
Introduction and Background

A representation on a 1-dimensional vector space canonically corresponds to a
character of G, that is, a group homomorphism χ : G ÝÑ C�. From now on we
assume that G is a finite abelian group. The dual group pG can then be defined
as the set of characters χ : G ÝÑ C� such that χpabq � χpaqχpbq for all g P G.

Let f : G ÝÑ C� be an arbitrary function. Then its Fourier transformpf : pG ÝÑ C� is given by

pfpχq � 1

|G|

¸
x PG

fpxq�χpxq @x P pG.
The classical uncertainty principle for finite abelian groups states that for a non-
zero function f : G ÝÑ C the support of f , i.e supppfq � tx P G} fpxq � 0u is
related to the support of its transform by the formula

|supppfq||suppp pf | ¥ |G|.

Tao [1] showed that when G is the cyclic group Z{pZ of prime order p this can
be improved to

|supppfq| � |suppp pf | ¥ p� 1.

Furthermore, Murty and Whang [2] showed that if G is the cyclic group Z{mZ
where m ¡ 1 is an integer, then

|supppfq| � |suppp pf | ¥ m� 1

whenever P psupppfqq or P psuppp pfqq where P pXq for X � Z{mZ denotes the
property that X � tk1, . . . , knu satisfying±

1¤i j¤n |ki � kj |±
1¤i j¤npi� jq

P Np1 � . . .� Npr

where p1, . . . , pr are the prime factors of m.

Proposition. Let Ã � tg̃1, . . . , g̃ku � tg1, ..., g|G|u then if for every minor of the

matrix of character values, i.e
�
χipgjq

�
1¤i,j¤|G|

, with columns in the collection

Ã has a non-zero determinant then for some function

|supppfq| � |suppp pf | ¥ |G| � 1

.

Proof. The linear transformation defined by Tf � pf |Ã is invertible since it
corresponds to the product of the non-zero minor in question and the values of
the function. Suppose now that the statement is false. Then you can find a
non-zero function f : G ÝÑ C such that ÃX suppp pfq � ∅ and |Ã| � | supppfq|.
Then Tf � 0 but f � 0.
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In the case considered in [1], Chebotarev’s theorem guarantees the invert-
ibility of these minors (Later on, the equivalence of these statement is proved)
and the result in [2] is based on invertibility of certain minors.

Theorem 1. Let p be a prime number. If f : Z{nZ ÝÑ C is a non-zero
function, then

| supp pfq| � | supp p pfq| ¥ p� 1

Theorem 2. All the minors of the exponential basis matrix
�
e2πixξ{p

�
1¤x,ξ¤p

where p is a prime number are non-zero.

Proposition 1. Theorem 1 ñ Theorem 2.

Proof. Consider the smaller square matrix formed by rows i1, i2, ..., in and columns
j1, j2, ..., jn of the exponential basis matrix, where 1 ¤ ik, jk ¤ p for 1 ¤ k ¤ n.
Now let us suppose that its determinant is zero. Then let f : Z{nZ ÝÑ C be a
function such that, for x � jk, the values of f represent a non-trivial solution
to the system of linear equations represented by the smaller square matrix and
f vanishes everywhere else. By definition we have

pfpξq � 1

p

¸
1¤x¤p

e2πixξ{pfpxq

then by construction of f it follows that pf vanishes whenever ξ � ik. Therefore
| supp p pfq| ¤ p� n, and the latter implies that

| supp pfq| � | supp p pfq| ¤ n� pp� nq � p

which contradicts Theorem 1.

This proof can be illustrated by the following where the exponential basis
matrix is represented as the matrix with aij entries.

�
��������

pfp1qpfp2q
...
...pfppq

�
��������
�

1

p

�
�������

a11 a12 . . . . . . a1p
a21 ai1j1 . . . ai1jn a2p
...

...
. . .

...
...

... ainj1 . . . ainjn
...

ap1 . . . . . . . . . app

�
�������

�
���������

0
fpjiq

...
fpjnq

...
0

�
���������

Proposition 1. Theorem 2 ñ Theorem 1.

Proof. Consider the linear transformation T : l2pAq Ñ l2pÃq, where A, Ã are
non-empty subsets Z{pZ such that |A| � |Ã|, defined by its coefficient matrix
1
p

�
e2πixξ{p

�
1¤x,ξ¤p

, i.e Tf � pf |Ã, which is invertible by assumption.
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Let us suppose by contradiction that we have a non-zero function f such that
| supppfq|�| suppp pfq| ¤ p. Then if we write A :� supppfq, then we can find a set

Ã in Z{pZ such that ÃX suppp pfq � ∅ and |Ã| � |A|. We obtain a contradiction
since Tf � 0 but f � 0.

Moreover, it is important to note that in [2] paper the authors use represen-
tation theory of the unitary group and Weyl’s character formula to derive their
result. To start off our investigation we look if a similar result can be achieved
when G is Zp ` Zp where p is prime.

lemma 1. Let G1 and G2 be two finite abelian group and χ1 : G1 ÝÑ C� and
χ2 : G2 ÝÑ C� be characters of these groups respectively. Then the function
χ : G1 �G2 ÝÑ C� where pg1, g2q ÞÝÑ χ1pg1qχ2pg2q is a character.

Proof. Let pg1, g2q, pg̃1, g̃2q P G1 �G2. Then χ
�
pg1, g2qpg̃1, g̃2q

�
� χpg1g̃1, g2g̃2q

� χ1pg1g̃1qχ2pg2, g̃2q � χ1pg1qχ1pg̃1qχ2pg1qχ2pg̃2q, since χ1 and χ2 are charac-
ters, � χ1pg1qχ2pg2qχ1pg̃1qχ2pg̃2q � χpg1, g2qχpg̃1, g̃2q.

lemma 2. Every character of G1 �G2 is of the previous form.

Proof. Define χ1 � χ|G1�teu and χ2 � χ|teu�G2
, where e is the identity element,

then χpg1, g2q � χpg1qχpg2q � χpg1qχpeq
2
χpg2q � χpg1, eqχpe, g2q

� χ1pg1qχ2pg2q.

Defining the matrix of character value in our case is then clearly A ��
ωaikj�bilj

�
1¤i,j¤n

where ω is the pth root of unity andpai, biq and pkj , ljq be

distinct elements of Zp ` Zp for 1 ¤ i, j ¤ n where n ¤ p.

1 Special Cases Study

Now let us consider cases when A has a non-vanishing determinant.

Case 1: If b1 � b2 � . . . � bn � c then the determinant of A can be writ-
ten as ¹

1¤j¤n

ωcljdet
�
ωaikj

�
1¤i,j¤n

.

the claim follows since the determinant of
�
ωaikj

�
1¤i,j¤n

is non-zero by Theo-

rem 2. Similarly, we obtain the same conclusion if the bi’s are replaced by the
ai’s, kj ’s or the lj ’s.

In the first case,there is
�
p
n

�
ways to choose the pai, biq since the bi’s are con-

stant and
�
p
n

�2
ways to choose the pkj , ljq since they are arbitrary. Therefore

the number of ways this case can happen is the following,

4

�
p

n


3

.

3



Case 2: For every 0 ¤ i, j ¤ n, aikj � γbilj , where γ P N�rtkp�1} k P Nu,
let ξ :� ω1�γ which is also a pth root of unity. Then detpAq � det

�
ξaikj

�
0¤i,j¤n

is non-zero by Tao’s result.

Let us start by considering case 2 when γ � 1 and when an ordered pair cannot
have only one element that is zero. A consequence of the condition imposed is
that the ratio between the elements of each ordered pair has to be constant, e.g
for a fixed i then for every 1 ¤ j ¤ n, κ :� ai{bi � lj{kj is constant and has
pp � 1q possible values since it’s a non-zero element of Zp{Z. Moreover, if we
assume for one of the ordered pair that there’s s of them that are non-zero then
there’s

�
p�1
s

�
ways to choose it. The following table displays the four sub-cases

for s for the ordered pairs,

pai, biq pkj, ljq
n n

n� 1 n
n n� 1

n� 1 n� 1

Then the total number of possibilities is

¸
0¤i,j¤1

pp� 1q

�
p� 1

n� i


�
p� 1

n� j



.

Now if we consider the case when the ordered pairs have at least one element
which is zero then κ can only take the value zero and similarly the total number
of possibilities is ¸

0¤i,j¤1

�
p� 1

n� i


�
p� 1

n� j



.

Finally, there’s pp� 1q possibilities for γ since it’s a non-zero element of Zp{Z.
Therefore, the total number of possibilities for case 2 is

¸
0¤i,j¤1

ppp� 1q

�
p� 1

n� i


�
p� 1

n� j



.

Case 3: For every 0 ¤ i, j ¤ n, ai � γbi, where γ P N� and mj :� γkj � lj is a
weight of distinct elements of Z{pZ then A �

�
ωaimj

�
0¤i,j¤n

which is non-zero

by Theorem 2. Similarly if for every 0 ¤ j ¤ n, kj � γlj where γ P N and
nj :� ai � bi is a weight of distinct elements of Z{pZ.

Let us consider the sub-case when γ � 1. There is clearly
�
p
n

�
choices for

pai, biq since picking ai determines bi. Moreover, since plj , kjq and mj have to
be distinct we can consider the couple plj , γkj � ljq since if the second entry is a
distinct weight than the two previous objects are also. For that one there is

�
p
n

�
ways to choose it and because there’s no restrictions on the first entry there’s pn

ways to choose it. Finally, there’s pp� 1q possibilities for γ since it’s a non-zero
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element of Zp{Z. Piecing everything together we obtain the following number
of possibilities for Case 3,

2pp� 1qpn
�
p

n


2

Comment 1: aikj�bilj � pai	γbiqkj�bipγkj�ljq � pai	γljqkj�pbi�γkjqlj ,
where γ P N, then the above cases can yield the same result if we replace ai
with pai 	 γbiq and lj with pγkj � ljq or if we replace ai with pai 	 γljq and bi
with pbi � γkjq.

Comment 2: If for every 0 ¤ i, j ¤ n, both i or both j dependent element is
equal to p then A is a matrix of all 1’s and in particular has zero determinant.
This shows that not all of the submatrices of A have non-zero determinant.

2 Representation of the Symmetric Group

A partition of n is a tuple λ � pλ1, . . . , λlq of positive integers such that
λ1 ¥ λ2 ¥ . . . ¥ λl and λ1 � . . .� λl � n.

If λ � pλ1, . . . , λlq is a partition of n, then the Young diagram of λ consists
of n boxes placed into l rows where the ith row has λi boxes. This definition is
best illustrated with an example. If λ � p3, 1q, then the Young diagram is as
follows.

A Young tableau of shape λ or a λ-tableau on the other hand is an array t of
integers by placing 1, . . . , n into the boxes of the Young diagram for λ. The
concept is again best illustrated with an example. Suppose that λ � p3, 2, 1q.
Then some λ-tableaux are as follows.

1 2 3
4 5
6

3 2 1
6 5
4

3 2 6
1 5
4

The group Sn acts transitively on the set of λ-tableau by applying σ P Sn to
the entries of the boxes. The result of applying σ P Sn to a Young tableau t is
denoted σt. For example, if t is the following

1 3 4
2

and σ � p1 3 2q, then σt is the following

3 2 4
1
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The column stablizer of a Young tableaux t is the subgroup of Sn preserving
the columns of t. It is denoted Ct. Now let us define an equivalence relation �
on the set of λ-tableaux by putting two tableaux to be equivalent if they have
the same entries in each row.

A �-equivalence class of λ-tableaux is called a λ-tabloid or a tabloid of shape
λ. The tabloid of a tableaux t is denoted rts. The set of all tabloids of shape
λ is denoted Tλ. There is a well-defined action of Sn on Tλ given by putting
σrts � rσts for t a λ-tableaux and σ P Sn.

Let λ be a partition of n and t be a λ-tableau then define the polytabloid
associated to t as the following

et �
¸
πPCt

sgnpπqπrts

Let Sλ to be the subspace of Mλ � CTλ spanned by the polytabloids et and
ψλ : Sn ÝÑ GLpSλq be the corresponding subrepresentation. These repre-
sentation called the Specht representations form a complete set of irreducible
representations of Sn.
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