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Introduction:

Let s[(2,C) denote the Lie algebra of 2 X 2 complex matrices with zero trace. Let {e*,e™, h} be the standard
basis of s[(2,C) defined as follows:

A R B

We have that sl(2,C) is defined as a Lie algebra with the following commutator relations:

[eT,e”]=h [h,et] = 2e* [h,e”] = —2e~

Let gl(V) denote the space of linear transfromations from a vector space V to itself. In general, we define a
representation to be a linear map, say ¢, such that ¢ : L — gl(V'), and such that ¢ preserves the commutator
relation, that is, ¢([z,y]) = [¢(x),d(y)] Vx,y € L. Such representations are said to be L-modules on V.
Furthermore we say that any subspace of a module that is itself a module is a submodule of the respective
module. We say that a module is irreducible if it contains no non-zero proper submodules. For general
background information on Lie Algebras the textbook (Erdmann and Wildon,Introduction to Lie Algebras;
Verlag, 2006) [2] was consulted.

This paper is comprised of two sections with the first section presenting a decomposition of C[x] into a direct sum
of irreducible submodules given by a certain representation w. The second section extends the representation
w via tensor products into a representation of C[z,y] and a decomposition of the module Clz, y] into a direct
sum of irreducible submodules is demonstrated. The following proposition will be very useful for the purposes
of this paper.

Proposition 1: A submodule V over a Lie algebra L is irreducible if Vv € V' v # 0, the submodule generated by

v over the action of L is V. (This is equivalent to the condition that V z,y € V x # 0 y # 0, linear combinations
of L-actions on z can send z to y)

Proof: Suppose V is an L-module such that any element of V' can be sent to any other element of V' via linear
combinations of L-actions. Suppose that V' contains a non-zero proper submodule, say X. Let z be any non-
zero element of X. We have that x can be sent to any element of V' via combinations of L-actions, therefore
the module X must encompass all of V. Therefore V' contains no proper non-zero submodules. Therefore V' is
irreducible.

Section 1: A specific 5((2,C)-module on C[z]
We define a specific s1(2, C)-module on C[z] as follows:

w: sl(2,C) — gl(Clx])

d 1
w(e™) = %xz
_ i d?
we) =52

Proposition 2: w defines a representation of s[(2,C) on C|x].

Proof: Since w is linear by construction, we need only show that w preserves the commutator relations.
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Let {1,z,2?%, ...} = {z"},>0 be the standard basis of C[z]. As a consequence of the linearity of vector spaces,
we need only show that the commutator relations hold for all of the basis vectors:

[w(et), w(e)])(@™) = wiet)(wle™)(@™)) — wle™)(w(e)(=")
= w(e")(Gn(n— Da""2) = w(e”)(52"?)

= () (nln —~ D" — (n+2)(n +1)a")
—1
i (n*
1
= a"()(An = 2) =a"(n + )
= na" 4 22" = w(h)(a")
- q+

=a2"(—((n*—n—-n?—-3n-2)

Il
£}
+
[N}
+
DN =
£}
+
[N}

3
+
N

= w(h) (5o~ Da"") ~ wle”)(n + 3)a")

: . n-2 ik 2
= 5((71 -2+ 5)71(71 1)x n(n—1)(n+ 2) )
- (%)(n —Dn(n -2+ % —n— %)x”*Q

in(n —1)(=2)z"? = —2w(e”)(z")

= —2w([h,e"])(z")

It follows that w defines a representation of s[(2,C) on Clz]. This representation was obtained from the book
(Roger Howe, Eng Chye Tan Non-Abelian Harmonic Analysis; Springer-Verlag, 1992) [1] .

Let the set of elements of C[z] spanned by the odd powers of x be denoted by S = Span{z?"*+1},( Let the
set of elements of C[z] spanned by even powers of x be denoted by S**" = Span{z*"},>.

Proposition 3: $¢°*" and S°% are each irreducible subrepresentations of C[z] such that C[z] = Seve" @ Sodd,

Proof: Since the bases of S and S°% {z?"}, > and {2?"*1}, 50 respectively, form a 2-partition of the
standard basis of C[z] (the even and odd basis elements, respectively), therefore C[z] = Seven @ S

Now we show that S¢**" and S°% are invariant under the action of w(sl(2,C)), that is, S¢¢" and S°4? are
subrepresentations of s[(2,C) on C[z]:

We demonstrate invariance for the basis elements of w(s[(2,C)), and for the basis elements of S¢V*" and S°%,

respectively, and thereby demonstrate that S¢’¢" and S°% are invariant,



h)(z") = (2n + §)a?" € Seven

( %x2n+2 _ %ZQ(n—i-l) c Geven

(22") = %(2n)(2n —1)a?n2 = %(271)(271 — 1)z2(n=1) ¢ Geven

h)(z?" 1) = (2n + 1+ 3)2?nF1 € §odd

) (a2nHl) = ig2n 42 — Lp2(nt 1)+l ¢ Godd

e_)(x2n+1) — %(271 + 1)(2n)$2n—1 — %(271 4 1)(2n)x2(n—1)+1 c §odd

It follows that SU¢™ and S° are invariant under the action of w(sl(2,C)), that is, S?*® and S°4 are sub-
modules of s[(2,C) on C[z]

To show that S¢¥*™ and S°% are irreducible as 5[(2, C)-modules we use Proposition 1,

Sodd

First we require that, by sl(2,C) actions, each basis vector of S¢¥™ and , respectively, can be sent to any

other basis vector of $¢U¢" and S°%, respectively:

We show the proof for S€V°" only, the proof for S°% is similar.

Let v = 22" € SV*" vneq0, u = z?P € S°°" y £ 0, and u # v.
There are two possibilities, either p > n or p < n,

suppose p >n=p=n-+t,t>0=u= 2"

= (w(eh)) (@?") = (5)'a>" %

= ()7 (w(e))! (@2) = 2242 = g

suppose that p<n=p=n—-t,n>t>0=>u=22""" andn > 1

= (w(e_))t(x%) _ (%)t(sz%;)ﬂ?%_%

7\ — n—2t)! — n n—
= (4) t(2(2n?!t) (w(e™ )t (@) = 221 = g2p

Next we show that any element of S€U¢" can be sent to a basis vector of S¢U¢" and similarly for S°%:

Suppose v € S and v £ 0= v = Zz':o a;z* and a; # 0 suppose t > 0= (w(e™)) (v) = () (ngl:%!t),atz%*m =

(£)(2t)la? = (a%%)_t(;t)!(w(e_))t(v) =1 = any v € S°" can be sent to 1 which in turn can be sent to all

basis vectors in S’ = v can be sent to any other element in S€V¢".

Suppose v € S°% and v #0 = v = Z;ZO ajz® 1 and a; # 0 suppose ¢ > 0

_ ; 2t+1)! _ i\ (2t+1)! P\ — _
= (w(e™))(v) = (%)tMaw% L = (%)t%atx = (£3%) tﬁ(w(e ))!(v) = x. Therefore any
0 # v € S°% can be sent to x, which in turn can be sent to all basis vectors in S°%, therefore v can be sent to
any other element in S°%. Therefore by Proposition 1 we have that Proposition 3 is proven.

Section 2: A specific s[(2,C)-module of C[z,y]

For the purposes of this paper, a tensor product of two vector spaces, V and @, with {v;} a basis of V and {g;}
a basis of @, is a vector space with a bilinear map & : V x Q — V ® @ with V ® @ being the vector space
generated by the image of Q) on V' x @ with basis {v; ® ¢;}.

Proposition 4: Given a Lie algebra L and two L-modules, m; on V', and ms on ), we can form an L-module m
on the tensor product V®@Q with m defined by m(z)(v®q) = (m1(z)-v)®q + v@(ma(x)-¢) Ve € L,v € Vg € Q

Proof: The map m, as a composition of linear maps, is linear by construction. Therefore we need only check
that the commutator relations hold. Let z € L,v € V,q € @, we have,



m([z,y]) - v®q
= (mi([z,y]) v)®g+v@(m
(ma(z)ma(y) - v —ma(y)me
+ov @ (ma(z)ma(y) - w —ma(y mz(m) - q)

—~ N
8

[m(x),m(y)]-v®q

= m(x)m(y) - veq—my)m(r) veq
= m(z) (((y) v) @ q+v@ (m2y)-q))
—m(y) - (m1(x) -v) ® ¢ +v @ (Mm2(x) - )
= (mi(y) - v) ® (ma(z)q)
+(mi(z) - v) @ (ma(y) - @) +v @ (ma(z)ma(y) - q)
—(mi(y) - (mi(x) -v)) ® q — ( 1(z) - v) ® (ma(y) - q)
—(m1(y) - v) ® (ma(z) - q) — v @ (ma2(y)ma(z) - q)
= m([z,y])

We can define the space of polynomials in two variables as the tensor product of the space of polynomials in
one variable, with itself. In particular, we define the space of polynomials in two variables with the following
tensor product relation: p, ® p, = (ps)(py) for all p, in C[z] and all p, in Cly].

Using the method outlined in Proposition 4 we can form a representation of sl(2, C) on the tensor product space
formed from two copies of C[z]. For this purpose, we use two copies of the representation w defined previously
(Section 1) over C[z] yielding the following representation on C[z, y]:

2 2 :
2% +y°) m(e”) = i d A

_ d d +) —
m(h) = vty +1 mlet) = 50z 0 = 3

dz dy 5(
First we note that C[x,y] is an infinite direct sum of its homogenous subspaces of degree k. Our next objective
will be to find a decomposition of C[z,y] into a direct sum of irreducible submodules as per the preceding
representation.

For any h-eigenvector of an s[(2,C)-module we define the weight of that vector to be its eigenvalue with
respect to the action of h. For any submodule of an s[(2,C)-module we define the lowest weight vector to
be the element of that subspace with lowest weight and we refer to the submodule as being a lowest weight
submodule/subspace. We define the lowest weight subspaces in terms of their respective lowest weight vectors,
each of which serves as a generating vector. We will demonstrate a decomposition of C[xz, y] into lowest weight
submodules such that our objective is satisfied. For each lowest weight seen in this paper there are two lowest
weight vectors and two corresponding lowest weight submodules within C[z, y]. For lowest weight n, we denote
the corresponding lowest weight vectors as b, | = (z—iy)" ! and b} | = (z+iy)" ! with corresponding lowest
weight subspaces denoted V,; = Span{{(m(e*))*(b,_,)}s>0} and V,/ = Span{{(m(e*))*(b}_;)}s>0}. That
the proposed lowest weight vectors are in fact lowest weight vectors will be verified in the proofs of Propositions
9 and 10. Clearly the sets {(m(e*))*(by_,) bozo = {(2)*(2® + 12)* (2 — i)™ hoz0 and {(m(e))* (b, ) }ozo =
{(£)%(2? + y*)*(x + iy)" ' }s>0 are bases of the V,~ and V" respectively, since the elements of the respective
sets are each homogeneous of different degree and hence are linearly independent.

We need to verify that the lowest weight vectors defined previously, b, and b}, are null/vacuum vectors for
m(e~). The following two propositions (Proposition 5, Proposition 6) Wlll be used in the proofs of two propo-
sitions, Proposition 7 and Proposition 8.

Proposition 5: m(e) (b)) =0 and m(e)(b,,) =0 for all n > 0
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Proof: For n = 0 or n = 1 the proposition is trivially true since the second derivatives are equal to zero.
Supposing that n is larger than one, we have:
m(e”)(b7)
= e )b = m(e) (@ + 1)) = g o+ i)+
N nl Y=\ Y dy?

= L) = ()" + () +i9)" ) =0

(z +iy)")

= m(e)b) = mle ) (@~ )") = 3 (G (o= )" + (o~ )"

= L) = D& — i)™ + (i) (o — i) =0

For the following proposition we use polar coordinates with r2 = 22432, = r cos(f), and y = r sin(#), therefore
bt = r"(cos(#) + isin(6))™ and b, = r™(cos(f) — isin(#))"

Proposition 6: For all n > 1, 4 (b}) = 2b} and (b)) = 2b,. For n =0, £(b}) = L (b,) = 0.

Proof:

(0

- dir(?“"(cos(ﬁ) +isin(0)") = nr" "L (cos(f) + isin(6))" = ;brf
 (bn)

- E(r"(cos(e) —isin(h))") = nr"(cos(h) — isin(9))" = ;b;

For the following analysis we need not distinguish between b,, and b,', nor between V,~ and V., hence we will
refer to both simultaneously as b,, and V,,, respectively. We will now show that, after multiplication by a scalar,
the action of m(e™) on the basis vectors of V,, reverses the action of m(e™). First we prove this is the case for all
V., such that n > 1 and then we prove it for the special case of V. We use polar coordinates to solve this problem.
Suppose n > 1, let p, = (4)°b, which implies that (m(e*))*(b,) = (22 + y?)*(£)°b, = (2% + y*)*p,. In polar
coordinates this is equivalent to (m(e™*))*(b,) = r?*p,. We now note that m(e™) = +A = %(;—; +1 ddT + T%%)
which is a scalar multiple of the Laplacian.

Proposition 7: m(e”)(r?*p,) = 4(ns + s*)r2¢~Yp, for n > 1 and s > 1.

Proof:
m(e)025p1)
f (9. + %d%r%pn) T
= (o 2 (v (o, 4 L e Ly,
LR %( dapnxj@ )4 Ly,
2 (et L) D) + 2 ) () () 4 L ()

, ., d , .
=r%5(2i)(m(e”)(pn)) + 2(2s)r25_1(d—pn) +25(25 — 1)r2572p,, 4 2517 ?p,
r
=0+ 2(28)7‘25—1(Epn) + 25(25 — 1)72 7 2p,, + 257%5 7 2p,, = (45 + 25(25 — 1) + 25)r* " Zp,,
r
= 4(ns + 52)7"2(5_1);0”

For n = 0 we have that by = 1 and that d%bo =0 and we let p = (%)Sbo which implies the following:
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Proposition 8: m(e™)(r?*p) = 4s?r2(=Yp p = (1)*by and s > 1.
Proof:
m(e”)(r*p)
dz . 1d 1 d?
=P LU g )
d
= 725(2i)(m(e”)(p)) + 2(23)7‘23_1(%])) +25(2s — 1)r? 7 2p + 2s5r% 7 2p

=0+ 0+ 25(2s — 1)r?72p + 25r% 7 2p = (25(25 — 1) + 2s)r**?p

— 452726
We are now almost ready to prove that the V,, are submodules. By the construction of V,, we have that the
action of m(e') sends basis elements of V,, to scalar multiples of other basis elements of V,,. From the two
propositions above (Proposition 7, Proposition 8) we have that m(e™) sends basis elements of V,, to scalar

multiples of basis elements of V,,. It now remains to show that m(h) sends basis elements of V,, to scalar
multiples of basis elements of V.

For case of notation let p, , = (§)*(z? 4+ ?)*(z — iy)™ and p , = (§)*(z* + y?)*(x + iy)", then we have that,
for each n, {p, ;}s>0 is a basis of V,;” and {p*}s>0 is a basis of V,;". We need to verify that cach element of
the respective bases (each p) is sent by h to another element of the submodule spanned by the respective basis.
The proofs of the following two propositions use the results from Propositions 6 and 7.

Proposition 9: m(h)(p},) = (n+2s + 1)p;}, for all pf = (£)*(2? + y*)*(z +iy)" n > 0 and 5 > 0.
Proof:
m(h)(pi5)

d d
= ‘r%p;r,s + y@p:,s + prts

= (5) (@(n(a® +y?)* (0 +iy)" " + 2a5(® +y?) " (2 + iy)")
+y(ni(a® +y°) (@ +iy)" " 4 2ys(0® +4°)" @+ iy)") + (2 + 7)) (@ +iy)")

= (5 + ) (o iy)" + 250 + ) (@ + iy)" + (2 + 97)° (2 + )"

= (04 25+ 1)(5)° (@ 47 (2 + )"

Proposition 10: m(h)(p, ,) = (n+2s+ 1)p,, , for all p,, , = ($)*(2* + y*)*(x —iy)" n >0 and s > 0.
Proof:
m(h)(pr )

- + d - +p,
= Ir— _—
dxpn)s ydyp’n,s p’I’L,S

= (%‘)S(l"(n(f2 +y2) (@ —iy)" "t + 2ws(2® 4+ )" (@ —iy)")
+y(fni(x2 + 7% (@ +iy)" "+ 2ys(2” + )5 (@ — iy)") + (27 + ) (2 +iy)")

= (5) (n(a® + y*)" (@ — iy)" + 25(2” + y*)* (@ — iy)" + (2? + )" (x — ip)")

1
=(n+2s+1)(5)" (@ +y) (@ —iy)"
Since we have shown that the actions of each basis element of m(sl(2,C)) sends basis elements of V,, to other

basis elements of V;,, we now have that the V,, are submodules of C[z, y].

Next we prove that the V,, are irreducible. We note that, from the basis given previously, any element v # 0
of V,, can be expressed as v = Z;C:O ajm(eT)7(b,) with ay # 0. We then apply Proposition 8 k times to yield



7

the result (m(e™))*(v) = a(b,) for some non-zero scalar . We can then repeatedly apply m(et) to a(b,) to
obtain non-zero scalar multiples of any basis elements of V,,. We then take linear combinations of the resulting
basis elements to obtain any element of V,,. Hence we have shown that any element of the submodule V,, can
be sent to any other element of V,, and hence, by Proposition 1, V,, is irreducible for all n > 0.

We now need to prove that Clz, y] is the direct sum of the V;,. Since the V,, are distinct submodules it follows that
VinV; =0foralli,j, i # j,i >0,j > 0. It remains to show that the sum of all the V,, is equivalent to C[z, y].
We prove this using induction. For notation let Z,, = Span{z"*y*}1_  denote the space of homogeneous
polynomials of degree n in two variables. First we prove that, given a basis of Z,, satisfying a certain property,
we can form a basis of Z, 2 by applying m(e™) to the original basis and then augmenting the result with the
elements b pand b,

Proposition 11: Given a basis, {t;}}_, of Z,, such that m(e™)m(e™)(t;) = a;t; for all t; € {t;}7_, for some
non-zero scalar aj, then the set {b;}, 5, b, 5, {m(e™)(t;) 7o} is a basis for Z, 2.

Proof: We note that m(e™) sends non-zero elements of Z,, to non-zero elements of Z, ;2. Suppose we have a
basis, {t;}_q, of Zy, such that m(e™)m(e®)(t;) = a;t; for all t; € {t;}}_, for some non-zero scalar a;. We
show that the set {m(e")(t;)}7_, is linearly independent. We have that {t;}}_, is a basis and is therefore
linearly independent. Suppose that {m(e™)(t;) 7—o is not linearly independent. That implies that there exists
a linear combination Z;-L:O cjm(et)(t;) = 0 with at least one of the scalars {c;}}_, not equal to zero. From
the specified property of the basis we have that Y 7_,d;t; = >0, cjazt; = >0 m(e”)(c;m(e”)(t;)) = 0 for
some set of scalars {d;}]_, = {c;ja;}"7_, and with at least one such d; not equal to zero. But that would imply
that the set {t;}"_, is linearly dependent which contradicts the fact that it is a basis. Therefore, we have a
proof by contradiction that the set {m(e*)(t;)}7_ is linearly independent.

Next we prove that b;t 4o and b, , are linearly independent. Since proving that b} and b;, are linearly indepen-
dent for all n > 1 implies that b:{ 4o and b, , are linearly independent, we need only prove the former. We take an
arbitrary linear combination of b} and b, , set it equal to zero, and use the first two terms of the binomial expan-
sions to prove that the coefficients in the linear combination must both be zero and hence b, and b;, are linearly

independent. Let Ab + Bb,, = 0, that implies that A }_, (Z) 2" kiy)k + BY [, <Z) 2" F(—iy)* =0

which, by equating the first two coefficients, implies that A = —B and nA = nB, which implies that A = B =0,
therefore b, and b;, are linearly independent for all n > 1.
Next we prove that any non-zero linear combination of b, , and b, , , is not contained in the span of {m(e™)(t;)}7—,
and hence the set {anr27 i Am(eT)(tj)}i—o} = 0 is a linearly independent set of elements in Z, . First
we note that, since b, , and b,,, are vacuum vectors of m(e~) and because of the linearity of m(e™),
m(e )(Abj{+2 + Bb,,,,) = 0 for all scalars A and B. Suppose that the set, {Ab} , + Bb, ,}, of linear combina-
tions of b, and b, , contains a non-zero element in the span of {m(e*)(t;)}7_,. That would imply that there
exists a set of scalars {f;} with at least one nonzero element such that Z;‘L:o fim(et)(t;) = Abl , + Bb, .,
for some A and B. We then apply m(e™) to both sides and attain the following m(e*)(Z;’:O fim(et)(t;)) =
Z;‘l:o fiajt; = Z?:O git; =m(e”)(Ab}, o+ Bb, ;) = 0 for some set of scalars {g;} = {f;a;} with some g; not
equal to zero. This implies that the set {¢;} is linearly dependent which contradicts the fact that it is a basis,
therefore we have a proof by contradiction that no element of the set of linear combinations of b, , and b, ,
is in the span of the set {m(e*)(t;)}}—o. Therefore, {bn+2, s Am(e)(tj)} =g} = 9 is a linearly independent
set in Z,o with n + 2 elements, hence we have that ¢ is a basis of Z, 2.
Proposition 12: Clz,y] = @,,50 Vo = D50 V" ©® D,,5 Vi, with each V.- = Span{(m(e™))*(b,_1)}s>0 =
Span{(£)° (2+3)* (2 —ig)" }ozo and V,F = Span{(m(e"))* (55, }sz0 = Span{ (3)*(z2+52)* (+iy)" oz
being irreducible submodules of C[z, 3]
Proof: We have previously demonstrated that the V;, are irreducible submodules of C[z,y] and that V;NV; =0
for all 4,7, 4 # j,1 > 0,7 > 0. We now need only show that the sum of all the V,, is equivalent to C[z,y]. To do
this, we recall that C[z,y] = €D,,>¢ Zn. We repeatedly apply the inductive step specified by Proposition 11 to
the single element set {by} to generate bases for all Z,, with n even, and repeatedly apply the same inductive
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argument to the set {bf, by } to obtain bases for all the Z,, with n odd. Note that we are able to apply Proposition
11 in this case since the bases formed at each inductive step satisfiy the requirement specified in Proposition
11. The requirement is that the given basis, {t;}7_,, of Z,, satisfies the relation m(e™)m(e*)(t;) = a;t; for
all t; € {t;}}_, for some non-zero scalar a;. We know this requirement is satisfied by {bo} and {b],b7} and
by all elements of {V},},>0 given the results contained in Propositions 7 and 8. The bases obtained from the
repeated application of Proposition 11 to {bo} and {b],b; } by construction consist of elements of the lowest
weight submodules, {V,,}. Since C[z, y] is the direct sum of its homogeneous subspaces, {Z,,}, therefore we have
demonstrated that Clz,y] is also the direct sum of the lowest weight spaces, {V,,}.
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