry of the diagrams
of A and pu, and is slightly more amenable to work with. A necessary step in obtaining this formula
is to provide an explicit expression for the scalar by(q,t) := (P, P)\>;tl. This requires the following
definition.

Definition 6.6. Let u be an indeterminate. Define a homomorphism €, : Ap — F by

1—u"
1—1¢r

Eu,t (p'r) =

for each integer r > 1.
Remark. Note in particular that em ((p,) = 11—_15;7" = py(1,¢,...,t""1). Hence for f € Ar we have
Stnvt(f) = f(l’ta cee 7tn_1) = Uo(f)

In order to consider the action of €, on the Macdonald polynomials, we must first introduce

several pieces of terminology related to Young diagrams.

Definition 6.7. Let A\ be a partition and let s = (i,5) € A be a box in the Young diagram of .
The arm length of s in X is given by a(s) = ax(s) := A; — j. The leg length s in X is given by
I(s) = IA(s) := X —i. The arm colength and leg colength of s in X are given by a’(s) := j — 1 and
I'(s) := i — 1, respectively.

Geometrically, the arm length, leg length, arm colength, and leg colength of s in A are the
number of boxes sharing a row or column with s which lie strictly to the east, south, west, or north

of s, respectively.
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Example. Let A\ = (10,9,8,6,3), s = (3,5).

From the diagram above, one can see that a(s) =3, I(s) =1, d/(s) =4, and I'(s) = 2.

With this terminology, we may present the following identity (6.11°) from [6, Ch. VI], which
gives an explicit expression for ug(Py):
1— qa’(s)tn—l’(s)

UO(P)\) = P)\(lvt7 s 7tn71; Q7t) = tn(/\) H 1-— qa(s)tl(s)+1

SEA

(6.3.9)

We may now consider how ¢, acts on the Macdonald polynomials; this is summarized in the
following proposition.
Proposition 6.11.

tll(s) — qal (S) u

SEX

Proof. By (6.3.9’), together with the fact that ) ., '(s) = n()), the conclusion holds when u = ¢"
for each n > I(\). Both sides of (6.3.11) are polynomials in u over F' which agree for infinitely many

values of u and hence they are equal. O
In order to provide an explicit expression for the scalar by (g, t), we require one additional lemma.

Lemma 6.12. Let f € Ap be homogeneous of degree k. Then

Euwig(f) = (=a) "y g-1(f) (6.3.12)

Proof. Since €, and w; 4 are both algebra homomorphisms, it suffices to verify the identity on a
basis, say the p) with |A| = k. In fact, by the multiplicativity of both maps it suffices to verify the
identity on the factors py,. In this case we have

1 —th 1 —uh 1 —uh
N = _1 Ai—1 — _1 i — (_ -\ — (_ -\ _ ‘
cuena(in) = 2w (DT I ) = (DN EEE = (oM = o) M)

which is the desired identity. O
We are now ready to prove the following explicit expression for the by (g, t):
Proposition 6.13.

1— qa(s) th(s)+1

(g, t) =[] [EpronTe (6.3.13)
SEX
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Proof. Using the previous Lemma, we have

EutPr(q,t) = ey @ (L, q)
= (_q)7|/\‘€u,q‘1Q>\’(tv q)
= (_Q)_p\‘b)\’ (ta Q)gu,q—lp)\/ (t_lv q_l)
Consequently we have

(—Q)_l)"Eu,tP)\(CJat)
coa (L0 )

Applying Proposition 6.11 to the denominator gives

b)\/ (t7 Q) =

U(s) _ 4=a'(s)y, V() _ 40’ (s)y,
q \,\| q
1P)‘/ 4q H _¢—a s)q—l( o H q° 1 — ga(s)+14(s)

Applying Proposition 6.11 to the numerator then gives

-1
tl’(s) _ qa’(s)u tl’(s) _ qa’(s)u 1— qa(s)+1tl(s)
by (t7Q) = (H 1— qa(s)tl(s)+1 H 1— qa(s)Jrltl(s) - ];[\ 1— qa(s)tl(s)+1

SEX SEA

As we remarked at the end of Section 6.2, we have by(q, )by (t,q) = 1 and hence the conclusion
follows by taking the reciprocal. O

We will conclude this section first by revisiting the coefficients ¥ I appearing in the Pieri
formula. As we remarked earlier, our aim will be to provide an explicit expression for these coeffi-
cients different from (6.3.10) which will involve the scalars by. Using this result, we will also revisit

Proposition 6.10 and give a more complete statement of the Macdonald polynomial Pieri formulas.

Notation. Let A be a partition, s = (7, ) a square (not necessarily in \). We define

1_qa(s)tl(s)+1

ba(s) = ba(s;q,t) i= ¢ 1-a"OTHE |
1 otherwise

SE A

so that by = [[,ba(s). If s = (4,5) € A, let ' = (j,7) € XN. It is clear from the definitions that
ax(s) = Ly (s) and I)(s) = ay(s). It is also clear that by(s;q,t) = by (s';t,q) L.

Proposition 6.14. Let A D p be partitions and denote by Cy, (resp. RA/M) the union of the
columns (resp. rows) that intersect A\/u. Then

ve= 11 ba(2) (6.3.14)

b
s\ )
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Proof. Given a product of the form P = [, ;5¢(1 — q?®)" we may define a map L by L(P) :=
> ab>0 napq®t?. The map L is in fact an injection, so it suffices to show that the image of both sides
of the equation (6.3.14) under L are the same. By (6.3.10) we have

L( l)\/“) =(t—q) Zqﬂi*#j*l(tjfi _ tjfi*l)

where the summation is over all pairs (7, j) such that ¢ < j, A\; = p;, and A\j = p; + 1. To each such

pair we may associate the square s = (i, \;) € Cy/, \ Ry/,. The contribution to L(¥ , ) from the

M
pairs (4, j) such that (i, \;) = s is equal to

(t - q)qa,\(s) (tlA(s) - tlu(5)>

and hence L(¥) /“) is the sum of these expressions for all s € 1N (Cy/, \ Ry/,). This in turn is equal
to the image of the righthand side of (6.3.14) under L, as required. O

We are now ready to present the complete Pieri formulas for the Macdonald polynomials.

Theorem 6.15. Let v be a partition, r > 0 an integer. Then
(1) Pugr =35 ®r/uPr (i) Que,«zz)\@;\/u@)\
(1) Qugr =D U /u@a (iv) Puer =)y \I//)\/uP/\

In (i) and (ii) (resp. (i) and (iv)) the sum is taken over all partitions X D p such that \/u is
a horizontal (resp. vertical) r-strip. The coefficients are given by

= A ne () D= A 56
.. bu(s . S
) W= T 3 ) U= 1 2
SG(RA/M)\(C)\/H) SG(C/\/H)\(RA/”)

Proof. The Pieri formula (iv) is simply a restatement of Proposition 6.10 with coefficients given by
Proposition 6.14. Applying the duality result (6.2.5) to (iv) gives (ii), with the coefficients given by

\IIA/M(Qa t) = \Iﬂ)\’/u’ (t7 Q)

By virtue of the fact that by(s;q,t) = by(s';t,q) "1, we see that Wy /u(g,t) is given by the expression
(ii) above. The formulas (i) and (iii) follow from (ii) and (iv) by taking the appropriate normaliza-

tions. In particular, the coefficients appearing in (i) and (iii) are
Dy, =brb, 'y,  and A = 030uT ),
and (6.3.13) shows that they are given by the formulas above. O

Remark. By comparing the expressions in Theorem 6.15, we see that

(I)/)‘/N(q’t) = q)N/MI(t’ q) and \Ij/)\//l(q’t) = \I//\//M/(t,Q)
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6.4 Skew Macdonald Polynomials

The purpose of this section will be to obtain combinatorial expressions for the Macdonald polynomials
which generalize the tableau monomial formulas for the Schur polynomials (cf. Corollary 5.13). As
with the Schur functions, we will follow the approach of Macdonald in [6] by developing a basic
theory of skew Macdonald polynomials and obtaining the formulas for Macdonald polynomials as
a special case. The development is not entirely the same in the Macdonald setting as in the Schur
setting, although many of the definitions and results should be reminiscent of those encountered in
Sections 5.2 and 5.3.

Recall that we defined the Littlewood-Richardson coefficients CKM to be the structure constants

for the Schur functions in A:

SaSu=>_ K,Sy

Recall as well that we defined the skew Schur function S,/ by setting (S, /x, Su) = (Su, SxSyu) so
that S,/ = > u CKMS#. In direct analogy, we provide the following definition in the setting of Ap.

Definition 6.8. Let A, i, v be partitions, and let

fi/;t = f)%p,(Q7t) = <QV7 P)\Pu>q,t

Equivalently, we define the coefficients f;\/u to be the structure constants for the Macdonald polyno-
mials in Ap, namely by setting PyxP, =", I P

Remark. Clearly [}, (t,t) = c§,. By Proposition 6.6 we also have fY (¢,1) = f;\’#(qfl,tfl). As
with the Littlewood-Richardson coefficients, it is also clear that f} = fZA by commutativity in Apg.
Unlike the Littlewood-Richardson coefficients, f)\”“ #* fj\’,/u, in general. The correct identity in the

general case is as follows.

Proposition 6.16. For all partitions A, u, v we have

/ bV 7t
e = by

Proof. Applying the automorphism wy; to both sides of the equation P\P, =), f;\’uPy yields

Qx (1, Q)Q,u’(tv q) = Z f)lfp,(q’ t)Qu(t,q)

or equivalently Qx(¢,t)Qu(q,t) = >, f)f,/“, (t,q)Qu(g,t). The conclusion follows by dividing both
sides through by by (q,?)b,(q,t) and comparing the coefficients of P, (q,t) with those appearing in the
original equation P\P, =5, f¥ ez O

The following proposition lists some conditions for the polynomials f/l\’u to be nonzero; these
conditions are shared with the Littlewood-Richardson coefficients.
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Proposition 6.17. Let A, p, v be partitions. Then
(i) [}, =0 unless [v] = || + |u], and
(it) fX, =0 unless A C v and p C v.

Proof. The condition (i) follows by degree considerations, as Py is homogeneous of degree |\|. To
prove (ii), we define the following subspace of Ar. For each partition u, let I, denote the subspace
of Ap generated by the P, such that v O p. By the Pieri formula (i), we see that g.I, C I, for
each » > 1. Since the g, generate Ar as an F-algebra, then I, is an ideal of Arp. Consequently
P\P, € Iy N 1,. By definition of the subspaces I and I,,, this implies (ii) above. O

Although the coefficients f{ , share many properties with the Littlewood-Richardson coefficients
CK“, explicit expressions have proven considerably more difficult to obtain outside of certain special
cases. There is in fact a “Littlewood-Richardson rule” for Macdonald polynomials due to Yip [11],
which provides a combinatorial method to compute the product of two Macdonald polynomials,
although the details of this result are beyond the scope of the present discussion. Having exhausted
all that we need to say about the fY u for our purposes, we will now move on to developing a basic
theory of skew Macdonald polynomials, which we define as follows.

Definition 6.9. Let A, v be partitions. We define the skew Macdonald function Q5 by setting
Qu/x =2 u f;\IMQN/’ or equivalently by requiring

<Qu/)\7 PH> = <QV7 P)\PH>

We may also define the skew Macdonald function P,/ by exchanging the P’s and ()’s in the previous

definition:

<Pl///\7 Q,u,) = <PV> Q/\Q/J«>

Remark. Evidently we have ), /\ = bl,b/(lPl, /x- Moreover, from Proposition 6.17 we see that ¢,/ =0
unless v D A, and that if v D A then @,/ is homogeneous of degree || — |A|. By linearity, we also
have the identity

<Qu/)\7 f> = <QV7 P)\f> (641)
for all f € Ap.

As in the case of Schur functions, the skew Macdonald functions provide us with simple expres-

sions for Macdonald functions in two independent sets of variables (cf. Proposition 5.9).

Proposition 6.18. Let x and y be independent sets of variables. We have

Or(@.y) = 3 Q@) Q) (6.4.2)
o

Py\(z,y) = ZPA/;L(@PM(?/)
I

83



Combinatorics of Symmetric Functions Kevin Anderson

Proof. Introduce a third independent set of variables z. We have

> Quu@)Pa(z) =D £ Qu(z)Pa(2) (Definition 6.9)
A AV
= Qu(z)Pu(2) P, (2) (Definition 6.8)
= P,(2)lI(z, z;q,t) (6.2.3)

Consequently we have
S Q@ PA)Qu() = 3 Pu(2)Quy)T1(z, 214, )
A H

=1(z, z;q,)II(z, y; q, )
- Z Qx(z,y)Pr(2)
)

The first identity in (6.4.2) follows by comparing the coefficients of Py(z). The second identity follows
from the first by dividing both sides by b,. O

We are now equipped to provide combinatorial formulas for the skew Macdonald functions.

Before presenting the theorem statement, we first review the following notation.

Notation. Let A, u be partitions and let T be a skew tableau on A/u, say with entries in [n]. We
may think of T as a sequence of partitions

,u:)\(O)C)\(l)C-~C)\(”):)\

such that each skew diagram A\ /A\(—1) is a horizontal strip. Let

n

or(g,t) = [ [ @ro a0 (a:8) (6.4.3)
=1

where as in Theorem 6.15 we define

H by (55, 1)

Q)\(i)/)\(i—l)((Lt) = b/\<-,1>(3'q t)

seC

NOPNG=Y
Similarly, let )
Ur(e,t) = ][ ¥y0 00 (0,0 (6.4.4)
i=1
where we define
o a0 (g, t) = H bre-v(s:¢, 1)

by (s;q,t
s€(Ry (i) /5, (i-1)\Cy ) /5 (-1)) Ao (51,7)
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Theorem 6.19. Let A\, i be partitions. We have
Qujp =Y _ ®r(gt)a” (6.4.5)
T

P)\/,LL = Z qu(q’t)a;T
T
where the summation is over all skew tableaux T on N/u, and xT denotes the tableau monomial
corresponding to T (cf. 4.4.3).

Proof. Since the bases of Ar given by the m, and g, are dual to one another, we have

Q)\/u = Z<Q>\/u7gu>mu = Z<Q/\, Pugu>mu (6.4.6)

14 14

The righthand side follows by applying (6.4.1) with f = g,. We proceed now by expanding the
coefficients (Qx, P,g,). Repeated iterations of the Pieri formula (i) of Theorem 6.15 yield

Pugy = Z (Z <I>T> (6.4.7)

where the outer sum is over all partitions 7 D p such that |7/u| = |v|, and the inner sum is over all
skew tableaux T on 7/p with content . We now substitute (6.4.7) into (6.4.6) to obtain

Qnp = <QA, > (Z <1>T> >m = (Z <I>T> (@, Pr

v v,

By orthogonality, the inner products appearing in this sum are equal to 1 if 7 = A, and are equal to

QA/,LL = ZZ(I)TmV
v T

where the inner sum is taken over all skew tableaux 7" on A/p with content v. The identity (6.4.5)

0 otherwise. Hence

follows by rearranging the sum in terms of individual monomials.
The proof of the combinatorial formula for Py, is similar, albeit using (iii) of Theorem 6.15

and interchanging P’s and ()’s as necessary. O

Of course, as with the analogous Theorem 5.12 for skew Schur functions, we obtain combinatorial
formulas for the Macdonald functions by setting ¢ = 0. In this case the resulting combinatorial
formulas are the same, but with the sums taken over all tableaux T on A. Likewise, formulas for
(skew) Macdonald polynomials in n variables are obtained by restricting the sums to only contain
tableaux with entries in [n].

The difficulty in determining the coefficients f, is made clear by the formulas (6.4.5). Since

the coefficients ¥ (q,t) appearing in these formulas are relatively complicated in nature (in contrast
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with the Schur functions, for which each monomial was monic), we cannot reduce the problem of
counting the number of times a monomial 27 appears in the product P, P, to counting the number
of ways the tableau T factors into tableaux on A and u. Hence the approach taken in Section 5.4 to
prove the Littlewood-Richardson rule does not carry over to the Macdonald setting.

We now conclude with some simple corollaries of Theorem 6.19. In the case of Macdonald
polynomials in n variables, we have the following vanishing condition for @y, (=) (cf. Proposition
5.7). This is in fact a condition on whether the set of skew tableaux on A/u with entries in [n] is
nonempty.

Corollary 6.20. If \, i are partitions, then Q) (%1, ..., 2Zn;q,t) # 0 if and only if 0 < No—pl<n
for each i > 1.

In the case where n = 1, so that = (x1) is a single variable, the skew Macdonald polynomials
are given as follows.

Corollary 6.21. Let x = (z1) be a single variable. We have

(g, )M if X is a horizontal strip
Q)\/,u(x;q,t) = - .
otherwise

and similarly for Py, (7;q,t), albeit with ®,,(q,t) replaced by ¥ ,,(q,1).

Finally, the duality result (6.2.5) extends to the skew Macdonald functions:

wq,tP)\/,u(Qa t) - Q)\’/,u’(tv Q) (648)
Wq,tQ)\/,LL(Qa t) = P)\’/,LL’ (ta Q)

Proof. We have
Wa,tQx/u(q, ) = Wy Z FQu(a,t)
= faPolt,q)
= frbw(t @)by (t,0) ' Qu(t,q)

= bu’ (ta Q)b)\/ (t7 Q)_lQ)\’/u’ (t7 Q)
= P)\//M/(t, q)

The proof of the first identity is similar. O
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