SUPERCONFORMAL CURRENT ALGEBRA

VAIBHAV KARVE

1. BASIC DEFINITIONS

Definition 1. Algebra
A vector space A over a field F' along with a bilinear map

p:AxA— A
is called an algebra over the field F'.

Note that we neither demand that the algebra be associative, nor that it have a
unit element.

Definition 2. Lie Algebra
An algebra is called a Lie algebra if the product map p satisfies the following
conditions:

e pla,a) =0, Va €A

e Jacobi identity:
p(a,p(b,c)) + p(b, p(c,a)) + p(c,p(a,b)) =0, Va,b,c €A

For simplicity of notation, the element p(a,b) is denoted as ab or [a,b] when A is
an algebra or a Lie algebra respectively.

The first condition for being a Lie algebra is equivalent to saying
[a,b] = —[b,a], Ya,b €A,
provided the characteristic of F' is not 2.

A Lie algebra is an example of an algebra which is, in general, neither associative
nor unital.

Definition 3. Lie Sub-algebra, Ideal and Centre
A subset I of a Lie algebra L closed under the Lie Bracket [-,-] is called a Lie
subalgebra of L.

I is said to be an ideal of L if

[z,y] €I, Vz el , yelL
1
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The centre of L is defined to be the set
Z={x el [z,y=0,Vy € L}.
Note that Z is always an ideal of L.

Definition 4. General linear Lie algebra
Given a vector space V, we define its general linear Lie algebra, denoted by gl(V)
to be the vector space of all linear transformations of V', along with the Lie bracket

[fag]::fogfgofa vfagegl(v)

Definition 5. Derivation
Given an algebra A over the field F, a derivation is an F-linear map D : A — A
such that

D(ab) = D(a)b+ aD(b), Va,b € A.

Note that the set of all derivations of A, denoted by Der(A) is a Lie subalgebra of
gl(A) with the Lie bracket given by

[D,E]=DoE—EoD, VD,E €Der(A) (1.1)

Result 1. If I, J are ideals of L then so are the following:
e INJ.
eI+ J={i+jliel, jelJ}

o [I,J] =span{[i,j]|i €I, j € J}.

Definition 6. Smooth Manifold
A topological space M such that:

it is Housdorff,
e it is second countable,

e it is locally Euclidean, i.e. every point in M has a neighbourhood which is
diffeomorphic to some open subset of R™, for some fixed n € N,

o if ¢, 1 are any two of the diffeomorphism maps, then they are C>° compat-
ible, i.e. o~ ! and 1) o ¢! are C™ over the suitable domain.

is called a smooth manifold.
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Definition 7. Tangent space
A tangent vector at a point p in a smooth manifold M is a derivation at p, i.e. it is
a linear map D : Cp°(M) — R such that

D(fg) = D(f)g(p) + f(p)D(g), VY f,g9 € Cr,

where Cp° denotes the algebra of germs of €' functions at p.

The tangent vectors at p form a vector space T, M, called the tangent space of M
at p.

Definition 8. Tangent bundle
The tangent bundle of M is the union of all tangent spaces of M:

™ = |J T, M
pEM

It is known that T'M has a manifold structure, derived from M.

Definition 9. Vector field
A vector field on M is a smooth map v : M — TM such that, v(p) € T, M for
every p € M.

Note that the space of all vector fields on M, denoted by Vect(M), forms a vector
space over R.

Result 2. Let M be a smooth manifold and p € M.

(1) Cp°(M), the space of germs of all smooth functions defined at p is an
algebra under pointwise multiplication, for every p € M. It is also a Lie
algebra on R with the Lie bracket

[f?g]::fog_gof7 Vf7g€C;o(M)

(2) There exists an isomorphism of vector spaces ¢ : Vect(M) — Der(Cp°),
given by

P()f(p) =vpf, Vv €Vect(M), f eCF peM
where v, := v(p).
(3) For a fixed point p € M, using this isomorphism ¢ and the fact that

Der(Cy°) is a Lie algebra, Vect(M) can be given a Lie algebra structure
with the Lie bracket defined as

[v, w](p) = [¢(v), p(w)].
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Definition 10. Lie group
A Lie group is a smooth manifold G with a group structure such that the maps

p:GxG— G, defined by p(g,h) =gh
and
i:G— G, defined by i(g)=g!

are smooth.

Every tangent vector of a smooth manifold can be associated to a point derivation
on that manifold. Also, as shown in Result 2-2, every point derivation on a manifold
is associated to a vector field. Using this, one can define the Lie algebra of a Lie

group.

Definition 11. Lie algebra of a Lie group
The algebra of a Lie group G is defined to be Lie(G) := T1G, equipped with the
Lie bracket
[-,-] : Lie(G) x Lie(G) — Lie(G)
defined by
[,y] == [vs,vy], Vz,y € Lie(G)
where v, v, are vector fields on G corresponding to x,y respectively.
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2. WITT ALGEBRA

From Result 2-2, we note that any element of Vect(S?!) is of the form f (H)d%), where

f is a smooth, real-valued 2m-periodic function on S*.

The Lie bracket, as given by Equation (1.1) is

d d

PO 96) | =(fg ~ Fo)s. Yhge C=T). (1)
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ot

Definition 12. Complex polynomial vector fields
For n € Z, define d,, € Vect®(S!) := Vect(S') ® C as
g d d
_jptnd & nt+l 2.2
d, = ie pr S (2.2)
where z = €% to be the n-th complex polynomial vector field.

Definition 13. Witt algebra
The Witt algebra is defined as d := spanc{d,, | n € Z}. It is a Lie algebra with the
Lie bracket given as

[dm,dn] = (M —n)dmin, Ym,née Z (2.3)

It is a known result that Vect(S') = Lie(Diff  St), where Diff ; S! denotes the group
of orientation-preserving diffeomorphisms of S* under the operation of composition
of functions.

Let w : 9 — 0 be defined such that
w(dy,)=d—,, VneZz (2.4)

and B
wAz) =Xz, VAeC,zenD. (2.5)

Then, w is an anti-linear (conjugate linear) anti-involution (also called an involu-
tion) such that

W([ﬁ,y]) = f[w(z),w(y)], vxaye 0.
Also, N Vect(S!) contains precisely those elements of d which are fixed under —w.

Definition 14. Representation of a Lie algebra
Given a Lie algebra L over the field F', we say that the pair (V,¢) (or more com-
monly simply V) is a representation of L if V' is a finite-dimensional vector space
over F' and ¢ is a Lie algebra homomorphism, i.e.

¢: L — gl(V),

such that
o([z,y]) = [o(z) | ¢(y)], Va,y€ L.

Definition 15. Contravariant and Unitary representations
Given a representation V' of 0, we say that a Hermitian form (-,-) on V is con-
travariant if
(x(u)|v) = (u|w(x)(v)), YVaxed uve V.
When (-, ) is nondegenerate, this means that
ot =w(x), Vzeo.
Furthermore, V is said to be a unitary representation if in addition
(v|v) >0, Vove V\{0}.
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A representation V' of a Lie algebra L can also be viewed as the action of L on V,
i.e. a map
LxV—V (z,v)—2x-v
satisfying
Az +py)-v = Az -v)+
x- (A4 pw) = Mx-v
[z,y]-v=2-(y-v

=
<
—
&
<
=

Definition 16. Representations V, g of d
Define vy, := 28t%(d2)?, V k € Z. Define V, 3 = spanc{vi} to be a space of
densities.

By defining the action of 0 on V, 5 as —
dp(vr) = —(ka+ B+ Bn)vptk, YneN, ke Z, (2.6)

Va,p becomes a two-parameter family of representations of 0.

Definition 17. Energy operator
The operator dy as defined in Equation (2.6) is called the Energy operator.

Theorem 1. The representation Vo g of 0 is reducible iff either
(1) ae Z, B=0; or
(2) € Z, g=1.
Proof. Suppose V, g is reducible and U is an irreducible subrepresentation. We can
divide it into two cases.
Case 1: V, g\U has atleast two vectors v, v, (m # n).

Then

dm,k(’l)k) = —(k + o+ 5 + ﬂ(m — k))vm
and

dn,k(vk) = —(k +a+ 6+ ﬁ(n —k))vy,.

Since v, € U, the left-hand sides of both equations are elements in U. This
forces

Et+ta+pB+Bm—k)=0=k+a+B+p3(m—k)
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ie.,
=0 and k+a=0,
thus implying condition (1).

Moreover, by a shift of the basis by k elements, we may set = 0. Since in
‘/0707

dn(vo) = 0, Vne Z,
the irreducibility of U results in U = Cuvg. Since any v; (i # 0) can be
obtained by the action of d;_,, on v,, Vj, = Vi0/Cvg is an irreducible
representation of 9.

Case 2: V, g\U has exactly one vector, v, say.

Then every v; (i #m) is in U. Choose vg,v; € U (k # 1 # m).

Then,
d?n—k(vk) = _(k +a+ 6 + ﬁ(m - k))l/m,
dm—i(v) = =(l+a+ B+ B(m —1))v,
forces
E+a+B+Bm—k)=0=k+a+B+B(m—k)
ie.,

=1 and a+m+1=0,
thus implying condition (2).

Moreover, by setting o = 0, and thus m = —1, we get that U is the linear
span of all vg, k € Z\{—1}. Therefore, Vj, = U is an irreducible represen-
tation fo 0.

The converse is trivial. O
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3. VIRASORO ALGEBRA

Definition 18. Given the Witt algebra 0 and an element C' of an arbitrary vector
space over the field C, define the central extension of 0, called the Virasoro Algebra,
to be the Lie algebra defined as

d=04CC,
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along with the commutation relations

[dyny, dn] = (m = 0)dpp g + "o578,1,C, Vm,ne Z (3.1)
and
[dm,C] =0, Yme Z (3.2)
1 ife=
where&c:{ fe=0"y.ecc
0 o.w.

Note that Equation (3.2) implies that C is in the centre of the Witt algebra as well
as the Virasoro algebra (hence the name — central extension).

We are interested in finding unitary representationf for Vir. For the case C' = 0,
Vir reduces to W, the Witt Algebra, for which we know the representations V, g.
For the case when C' = 1, we use bosonic oscillators.

4. OSCILLATOR (HEISENBERG) ALGEBRA

Definition 19. Oscillator Algebra
We define the Oscillator Algebra, denoted by A, to be a complex Lie algebra with
the basis {a,,n € Z;1} and the Lie bracket

[1,a,] =0, Vne Z

[am7 an] = m5m+n]l, A m,n Z.
Note that both 1 and ag lie in the centre of (A).
Definition 20. Representation of A

Define the representation of A on the Fock space of polynomials in infinite variables,
B =Clzy,x2,...] as

an = 6"387”’ vVne N, (4.1)
a_n, = €, 'nx,, VYneN, (4.2)
ag= pl, (4.3)
1= 1. (4.4)

where €,,u € R, Vne N.
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5. CONSTRUCTING THE SUPERCONFORMAL ALGEBRA

Let G be a compact Lie group. Let g be its finite-dimensional Lie algebra. Let (-, -)

be a Killing form on g.

Let g denote the super loop algebra g @ C[t,t~1; 0] with the Lie bracket,
[r@Py®Q)=[ry©PQ, Vzycg and P,QcC[t,t ;0.

We introduce a gradation on g by setting
deg(g) =0, deg(t") =n, deg(f) =k,

1
V n € Z and for some choice of k € 52.

We denote the resulting graded super loop algebra by gy.

We denote by gj the even central extension of g; by adding the co-cycle

(e Py®Q)=(z, y)f((dP)Q),

where f is a linear functional on the 1—forms of C[t,¢~1; 6] which vanishes on odd
(in 0) and exact forms.

We consider derivations of g and extend them to derivations of gy. We make
this extension by requiring that these derivations kill the cocycle. Enofrcing the
Liebnitz rule, we obtain, for e = 0,1

D ([z@P, y2Q]) = [z@DP, y2 Q] + [z® (P + (=1)9P), y® DQ|
[z, y) @ (DP)Q + [w, y| & (P + (~1)°0P1)D°Q

+ (z, y)f(ADP)Q)C

+ (@, Y (P + (-1)0P)d(D°Q))C
= [e, 4] @ D(PQ) + (. y)(/(ADP)Q)

+ f((Po+ (~1)0P)A(DQ)) ) C

We wish for the coefficient of the central term in the last equation to be zero. Hence
we look for the most general odd and even differentiations D¢(e = 1,0) which satisfy

F(AD (P +0P))Q) + F(dA(Ro+(—1)0P)DQ) =0, (5.1)
where Q = Qo + 0Q1 and Py, Py, Qo, Q1 € C[t, ¢t 1].
Here, d acts on C[t,t71;6] as —

OP(t,0) .. OP(t,0)
ot + e,

dP(t,0) = Y P(t,0) € C[t,t~*;0].

Since 62 = 0, we have
de*) = 0
= (d9)d = —0dé.

Let P = t% 4 0t* and Q = t% + 0t*, where ag, a1, by, b1 € Z.
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Case 1: e=0

Let D° = Z D0 where
nez

0 0
0o _ n+1 n
Dy, = —ant 5t 5,0t %"

Evaluating the first term of Equation (5.1), we get

F(ap°P)Q) = f(a(p°(t* +o1™))Q)
= f (d <Z DS (% + eta1)> Q)
nezZ
TIGZ
= f( anao n+a0)tn+ao Ly — anal(n+a1)tn+a1 Lodt

- analtn+a1d0+ ﬁn(TL—FCLl)tn_‘—al_ledt + ﬁntn—&-alde)

-t + 6tb1)> :

We simplify this by using the linearity of f, the fact that 62 = 0 and also ignoring
the terms which are odd in 6.

f((dDOP)Q) =f (Z (—Oénao(n+a0)tn+a0+b0_1dt + analtn+al+b19d9

neZ
— But"T10d0) )

— Z (—anao(n + ao) f(¢" T 0t ~1dt) + anar f(E" T 1010d0)
nezZ

— Buf(t"ettrde)) .
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Evaluating the second term of Equation (5.1), we get

f((dP)(D°Q)) = f <d(t“0 +0t) > DY (" + 9#’1))

nez

= f <(a0ta°_1dt + apt™70dt + t1d6) Y (—anbit" 0
neZ

— apbot"Tt + ﬁnt"+b19)>

= f (Z (—anagbot™teotto=ldt 4 a, byt tb9de
nez

_ ﬂntn+a1+b19d9)>
= ) (—anagbo f(E"TOTOTNAL) + by f(ETT10d0)

nezZ
_ ﬂnf(tn+a1+b1 0d9)) .

For every k € %Z, we make the Kac-Todorov choice for f —

fr (fldt) =

—2kgde) =
j‘ii((tt”dt) ) = g it o Vhere @B eC\O)
fr (t"0d6) =0 ifn# -2k

Making this choice of f in the first term, we get
fk((dDOP)Q) = Z (_anGO(n+aO)a5n+ao+bo + @na156n+a1+b17—2k
nezZ
- Bnﬂén—&-a1+b1,—2k)
= Q_qo—bo@0bo + a2k —a; 4,018 — B-2k—a,—b, 5

Making this choice of f in the second term, we get

fu((dP(D°Q)) = § (—anaobontag+by + 0nbiB0nta,+br,—2k
nez
- 6n65n+a1+b1,*2k)

= —Q_qy—by@0bo + @_op—q,—1,018 — B—ok—ai—b, B

Enforcing Equation (5.1) on the sum of the two terms, we get

a*?k}falfbl(al—‘rbl)/g - 2/872]67(1171)16 = 0'
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But B # 0 implies,

O ok—a;—b, (@1 +b1) = 28_2k—a,—b,-

This must hold ¥V a1,b, € Z. Letting n = —2k —ay — by, this must also hold Vn € Z
ie.,

2k +n

Bn = —ay 5

Setting a,, = 1, Vn € Z, we have

DY = " (tgt + (g+k) 9889>.

Case 2: e=1

Let D! = Z D! where
nez

0 0
1 _ n+1 n
D, = —aut 9—(% + Bt 20

Evaluating the first term of Equation (5.1), we get

F(A(D'P)Q) = f(d(Dl(t“°+9t“1))Q>

A (—anagt™ 00 + ") Q)

(%
(

|
~

= f Z (—anao(n+a0)t"+“°_19dt — apapt™teods

nezZ

+ Ba(n+ap)t" T 1dt) - (0 + 0tb1)>

=f (Z (amaot™ 0 19do + ﬂn(n+a1)tn+a1+b01dt)>

nezZ

> (anao F (" 00d0) + Bu(n+ar)f (" T de) )

nez
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Evaluating the second term of Equation (5.1), we get

f <d (t% —0t*) > D) (t* + 9tb1)>

nezZ

f(d(Py — 0P) DY (Q))

= f <(a0t“01dt — at™7todt — t*1d0) Y (—anbet" 0
nezZ

+ Bat" ") >

f <Z (Bpagt™teottr=ldt — anbot"+al+b09d9)>

nezZ

S (Buaof (oot =1dt) — anby (£ H0d0) ).

nez

Making the Kac-Todorov choice for f in the first term, we get

fk (d(Dlp)Q) Z (anaO/B(Sn-i-ao—i-bl,—Zk: + ﬁn(n + al)a67L+a1+b0)
nez

QO 2k—ag—b; 008 — B—a;—b,boa.

Making the choice of f in the second term, we get

fe(d(Po = 0P)DY(Q)) = D (Bn00bntagss, — nboBdntartbe,—2t)
nezZ

= ﬂ*do*blaoa - a*2k‘f¢l1*bob06'

Enforcing Equation (5.1) on the sum of the two terms, we get

O 2k—ag—b1 000 — Boai—bobo® + Bogg—b1000 — Q_2k—q, 008 = 0 (5.2)

Since this equation is valid for all choices of ag, a1, bg, b1 € Z, we look at the case
when ay + bg = ag + by1. Let

n:=—2k —ag— by.
This gives
anaof — Buyarboa + Bniaraoa — anboB = 0
= Oénﬂ(ao — bo) + ﬁn+2ka(ao — bo) = 0.
Since ap }é bo,

ﬁnJera = _anﬁ~
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Plugging this back into Equation (5.2), we get

a*?k*ﬂo*blaoﬁ + a72k7a17b0b06 - a72k7a07b1a0/3 - 0472k7a1760b05 = 07

which is an identity. Thus, there is no more information to be extracted from
Equation (5.2).

Let Qp = g, VHEZ Then, Bn+2k:_ é
B o
We redefine,
, 0 B
D)y = —ant" 0= — Bt

ot 00

[a 0 1B 0
_ n+1 M oan+2k
= t Gat + at %
1B 0 fa O
2k7 o Y
< —t t ,89825)

Here, the subscript n+ k refers to the degree of the right hand side given our choice
of gradation.

Notation: [ -, - ]; denotes the anti-commutator bracket. Also, 9; and 0y is

0 0]
short-hand notation for — and — respectively.

ot 00

Computing the Anti-commutator of two of the odd derivations, we get

[Dn k’Dli]-l- = D(n 2k:)+k7Dk

— [\f "9y \/> tnti=2kgy, | \[ 2k — \f té)@t]

= [t”ag, t2*0g), — [t"T172000,, t2%0g), — [t"0p, 0O,

+ B[t"“’%@&t, t00;] +

_ gtn”k[@, Dols — (00, 260,], — t[t"dy, 044
+ %92[1@4»1721@8“ tat]+

= —t"TI=2R(99, 2R 0p] . — t[t"Dy, 0044,

2

0
2 pr— pr— p— —
because 6% = 0 and [0y, O]+ = 2099 = 2892 0.
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Since,

[00;, t"0g]y = 00.(t"0p) + t"Dp(00;)
= t"00,9 + nt" 00, — t"00y; + t"0,

= nt""100y + t"0; .

Substituting into the previous calculation, we get,

(DL D}y = —t"T172R 2kt 100, + 12%0,) — t(nt" 100y + t"0;)
= —t"(2t0; + (n+2k)00y)
= 2D,
Therefore,

n—k»

1
DY = S[D} . Dl

We consider the universal central extension of the space of all derivations which kill
the cocycle 1, given by the basis D9, D! 4> Where n € Z. We denote this central
extension by SVj, the super Virasoro algebra. Also, relabelling

L, = D°
Gn+k = D71L+k7 Vne Z7

and setting % = 1, the commutation relations for SV}, are —

c
En(n2 — D)dnt+m

Gtk Ln] = (m + k- g) Gm+ntk

[Ly, L) = (n—=m)Lpqm +

[Gm+k7 ank] = 2Lm+n + g ((k + m)2 - i) §m+n

,Vm,nEZandk‘:Oor%

Since G is a compact Lie group, we know that g is finite dimensional, with dimension
dg, say. Let x1,x2,...,24, be a basis for g and let C denote the eigenvalue of the
Casimir operator for the adjoint representation of G, i.e.

dg dg

Zz.fsatfsbt = 02511177 Va,b€{1,2,...,dG},

s=1t=1

where f,pc represents the structure constant given by,

dg
[zq, ] = Zfabcxc, Va,be{l,2,...,dg}.

c=1

Also, from the definition of the Casimir operator, we have

(a, xp) = —C20ap, Va,be{l,2,...,dg}.
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Hence, we define a basis for the super-extended Kac-Moody Lie algebra gj by
Qr = iz, @t",
hyh = iz, @170,
obeying the commutation relations —

“ A
[hn-Hw h?n—k]-&- - §5m+n5aba

[ gw h?nJrk] = ifabchfwrerk,
. A
[ f,lu an] = ZfachfLer + §n6n+m6aby

A
where a = 8 = 300
2

We can now define Si(G) to be the superconformal current algebra, obtained as
the semidirect sum of the superalgebra SV, and gy i.e.,

Sk(G) == g x SVg.
with the Lie bracket defined as —
[T@P + D1, y®0Q + D] = 2P, y®Q] + y®9:1Q — z@DP, (5.3)
for every x,y €g; P,Q € C[t,t 10]; D,D5 € SV.

This allows us to evaluate the Lie bracket of the basis of g; with that of SV}, i.e.

n
[ Z@Jrka Ly] = (m+k+§) ?n+n+k7

[ lrlnv Ln] = mQZerm
[hgnJrkv Gn*k]Jr = Z@Jrn’
[Q;ln’ Gn-‘rk] = mh?n—&-n—&-kv

VmneZ, a€{l,2,...,dg}; k=O0or %

6. UNITARY REPRESENTATION OF THE SUPERCONFORMAL ALGEBRA

Recall that
[hga h2]+ = 5a,b5r+sv
where 7,5 € Z or Z—f—% and a,b € {1,2,...,dg}.
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We define the normal ordering —

hah? if r<s
honb = —htha if r>s

1
§[h§f,hg]+ , if r=s.
Define H*(z) := Z hez"", where r € Z or Z + 1.

Also, define
Q"(x) = Y QuE)=" 1= Ffave s HN()H (2):

?Zfabc : ,2; hfhgz_r_s :, wherer,s € ZorZ+ 3

_;fa,w; chbhS s

- %ifach ((Z hyhg — Zhihiﬁ> 27T+ ;[hﬁ,hg]+22r>

T s>r s<r

r s>r s<r
_ %ifabc (Z DS hghfﬁ) 2T
T S>T s r>s
= e (Z Shte - 3% hﬁh{;) 2
T S>T T S§>Tr
- %ifabc (Z Sonth + YN h’;h§> 2T
T o s>r r o s>r

—ifabe Y hERLZTTT

ros>r
- E § bic -n
= 7Zfabc hrhn—rz
r n>2r
. E § bpc —n
= 7Zfabc hrhn_rz
n r<%

Therefore,
Q(rll = —ifabe Z hf«h%—r'
r<y

Note that n € Z, since n =r + s.

%ifabcz ((Z h?hg - Zhgh?‘> z "8 + ;6b,062r3_2r>
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