1 Notation

We use the following notation

W =C[t,t™]
A=W ®AC
Ag=W®C
A =W ®Ch

2 Derivations of W ®@ AC

In this section, we attempt to classify all the derivations of W ® AC. We first
prove a simple lemma that will be used twice.

Lemma : If D is an odd or even derivation and u € Ay, then D(u) = D(t)%%

Let D : Ag — A be a derivation of A restricted to Ag. Then, we have
D(1)=D(1x1)=D(1)(1)+ (1)D(1) = 2D(1)

which implies D(1) =0
We also have

0=D(1) =D(#)(t™")) = DE)(E") + (1) D(t™)

which implies D(t71) = (=t=2)D(t)

Let us now define a derivation E on A restricted to Ay by
d

)

It is clear that E(t) = D(t). We also have

E = D(1)(

Bt =D()(~t7*) =D(t™")
where the last equality follow from the above formula.

Because a derivation is uniquely determined by its values on the generators

of an algebra, it is now clear that D(u) = D(t)%.

We now consider A=W @ AC =W  Ce W ® Ce. In this case, derivations
split into odd and even derivations, that is,

der(A) = der™ (A) @ der™ (A)
in the sense that, if u € A, v € A,, DT € der*(A), D~ € der~(A), we have
DT : Ay — A, DY (vu) = DT (v)u +vD™ (u)
as well as

D™ : A — A1, D" (vu) = D™ (v)u+ (=1)PvD ™ (u)



2.1 Even derivations

Proposition : Any even derivation has to obey the following two relations,
and these relations define a derivation

D*(f) =pf’
Dt (0) = qb

where f, p and g are Laurent polynomials.

Proof By the previous fact, we have that D*(f) = D*(t)%. By restricting
the codomain to Ay, we let DT (t) = p. We also let DT (0) = ge as general
elements of Aj, respectively. The two relations follow.

Now we must prove that these two relations, once extended by linearity and
by Leibniz rule, define a derivation. For elements of the form fe, we obtain

DY (f0) = DT (£)(0) + (£)DT(0) = (nf' + fa)f

. Linearity follows by extension. The only thing that is left to check is the
Leibniz rule. We shall examine all 3 possibilities.
1. D*((f)(g) where f, g, are Laurent polynomials.

D*((f)g) = (0f")(9) + (f)(pg")

=@ ((f'9+4d1)
=D"(fg)
2. DT (f(gf)) where f, g are Laurent polynomials.

D¥(f(g0)) = D" (f)(90) + (£)D " (99)

= (pf)(99) + (/)((pg" + 99)0)
= (pf'g+ frg' + f90)0
= (p(f'g+ fg') + fga)f
= (p(f9)" + (f9)a)0
=D*(fg9)

3. D((f0)(gh)) where f, g are Laurent polynomials. We know that this is
zero because 62 = 0.

D*((£0)(90)) = D*(f0)(g0) + (f0)D" (90)

= ((of" + fa)0)(g0) + (f0)((pg" + 94)0)



=0

We conclude that these relations define an even derivation because the Leib-
niz rule is verified on a basis ¢ or t"™6 (t™ is also a polynomial and the Leibniz
rule is satisfied for arbitrary polynomials).

2.2 0Odd derivations

Proposition : Any odd derivation has to obey the following two relations,
and these relations define a derivation

D= (f) = (f'ph)
D™(0) =¢q

where f, p and ¢ are Laurent polynomials.

Proof By the previous fact, D~ (f) = D™ (t ® 1)3—’; (because f € Ap). Let us
write

D™ (t) = pb
as a general element of A;. Similarly, we write
D™(0) =¢q

as a general element of Ay.

We now prove that this defines an odd derivation, once extended by linearity.
Once again, this extension uses the Leibniz rule to define the derivation on
elements of the form f@, that is :

D=(f6) = (pf'0)(0) + (f)(q)
= fq

We need to check the Leibniz rule in 4 cases this time :
1. D=((f)(g)) where f, g are Laurent polynomials.

D=((H)(g)) = D~ (f)g) + (/)D(9)
= (f'p0)(9) + (S)(g'p0)

= ((f'9+ fg")p0) = (f9)'p0 = D™ (f9)
2. D=((f)(g9)) where f, g are Laurent polynomials

D= ((f)(g9)) = D™ (f)(gf) + (f)D~ (g9)
= (f'p9)(90) + (f)(9q)

= fgq=D"(fg9)



3. D=((f09)(g)) where f, g are Laurent polynomials

D=((f0)(9)) = D~ (f0)(g9) — (f0)D™(9)
= (fa)(9) = (f0)(g'pH)

= fga=D"(fg9)
4. 0= D~ ((f6)(g0)) where {, g are Laurent polynomials

D= ((f0)(g0)) = D~ (f60)(90) — (f0)D~(90)
= (fq)(g0) — (f0)(99)

= (fg990) — (fgq0) =0

We conclude that these definitions satisfy the conditions for an odd deriva-
tion.

3 The SuperWitt algebra

We can now define an explicit basis for Der(A), that we will now refer to as
the SuperWitt algebra and will sometimes be written as L. The basis is the
following

d, — —+1 %
fo = Ht”%
d,, = —Qt"“%
ﬁ=ﬂ%

It is clear that the overlined basis elements are odd derivations, while the
others are even. It is not difficult to show that these elements are linearly
independent, and that they span all of Der(A). The first fact follows from
the linear independence of the basis elements {t",t"0 | n € Z} (it suffices to
apply any linear combination that sums to 0 of these elements to ¢ or 6 to find
that the coefficients must be 0), while the second one follows from the above
classification.

In particular, these basis elements form a Lie Superalgebra. The 10 resulting
brackets can be computed to obtain

[din, dn] = (m — n)dpin
[ 7] = —Nfmin
{dm,d | =(m—n)dnin




[fm7d7n] = dm+n

[fﬂ’fi] = —fm+n
[dmadn] =0

[dﬂ;&] = dm+n - nfnl+n

The computation of the last two brackets require to act on elements of the
form f and f6 separately, where f is a Laurent polynomial. All the others can
be done on an arbitrary twice differentiable function in ¢ and 6, using known
properties of differentiation.

4 The one-dimensional central extension of the
SuperWitt algebra

Proposition : There exists a unique, up to isomorphism, one-dimensional
non-trival even central extension of the SuperWitt algebra. This unique central
extension is L' = L @ Cc, with ¢ € Z(L’) an even element and the brackets are
[, dn] = (M = 1) dmsn
dmy fn _nfm—i-n - 5m+n70(m2)c
—20m4n,0mc

_g_
e
1

dpm 0

[dﬂa&] =dmin — Nfmin — 5m+n,0(m2)c
[fﬂh fi] =0 .

[dm,dn] = (M — n)dmin

[dma&] = lfm+n

[fmadl] = dm+n

[fm7fn] = _fm+n

Proof : Let us suppose that L’ = L @ Cc is a central extension of L with ¢ an
element of the even center of L’. The last 4 brackets are already known. Suppose
further that it is non-trivial. We will construct an explicit isomorphism with
the above commutation relations. The proof will be in 7 steps, where in the first
6 steps we will use 7 SuperJacobi identities to find restrictions on the possible
central extensions and prove uniqueness, and in the last step we will explicitely
check the remaining 3 SuperJacobi identities to prove existence, which will turn
out to be quite easy to check. Furthermore, since we will be writing quite a
large number of SuperJacobi identities, we will take the liberty to replace all
possible appearances of ¢ by ”...” if it turns out that this appearance does not
affect the final result. This will be, we hope, quite clear from the fact that c is
central. Furthermore, the basis elements that result at the end of the identities
are assumed to cancel each other, because L is a Lie Superalgebra, so we will
not write those either.

Here is a list of the 10 SuperJacobi identities that we are going to use and
check. All other possible Jacobi identities that results in even elements can be
obtained from these by bilinearity and supercommutativity. The 10 is obtained
by a 3-combination from a 4-elements set with repetition allowed, and only tak-
ing the ones that result in even elements. There are in fact 10 more SuperJacobi
identity to check, but they result in odd elements (by that we mean that they



are made of 2 even and 1 odd elements or 3 odd elements, and so ¢ does not
appear at the end of the computations and they are already satisfied). Thus,
we do not need to check them.

([di, [dm dn]] + [dn, [diy din]] + [din, [dn, di]] = 0
[di, [fms full + [, [dis fin]] + [fins [fns dil] = 0
[di, [fm, dn]] + [dn, [dis fin]] + [fm, [dn, di]] = 0
[di, [fons Ful] = s [dis finl) + [fms [ di]) = O
([di, [din, dn]] = [dn, [diy din]] + [di, [d, di]] = 0
[di, [y Ful] = [Fos [dis din]] + [don, [, di]] = 0
[fis (s Full = [Fus [fis dinl] + [, [Fns fil] = O
[fis s Fall + Ums [ fill + [, [fis S]] = 0
[fis [dms dnl] = [dn; [fis dm]] + [dins [dn, £il] = 0
[fis [fons Ful) = [Fons [fis Fnl] + [fons [fns fil] = 0

Step 1 In this step, we suppose that [dy,, d,] = (m — n)dpmin + a(m,n)c and
we find possible restrictions on a(m,n) and use a change of basis to make things
appear as close as it is in the claim.

First, because [d,,, d,] = —[dyn, d:], we note that a(m,n) = —a(n,m).

We define new elements

dl _ dO ifn=0
n dn — a(0,n)c otherwise

These new elements along with the unchanged ones still form a basis for L'.
We also define

a(m,n) ifm4+n =0

/ —
a’'(m,n) = { a(m,n) + =ra(0,m +n)  otherwise

We now have the new commutation relation

[dr,, d)] = (m —n)dmin +a(m,n)c = (m —n)d,, ., +ad'(m,n)c

m’-'n

We now consider the following SuperJacobi identity, which must be satisfied
for all i,m,n.

(d}, [drn, dp]) + [dys [d}s d3)) + [dys [dry, di)) = 0 (1)
(m—n)|d, dy, iy + ]+ (0 —m)[dy,, diy + ]+ (n—0)[d),,d), i+ ..] =0

which yields
(m—n)a(i,m+n)+ (i —m)a(n,i+m)+ (n—alm,n+i)=0 (2)
In particular, it must be satisfied for ¢ = 0

(m —n)a(0,m + n) — ma(n,m) + na(m,n) =0



(m —n)a(0,m+n) = —(m+n)a(m,n)

If m+n # 0 then a(m,n) = —7"=a(0,m +n) and a’'(m,n) = 0. Therefore,

o/ (m, ) = { g(m,n) if m4+n =0

otherwise
We now define b(m) = a'(m,—m) = a(m,—m) to obtain the commutation
relation
[ mo n} ( )d;”n,—i-n + 5m+n70b(m)c
Note that b(m) = —b(—m) and b(0) = 0. Equation (2) must still be satisfied
withi=-m—-1landn=1

(m—1a(-m—1,m+1) — (2m + 1)a(l,-1) + (2 4+ m)a(m,—m) =0
or equivalently
(m—1)b(=m —1) — (2m + 1)b(1) + (2 + m)b(m) =0

(m — 1)b(m + 1) = (24 m)b(m) — (2m + 1)b(1)
) = (24m)b(m)— (2m+1)b(1)

Note that whenever m > 1, b(m+1 o and so all values for
m > 2 are uniquely determined by b(1) and b(2). Negative values are determined
by b(m) = —b(—m). There are then at most 2 solutions and one can verify that
b(m) = ym and b(m) = Bm? are solutions. Let us consider the general solution
b(m) = Bm3 + ym. We use another change of basis

d' = d6+’8#c ifn=0
no) d, otherwise

In the case where m + n # 0, we have

[ dp] = (m = n)dy, = (M= n)dy, 4+ im0 (m® = m)ye

If m +n =0, we have

(B+7)
2

[d” dﬂ] - (m n)dm—i—n + Bm + yme = 2mdm+n +2m + (ﬁm?) o fym)c

m?'n

= (m—n)dy, ., + (m® —m)ye = (m —n)dy, ., + dmino(m® —m)ye

In general then,
[d;:w d;ﬂ = (m — n)d;’:z-i-n + 5m+n70(m3 —m)yc (3)

Conclusion of step 1 : Using a change of basis, we obtain elements d that
satisfy equation (3). From now on however, we will drop the primes for increased
readability. We will not have to change this basis again. We will later find that
~ must be 0. One can also verify that equation (3) satisfies the corresponding
equation (1) in general. Hence, we have also cleared one of our 10 SuperJacobi
identities for existence.



Step 2 In this step, we suppose that [fn, fn] = a(m,n)c and we find a restric-
tion on a(m,n).

First of all, it is clear that a(m,n) = —a(n, m) from antisymmetry.

Now, we consider the following Jacobi identity, which must be true for all
i,m,n

[di; ] + n[fm, fn+i + ] - m[fn, fm+i + ] =0
na(m,n +1i) —ma(n,m+1¢) =0 (5)

In particular, this must be true for ¢ = 0
na(m,n) — ma(n,m) =0

(n+m)a(m,n) =0

which implies that a(m,n) = 0 unless m+n = 0. We now let b(m) = a(m, —m).
Note that b(m) = —b(—m) and that this also means that b(0) = 0 and

[fm7 fn] = 6m+n,0b<m>c
. With ¢ =1, n = —m — 1, equation (5) gives us
—(m+ Da(m,—m) —ma(—-m—1,m+1)=0

or equivalently
—(m+ 1)b(m) + mb(m+1) =0

For m > 0, we have b(m+1) = ™tLb(m), and so all values of b(m) for m > 1 are
uniquely determined by b(1) and negative values are given by b(m) = —b(—m).
Hence there is at most one solution to this recurrence relation. One can check

that b(m) = am is a solution. Hence, we have

[fma fn] = 6m+n,004mc

Once again, one can easily check that this satisfies (4).
Conclusion of step 2 : We have have used a second Jacobi identity to find a
restriction of [fy,, fn]. We are now at 2 out of 10 Jacobi identities.

Step 3 In this step, we suppose that [fm,dn] = Mfmin + a(m,n)c and we
find a restriction on a(m,n) to make it appear as simple as possible. As in step
1, a change of basis will turn out to be necessary.

We define new elements

fT,L:{fO ifn =0

fn+ %a(n, 0)c otherwise

These new elements along with the unchanged ones still form a basis for L'.
We also define

o - { a(m,n) if m+n =0

" a(m,n) = Aa(m+n,0)  otherwise

We now have the new commutation relation



[frln7 dn] =m r/nJrn + al(m> n)c =M fmin + a(ma n)c

Now consider the following Jacobi identity, which must be true for all i,m,n.

[di, [frm> dnl] + [frn: [dn, di]] + [, [di, fra]] = 0 (6)
[dismfrn + ]+ [, (0= D) dipm + ...] + [dimy, —mfiy +..] =0
= —ma(m +n,i) + (n —i)a(m,i+n) + ma(i + m,n) =0 (7)

Setting ¢ = 0, this reduces to

—ma(m +n,0) + (n+m)a(m,n) =0 (8)

If n +m # 0, we have a(m,n) = —"—a(m + n,0) and so a'(m,n) = 0. We

now let b(m) = a/(m, —m) = a(m, —m). We have the new commutation relation
[fmsdn] = mfp 0 + Omin0b(m)e
Equation (7) must still be true. We set ¢ = —m — 1 and n = 1 to obtain
—ma(m+1,—m — 1) + (m + 2)a(m, —m) + ma(—1,1) =0

—mb(m + 1) + (m + 2)b(m) +mb(—1) =0

Setting m = 0, we find b(0) = 0. For the other values, we consider two
cases. If m > 0, we have b(m + 1) = E2p(m) + b(—1), and so b(m) for m > 0
is uniquely determined by the values at b(—1) and b(1). For negative values,
we have b(m) = =5 (b(m + 1) — b(—1)) and so b(m) for m < 0 is uniquely
determined by the values at b(—1) and b(—2). It can be checked that in both

cases, b(m) = m and b(m) = m? are solutions. The general solution for all m is

then
[ aym+Bim? m<0
b(m) = { aom + fom? m >0
Setting i = —m — n in equation (7), we get

—ma(m +n,—m —n) + (m + 2n)a(m, —m) + ma(—n,n) =0
—mb(m +n) + (m + 2n)b(m) + mb(—n) =0

By setting m = n = 1 we find after simplification that ay — By = a1 — f1.
Similarly, by setting m = 1, i = 2, we find after simplifications that 2ca — 4082 =
2a; — 43,. From these 2 equations it is easy to see that a; = as and 81 = fBs.
Then, b(m) = o/m + 'm?. Things can be made simpler yet again with another
change of basis

v | fo+dc ifn=0
fo = { 1 otherwise

If m +n # 0, we have
[frlr/mdn] =m 7In+n =m 7/7/1+n + 5m+n,0(m2)ﬂlc
If m 4+ n =0, we have

[f:v/mdn} =m T/n+n + (O/m + BImQ)C = m(franrn + (O/)C) + ﬁl(m2)c



=mfy. ., + Smtn.0B (m?)c

Using a change of basis, we have obtained a much simpler commutation
relation. If we drop the primes and use antisymmetry, we obtain

[dma fn] == *nfm,—i-n - 5m+n,0m25c

which is very close to what is claimed. One again, one can check that this
satisfies (6).

Step 4 In this step, we write [, fn] = a(m, n)c and use a 4th Jacobi identity
to find conditions on a(m, n)

First note that, unlike step 1 and 2, we have a(m,n) = a(n,m) instead of
a(m,n) = —a(n,m).

From Super Jacobi identity, we have, for all ,m,n

[di7 [fmv fn]] - [f’m [du fm]] + [fm’ [fna dl]] =0 (9)

[di7 ] + m[fnafm+i] + n[fmafn+z] =0
ma(n,m+ 1) + na(m,n+17) =0

In particular, if ¢ = 0, (m + n)a(m,n) = 0 which implies that a(m,n) =0
unless m +n = 0. Now write b(m) = a(m,—m) with b(m) = b(—m). Let
i = —m — n. Then, we have

ma(n,—n) + na(m,—m) =0

mb(n) +nb(m) =0

which must be true for all m,n. If n = 1, m = 0, we have b(0) = 0. If instead
n = m, we have 2mb(m) = 0 which implies that b(m) = 0 whenever m # 0.
Then, b(m) = 0 for all m and we are done. It is also clear that (9) will be
satisfied.

Step 5 This is another easy step similar to step 4. This time, we let [, d,,] =
a(m,n)c. Once again, we have a(m,n) = a(n,m).
From Super Jacobi identity, we have, for all ,;m,n

(di, [dn, d]] = [, [di, dn]] + [dn, [dins di]] = 0 (10)
[diy...] = [dm, (i = n)ditn + ..] + [dn, (M — )dpyi +..] =0
(n = 0)[dm, dizn] + (M — i)[dn, dmyi] = 0
(n—da(m,i+n)+ (m—1ian,m+1:) =0 (11)

If ¢ = 0, this reduces to (n + m)a(m,n) = 0 which implies that a(m,n) =0
unless m+n = 0. For the fifth time, we let b(m) = a(m, —m) with commutation
relation

[@7 E] = 6m+n,0b(m)c
Setting ¢ = —m — n in equation (11) yields

(m+2n)b(m) + (n+2m)b(n) =0 (12)

10



which must be true for all m,n. Then, setting m = 0
2nb(0) 4+ nb(n) =0

= b(n) = —2b(0)

unless n = 0. However, if m =2 and n = —1 in (12), we have
0+ 3b(—1) = 0= —6b(0) = 0 = b(0) =0

Therefore, b(m) = 0 for all m and we are done once again. It is also clear
that (10) holds.
Step 6 We are ready to find restrictions on [d,, fu] = dmin — Nfmin +
a(m,n)c. By doing so, we will also complete the construction of the isomorphism
with the central extension defined in the claim. Unlike all previous steps, we
will require not 1, but 2 Jacobi identities to do so. One interesting thing to note
here : the change of basis that we have done earlier does appear in this resulting
brackets, but we can simply absorb the missing coefficients inside a(m,n).

Remember that [d,, frn] = [fn, dm)
The first Super Jacobi identity that we use, which must be true for all i,mn
is

[dia dern - nfm+n + ] - [ﬁ7 (Z - m)M] + [@7 nfniﬂ} =0
6i+m+n70(i3 - i)’y - n6i+m+n70i26 + (m - ’L)CL(Z +m, 77,) + na(mv n+ 7’) =0 (14)

Setting ¢ = 0 in the last expression, we obtain

ma(m,n) + na(m,n) = (m+ n)a(m,n) =0

which implies that a(m,n) unless m 4+ n = 0. For the sixth and final time, we
let b(m) = a(m,—m). Then, with i = —m — n in (14), we have

((=m —n)> +m4+n)y —n(m+n)?B + (2m 4+ n)b(—n) + nb(m) =0  (15)
Setting n = 0 in (15) yields
(—=m?® +m)y 4+ 2mb(0) = 0 (16)
m =1 in (16) implies that b(0) = 0. Then, m = 2 in (16) implies that v = 0.

We now want to find an explicit expression for b(m). We use a second Jacobi
identity, which must be true for all i,m,n.

[fisdmtn — Nfmin +...] = [ﬁv dmi] + [a7 foti] =0
We let i = —m — n, otherwise this equation is already satisfied. This yields
(m +n)?B +na(m +n) — b(—n) + b(m) =0 (18)

If n =0 in (18), we have
b(m) = —m?j (19)

11



If m =0 in (18), we have

b(—n) = n*(B + a) (20)
or equivalently

b(m) =m*(B + a) (21)
Substracting (21) from (19), we have

0= (—28—a)m? (22)

Which implies & = —25 (with m = 1). It can be checked that (19) satisfies
(17). We now replace (19) in (15).

n(m-+n)28+(2mn)(—B(n?)+n(—B(m2)) = B(n(m+n)?—n(m?+2mn+n?)) = 0
(23)
and so (13) is satisfied.

It can be now checked that a = —283, v = 0 and b(m) = —m?3 satisfy
also (17). Furthermore, we have found all our 6 brackets and the commutation
relations must be

[dma dn] = (m - n)dm+n

{dm; fn% = 7nfm+n - 5m+n,0(m2)ﬂc

Sms fn] = —20m4n,08me
[dﬂ;&] = dern - nfm+n + 6m+n,0 - (mz)ﬁc

If B were to be 0, the extension would be trivial which is a contradiction.
Hence, $ must be non-zero. We can now do one last change of basis

d = Bec

to obtain the required commutation relations. This completes the proof of
uniqueness.

Part 7 It remains to check 3 Jacobi identities to prove that this is a central
extension. In the previous steps, most of the Super Jacobi identities were left to
be checked by the reader. Most of the calculations is already there in its most
a(m,n) general form. It is enough to replace the found a(m,n) functions to be
convinced of existence.

The first unchecked Jacobi identity is actually quite simple, because it would
be satisfied no matter what.

= [fis-o] + [fr, -]+ [frm, ] =0
The second unchecked Jacobi identity is satisfied thanks to step 5.
Finally, the final unchecked Jacobi identity is satisfied thanks to step 6.
[fis [Fns Ful) = [Fs [fis Frnl] + Ufons [Fos £il] (26)

= [flv ] + [ﬁa fi-‘:—m] + [firna fn-‘ri} =0
Hence, all 10 Jacobi identities are satisfied and this indeed defines a central
extension.

12



5 The two-dimensional central even and odd ex-
tension of the SuperWitt algebra

The last section classified the case where we had only an even center. In this
section, we show that adding an odd center does not change anything. In other
words, we still get the following 10 commutation relations.

Claim : There exists a unique, up to isomorphism, two-dimensional non-trival
central extension of the SuperWitt algebra where the center has one-dimensional
even part and one-dimensional odd part. This unique central extension is L' =
L @ Ce® Ce, with ¢ € Z(L') an even element and ¢ € Z(L’) an odd element.
The commutation relations are

[dm, dn] = (m = n)dpin

[dma fn] = _nfern - 5m+n,0(m2)c

[fm, fn] = —20m1n,0me

[dm,dn] =0

[%7&] = dmin — Nfmin — 5m+n,0(m2)c
[fma fi] =0

[y dn] = (M —n)dpin

[dma&] = —nfmin

[fmadl] = dm+n

[fmafn] = _fm+n

Proof: The first 6 brackets are obtained in the same way as in the last section.
Similarly, the 10 even Jacobi identities are satisfied. Hence, the only thing we
have left to do is to construct an explicit isomorphism that gives us the last 4
brackets to prove uniqueness while preserving the even brackets. Existence of
this central extension is clear. The proof will be in 4 steps.

Step 8 In this step, we find restrictions on [dy,, d,] = (n—m)dp4n +a(m, n)e,
and by using a change of basis we will obtain something close to what is claimed.
Consider the following Jacobi identity.

[di; [dim; dnl] + [dm, [dn, dil] + [dn; [di; din]] = O (27)
[diy (M —n)dmin + -] + [dm, (0 — D) dpsi + .. + [dny (i — M)digm +...] =0
(m = n)[ds, dmsn] + (0 — D) [dm, dnyi] + (@ = m)[dn, dim] = 0
(m—n)a(i,m+n)+ (n—i)a(m,n+1i)+ (m—1i)a(i + m,n) =0 (28)

If i = 0,n = 1,m = —1 in the previous equation, we have a(0,0) = 0. If
i =0,m+n # 0, we have a(m,n) = Z;ga(O,m +n)
We define new elements

T — dzj ifn=0
" dn — ta(0,n)¢  otherwise

These new elements along with the unchanged ones still form a basis for L’
and preserve the even brackets. We also define
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a(m,n) if m4n =0

/ —
a’(m,n) = { a(m,n) + z;za(o, m+mn)  otherwise

We now have the new commutation relation

[d,,d))]) = (m —n)dmin +a(m,n)c = (m —n)d,, ., +ada'(m,n)e

But we know that a’(m,n) = 0 when m +n # 0. Then, we can define
b(m) = a'(m,—m) = a/(m — m) to get the commutation relation
[@7 @} =(m— n)d’/m-i-n + (Svn-&-n,Ob(m)6
By setting i = —m, n = 0 in (28), we have

mb(—m) + mb(m) =0

which implies that b(m) = —b(—m) for all m, because b(0) = 0. The rest of
the proof is the same as Step 1, because (28) is the same as (2) and we have
just proven antisymmetry. Then, there is a change of basis that gives us the
following relation

([, dp] = (M = 1)d}y s + O 0(m® — m)ye (29)

We will show later that 7 must be 0.

Step 9 In this step, we find restrictions on [f,,,d,] = M frin +a(m,n)e, and
by using a change of basis we will obtain something close to what is claimed.
Consider the following Jacobi identity.

[di7 [fimv dn]] + [fTTL? [d’m dl” + [dn7 [dia fm]] =0 (30)
[dis M fmin + -]+ [fms (0 — )it + -] + [don, —MFivm +..] =0
= —ma(m +n,i) + (n —i)a(m,i +n) + ma(i + m,n) =0 (31)

Since (30) is the same as (7) and the assumptions are the same, but with the
odd element instead of the even one, step 9 can be done in exactly the same
way as step 3, to obtain a new basis such that

[dmu fn] = _nfm+n + 6m+n,0m2a (32)

Step 10 In this step, we find restrictions on [fy,, fn] = — fmtn +a(m,n)c. We
start by using the following Jacobi identity

[di7 _fm+n + ] + [fmﬂnfTJri+ ] + [ﬁv _mferi + ] =0
~Omintio(m+n)?B +na(m,n +i) + ma(m +i,n) =0 (34)

Setting ¢ = 0 gives us

~Omino(m+n)?B +na(m,n) +ma(m,n) =0

14



= (m+n)a(m,n) =0

which implies that a(m,n) = 0 unless m +n = 0. As usual, let b(m) =
a(m, —m) to get commutation relation

[fms fa] = = fntn + Omn,0b(m)e
(34) must still be satisfied with i = —m —n
—(m 4 n)?B + nb(m) + mb(—n) = 0 (35)
Setting n = 0, m = 1, we have
—B+b(0)=0 (36)
Setting n = 0, m = 2, we have
—48+2b(0) =0 (37)

From these two equations it is easy to deduce that 8 = 0 and b(0) = 0.
Then, (35) reduces to
nb(m) + mb(n) =0 (38)

With n = m, we have 2mb(m) = 0 = b(m) = 0 for all m.
Two out of four commutation relations are cleared.

Step 11 In this step, we finally find our last bracket, and also prove that 7
must be 0. Suppose [dp,, fn] = —dmtn + a(m,n)e. We use the following Jacobi
identity first

[y -]+ [frr g + -]+ [fis dimgn) = 0
—a(m+i,n)+a(i,m+n)=0 (40)

Setting ¢ = 0 gives us
a(m,n) = a(0,m +n) (41)

It seems our usual trick did not work this time! However, we can still set
b(m) = a(0, m) and we obtain the relation

[dm, fn] = —dmin +b(m 4+ n)e

It turns out that this satisfies (39), so we shall need to use another Jacobi
identity. o o o

([, =i fngi o] + [y s + -] + [fir (M = 1) yn] = 0
—ia(m,n +14) + Sminrio(m® —m)y + (n —m)a(m+mn,i) =0
(n—m —8)b(m +n+1) + Sminiio(m® —m)y (43)
Let n = —m and ¢ =0 in (43). Then

2mb(0) + (m> —m)y =0 (44)
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If m = 1, we have
2b(0) =0=b(0)=0

Hence
(m® —m)y=0

and clearly this can only be satisfied for all m if ¥ =0
Then, (43) becomes

(n—m-—0bm+n+1i)=0 (45)
If m =n =0, we have
(i) =0=05b(1)=0

for all ¢, because b(0) = 0.
This completes the proof because all odd brackets have been shown to be
trivial.

6 An explicit isomorphism to the N = 2 Ra-
mond Algebra

If we define

m c
Lm = dm_* m 5m -
5 0y

Jm = fm

G o=

Gn = fnm

¢ = —6¢

we have the following 10 commutation relations

2 2 2 2

n m nm mn 2mn

[L'rru Ln] = (m - n)dm+n + ?fm—i—n - 7fm+n + 5m+n,0( -
-m3 +m
2
3

ms—m ,
- (m - n)Lm-‘rn + 6’m+n,0 c

12
[Lm?J"] = [dmafn] - %[fmafn]

= (m - n)Lm+n + 6m+n,0

2 m
= _nfm-i-n - 6m+n,0m c+ 56m+n,02mc

= _nfm+n
- _nJern

[va Jn] = _25m+n,0mc
m

’
= 5m+n,0 gc
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[G:w G;} = dmin— nfern - 5m+n,0m20

m-+n m-—n
- dm+n - Tfern + Tfm+n - 6m+n,0m2c
= Lm+n + %Jm—o—n - 5m+n,0m20 + 5m+n,0§
m-—n d 1
= Lm n a5 Ym4+n = Om4n,05 z2_ =
+nt =5 Jmin = Ominop (m” = )
(G, Gr] = [din,dy)]
= 0
=0
J— m J—
[Lm>GI] = [dmvdn]_g[fma ]

= (5 -nGE
L Grl = s Fal = 5 (s Tl
= (_n)fm+n+%fm+n

m _
[Jm,G:} = m:G+

m—+n

[Jm’Gr_L] = _fM+n:_G:n+n

which is exactly the N = 2 Ramond algebra.
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