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Abstract

Symmetric polynomials have interesting connection with mathemmatical physics. The Jack polynomials
are connected to the Hamiltonian of the quantum n body systems. In this work, we present this link
between Jack polynomials and the CMS operator. The Kerov's map translates the Jack functions
into super Jack polynomials. The supersymmetric version of the Jack polynomials turn out to the
eignfunctions of the deformed CMS operators.
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1. Introduction

An n-variable polynomial f(x1,...,x,) is called symmetric if it does not change by any permutation
of its variables. The symmetric n-variable polynomials form a ring. The ring of symmetric functions
plays an important role in mathematics and mathematical physics. It has several application in algebra
[Aguiar et al. (2012)], combinatorics [Stanley (1989)], presentation theory of symmetric groups, general
linear groups [Green (1955)], and geometry [Helgason, 2001]. For example, a distinguished family of
symmetric polynomials called Schur polynomials, that are indexed by combinatorial objects called Young
diagrams, describes the character theory of the group S, (symmetric group on n letters). The Schur
polynomials and their generalizations such as Jack and Macdonald polynomials [Macdonald (1995)]
are related to geometric objects such as symmetric spaces and flag varieties. They have also found
connection with representation theory of super Lie algebras [Sahi and Salmasian (2015), Sergeev and
Veselov (2004)]

Besides their connection with representation theory, symmetric functions also have an application to
mathematical physics. They are applied in Boson-Femion correspondence which are applied in string
theory [Green et al. (2012)] and integrable systems [Miwa et al. (2000)]. There is also an interesting
connection to quantum physics: the Jack polynomials are the eigenstates of the Hamiltonian of the
quantum n-body problem. For example, in [Sergeev and Veselov (2005)], the Jack polynomials were
shown to be the eigenfunctions of the Calogero Moser Schortland operators.

Their application in super symmetry is made possible by a certain homomorphism map called Kerov's
map [Kerov et al. (1997)].

The goal of this project is to study the Jack polynomials and their variants. We also discuss the relation
of the Jack symmetric functions in the ring of symmetric functions and it extension to the ring of
super symmetric functions. We will also study the connection of the Jack symmetric polynomials and
mathematical physics; their relation with the CMS operator.

This project is organized as follows: First, we review facts from the theory of symmetric polynomials.
Some properties of the symmetric polynomials are studied. We also define the ring of symmetric
functions in infinitely many variables, which is a project limit of the ring of symmetric functions in n
variables.

In chapter three, we center our study on Jack symmetric polynomials and discuss some of their properties.
We study the relationship of the Jack polynomials with the CMS operator. Here we show that they are
eigenfunctions of the CMS operators.

In chapter four, our main discussion is based on the super Jack polynomials; the application of Kerov's
map from the ring of symmetric functions to the ring of super Jack symmetric polynomials. We mention
that the super Jack polynomials are the eigenfunctions of the deformed CMS operators which preserve
the algebra.



2. Ring of Symmetric Functions

In this chapter, we review standard facts about symmetric functions and Schur polynomials. Our main
reference is ( ).

2.1 Preliminaries

2.1.1 Definition. A group homomorphism between two groups G1 and G2 is a map p : G; — Go
satisfying the following property:
p(91-92) = p(g1)-p(g2)

for all g1, 92 € G1.

2.1.2 Definition (Group actions). Let G be a group. A G-action on aset Sisamap G x S — S
such that (g,s) € G x S+ g.s € S, which satisfies the following properties:

i. g1.-(g2.8) = (91.92).s, for g1,92 € G,s € S,
ii. es=s, forallses.

2.1.3 Definition. Let R be aring. Fora € R, a graded ring is a ring R with decomposition R = @,,cz R,
such that each R,, is closed under addition, and

Ry - Ry C Rynin

for non-negative integers n, m.

2.1.4 Definition. A ring R is said to be generated by elements a4, ..., a, € R over C if every element
can be uniquely written as a noncommutative polynomials in a1, ..., a, with complex coefficients. So
that

R:C[al,...,an]

2.1.5 Definition (Polynomial ring). Let R be a commutative ring with identity. Let f: R — R such
that for any indeterminate, z € R the formal sum f(z) = ap+ai1z+...4+a,z™ where ag, aq,...,a, € R
is called a polynomial in  with coefficients in R. Under these operations, the ring R[z] of polynomials
in x with coefficients in R is called a polynomial ring with identity.

2.1.6 Definition. Let R and S be rings. A map f : R — S is called a ring homomorphism if
fla+b) = f(a)+ f(b) and f(ab) = f(a)f(b) for all a,b € R and f(1r) = 1g.

2.1.7 Definition. A ring homomorphism, f is called an isomorphism if the map f: R — S is a bijection.
Then, R and S are isomorphic rings.

We now review some notions of partition of a set.

2.1.8 Definition. A partition is a sequence of A = (A1, A2,..., A\, ..., ) of nonnegative intergers and
decreasing order \; >0
Al>2A2>2A32>--2>0

with finitely many non-zero terms.
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The non-zero terms in A are called parts. The length of A, denoted by [(\) is the number of nonzero
terms.

2.1.9 Definition. The weight of a partition A denoted || is defined as the sum of the parts.

A =D N=A+Xo+ Azt
=1

We say that A is a partition of n if |A\| =n.

Notation
Let P be the set of all partitions and denote by P, the set of all partitions of n. Then, Py consists of
a single element, the unique partition of zero.

2.1.10 Definition. The multiplicity of ¢ € A\, denoted by m; is defined by

m; = ml()\) = card{j € N: >‘j = Z}

to mean exactly m; of the parts of X\ are equal to 3.

2.1.11 Definition. Let )\ be a partition, )\’ is the conjugate partition of \ and is defined as

N, =card{j € N: \; > i}

The length, I(\') and the weight, |\'| of X’ are given respectively as
I(N) = A1 and |N| = |}
2.1.1 Example. Let A = (5,4,3,1), then the conjugate of X is N = (4,3,3,2,1).

2.1.1 Lemma. For any set X, the symmetric group is the group Sx of bijections 0: X — X. The
group operation is composition of functions.

Elements of the symmetric group are called permutations. The symmetric group on {1,...,n} is denoted
by S,.

2.1.12 Definition. A superalgebra or Z,-graded algebra is a vector superspace or algebra over C
decompose into a direct sum A = Ay @ A7 equiped with a bilinear multiplication operator

AxA— A suchthat A;A; C Ay, Vi,j€Zy= {(_), i}

That is
A Ay C Ay, AgAi C A7, AjAp C A7, AjA7 C Ag

An element a € A is said to be homogeneous if a € A;, for i = 0 or i = 1. We write |a| = i. A
superalgebra is said to be supercommutative if

a-b=(=D)Ptly. by abe A |a| €Zy={0,1}
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2.2 Symmetric Functions

Let P, = Clxy,...,z,] be a polynomial ring in n-independent variables, z1,...,z,, with complex
coefficients. The set of symmetric polynomials A, forms a subring of P,,. The symmetric group, S,
acts on P, by permuting the variables.

2.2.1 Definition. The action of the symmetric group on a polynomial f(z1,...,2,)is f(Z5(1); -+ s Ta(n))-

2.2.2 Definition. A polynomial function f is symmetric in 21, ..., 2, if

f(a;g(l), RPN ,.I'o.(n)) = f((]}l, e ,l’n)
for every permutation o of {1,...,n}.
The space of all symmetric polynomials in z1,...,z, is denoted by A,,.

Let & = (a1, ag, .. .) be a set of nonnegative integers for many positive monomials and let the shape of «
be the partition defined from « by rearranging its positive entries in decreasing order.

2.2.3 Definition. A homogeneous function f is symmetric if

f(z) = Z Cox®

laf=n

where C,, € C depends only on the shape of o and 2* means z{* - -- 22"

Let Ak C A, be a space of homogeneous symmetric polynomials in n variables of degree k. Then A,

is a graded ring because
_ k
Ap = ®k20An
We want to define a projective system of homomorphisms on F,,.

Let m,n be nonnegative integers, such that m > n. Let P, € Clxy,...,Zpn,Tnt1,...,%Tm] and
P, € C[xy,...,zy], the homomorphism,

‘ x; Vi=1,....n
P,, — P, such that :L'Z»—>{O Vien+1...m
Restricting the above map to A¥ C P,,, we obtain the homomorphism

surjective Vk>0, m>n
bijective VkE>m>n

Prom s My — AXis {
In particular, a restriction to A, € P, gives the homomorphism
Pmn i Am — Ay (2.2.1)
Consider the inverse limit on A,,, such that
A= @An

With this we can define the ring of symmetric functions
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2.2.4 Definition. The ring of symmetric functions is the graded ring
A= @kZOAk

The homomorphism p: A — A, is surjective.

In the next sections, we determine bases for A,. These allow us to express every polynomials uniquely
as linear combination of the bases. Another important property of the ring of symmetric functions is
that it can generate other functions and can be expressed as identity.

2.3 Monomial symmetric function

Let a = (a1, a0, a3, -+ , ) € N, Define a monomial z as
o a1 (o Q3 [e7%%
% =l xy? 2y’ Ly

Let A = (A1, A2, ..., An) € P such that [(A\) < n and let = {all permutations « of A}. The monomial
symmetric polynomial, m} is defined by

my(z1, ...z Zm?lajg‘%g?’... xo" (2.3.1)
a€el)

2.3.1 Example. a. m =1 is the monomial symmetric polynomial for the empty partition.

b. The monomial symmetric polynomial for the partition A = (1) is given as

m(l):in:x1+x2+x3—|—...+xn
=1

The monomial symmetric polynomial m) form a Z-basis of A,, and hence for mj such that [(\) < n
and |\| = n form a Z-basis of A%,

2.3.1 Definition. Let m,n be nonnegative integers, such that m > n, the homomorphism,

Zlxy, .. X, Ty, ey T — Z[x1, .. T
such that
oo Lo Vi=1,...,n
’ 0 Vi=n+1,...,m
Let Ay, € Z[z1, ..., Tpn, Tpt1,- .-, Tm) and A, € Z[z1, ..., x,] we have the homomorphism
Pmn: A — Ay
mk(xla---a$namn+17-~a m)’_>pn,m(m)\(xla--~a$na$n+1,~~-vl‘m))
where
my(x1,...,x if (A =n
Prm (MA(ZT1, o Ty Tt 1y - - Tn)) = { 0 A1 n) ” lEA%

then pp, , is surjective.
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2.4 Elementary symmetric polynomial

The elementary symmetric polynomial is a special case of the monomial symmetric polynomial for
A=(1")=(1,1,1,...,1), n times.

2.4.1 Definition. For each integer r > 0, the rth elementary symmetric polynomial e, is the sum of
all products of n distinct variables z;,

er(1,29, .0y Ty) = g i) TigTig... i, T >0, n>1
1<i1 << <n

In particular, e = 1 and e, = mr).
For any elementary polynomial e,.. We have the following definition for the generating function

2.4.2 Definition. For infinite set of variables x = (x1,x2,...) and a parameter ¢, we have the generating
function for the elementary symmetric polynomial e, as

B(t)=> et" =]J(1+ait) (2.4.1)
r=0 i=1
and for finite z = (x1,...,2,), we have
B(t)=> et" =][(1+ait) (2.4.2)
r=0 i=1

ande, =0,V 7r>n.

2.4.3 Definition. Let A = (A1, \2, A3, ...) be a partition, we define

o
(S H EN;
i=1
as the elementary symmetric function for the partition .

2.4.1 Theorem. The set of functions {ey | I(\) < n} is a basis of A,,.

For the proof, see ( ).

Theorem 2.4.1 means that for A,, = Z[ey, e2, €3, ...], every polynomial in A, can be written as a linear
combination of eq, ez, e3,.... Thus, every element of A, can be expressed uniquely as a polynomial of
order n.

Let P,(z) be a monic polynomial of order n in a single variable. Then
P,(x) =2" — a1z P a2 — a2+ .. ta,

where a; € C. P, can be expressed in terms of its roots o;, ¢ = 1,...,n as

m
&
I
—-

(x — ay)

The elementary symmetric polynomial e; is related to the coefficients a; as

a; = e;j(a1,a9,...,0,,0,0,...,0), i€N
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2.4.2 Theorem ( ( ))- Let A be a partition and X', the conjugate of \. Then
ex = my + Z axumy (2.4.3)
p<A

where ay , are nonnegative integers and the sum is over all partitions ;1 < X in the natural ordering,
p1 A+ KA+ A A

Proof. The multiplication of the product ey = ex,ex,ex, -+ s asum of monomials of the form
(@ istiy - )y, o) = a°
where i1 <i2<i3<i4<"'<i)\/1,j1 < J2 <j3<j4<"'<j)\/2"'

Entering the numbers 01,102,103, 14, 0y Uy in the first column in the order of the diagram A. Then
15525 J35 345 -+ Jxy IN the second column in the order along the row and so on. Then for each » > 1 all
symbols < r so entered the diagram of A must occur in the top 7 rows.

Hence oy +as +as+ ...+ < A1+ Ao+ A3+ ...+ A\, for each » > 1, we have a < A and

ex =) arumy

HEA

with a , > 0 for each > A, and the argument shows that the monomial 2> occurs exactly once so
that ayy =1 O

The expression of the elementary symmetric functions in terms of the basis of the monomial symmetric
functions implies the following theorem

2.4.3 Theorem. The set {e) | |\| =n} form a basis for A = Q[ey, e, . . .]

Proof. Elements of the set {e) | |A\| = n} consist of all monomials e]*e5%e5® - - - where a;; € N, and any
element of A can be expressed as a linear combination of ey. Every element of A is uniquely expressed
as a polynomial of ey and the ey are algebraically independent. Also, since the ey can be expressed as a
linear combination of the monomial symmetric functions m ), and the m, are algebraically independent,
it implies that the ey are also algebraically independent. O

2.5 Complete symmetric polynomial

We define another type of basis for the symmetric functions called the complete symmetic polynomial

2.5.1 Definition. The complete symmetric polynomial h,(z1,x2, ..., z,) of n distinct variables is the
sum of all distinct monomials of degree r in n variables, so that

he =Y my (2.5.1)

In particular, hg =1, hy = e and h,, =0 for r < 0.

2.5.2 Definition. The complete symmetric functions h, are generated by the polynomial

o0

H(t) = i het” = JJ(1 = 2t) ™! (2.5.2)
r=0

=1
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The Newton formulas relate the generating functions of the elementary symmertric polynomial, E(t)
and the complete symmetric polynomial, H(t) by the following theorem

2.5.1 Theorem.
H(t)E(-t)=1 (2.5.3)
and equivalently, we have the relation

> (-Drephprp=0, V¥V n>1 (2.5.4)
k=0

Proof. Buy using formula (2.5.2) and substituting —¢ in formula (2.4.1). we have

H()E(—t) = ﬁa —et) [ —zt) 1 =1

=1 %

p

Il
i

O

Let IV be a positive integer, then (2.5.4), we have the determinant identity for the (N + 1) x (N +1)
lower triangular matrices

H = (hi—j)o<ijn B = ((-UH ei—j)0<ij<N (2.5.5)

Both matrices H and E have unit determinant.

The following definition shows that the complete homogeneous symmetric functions form a basis in the
graded ring, A.

2.5.3 Definition. Let p be a homomorphism of the graded ring A such that
p:A— A, pler) = hy

for all r > 0. We have A = Z[h1, ho, ...] and the h, are also algebraically independent over Z since the
e, are linearly independent [Vacdonald (1995), page 22].

For a finite set of n-variables, with e, = 0 for r > n, A, = Z[hy, ha,..., hy] with hy,ho, ... hy
algebraically independent but hy41, Anto, ..., Ay are nonzero polynomials in hy, ho, ..., hy.
We now define an important involution on the ring A,,.
2.5.4 Definition. The homomorphism map
w: A, — A, such that w(h,) = e,

satisfies the following properties

a. w(p+q) =wp)+w(g) and w(p-q) = w(p) - wlq), forall p,qg € Ay
b. w(h,)=¢e, and w(e,) = h,

c. w?=id.
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2.6 Power Sum symmetric polyomial

The power sum symmetric polynomial is a special case of the monomial symmetric polynomial m,. 0.0,... 0y (71, T2, - - -

2.6.1 Definition. Let » > 1 be a natural number and x = (x1,...,zy,). The rth power sum symmetric
polynomial is defined by

n
pr(xl,xg,...,fcn):m7{+x5+...—|—x:l:Z:rZ (2.6.1)
i=1

2.6.2 Definition. The p, is generated by the polynomial function
Pt)y=> pt =) ajtr! (2.6.2)
r=1 i=1 r=1

2.6.1 Theorem ( ( ), Chapter |, Section 2, page 23). The generating function P(t) can
be expressed in terms of the generating functions H(t) and E(t) as

P(t) = %logH(t) =

P(—t) = %log E(t) = g/((tt))

Proof. Using the Taylor series expansion for log TRt

1 1
log H(t) = log H gl Zlog <1_$it>

i>1 i>1

zit)" t" r tr
P DIEEED BEDIEES PR

i>1r>1 r>1 0 i>1 r>1

2 tog H (t) = Z/((;) = " 'p,(2)
r>1

= P(1)
Similarly, set t — —t in H(t). Using (2.5.3), we have

(1)
E(t)

P(—t) = %log H(-t) =

O

2.6.3 Definition. Let A = (A, A2, ...) be a partition. The power sum symmetric function for A is given
by

Px = Hp/\w €N (263)
i>1
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2.6.1 Proposition. For any partition A, let zy = [[,~; i"r;!

hn = Z ip)\

z
N=n 2

Proof. We show that

H(t)=> hit" =Y ;pAtA|
A

r>0
From the above

log H(t) = 3" -y (a)

r>1
H(t)=exp > ﬁpr(x)
T
r>1
k
1 tr
=2 m | 2@
k>0 r>1
. 1 k piti mn
o Z ]{:‘(ml,mg,>H<z>
k>0 i>1

mi+mo+..=k

mi,mo
Z | | ... 1mimme
e milmal .- 1Mimm2 | T A
where A = (-, 373 2m2 1™1) 2y = mylma!---1"™m™2 .. = [],5; i™m;! O

2.6.2 Theorem. Let x = (x1,...,2y) and y = (y1,...,Yyn) be two sets of independent variables. Let
A= (A Ag,...) be a partition. Then

[T =2y " = Z ! pA( )Px = [ matk™ (2.6.4)

ij A k>1

Proof. For a single variable y, we have

oe [J(1 - ) Zlog(l_w) I3t aw)' =3 ol

i>1 i>1 k>1 k>1

H(l—afzy )"l =exp kak

1,] k>1
Hence for y = (y1,¥2,...,), we have
1
H(l —ayy) =exp [ Z zPr(@)y; | = exp > £ Pe()pr(y)
2y k>13j>1 k>1
_ H Z (px(z (y))m’“
k>1mp>0

= iPA(fU)PA(y)
N A
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O

Newton's identity or formula for symmetric polynomials | ( )] relates the power symmetric
polynomials p,, complete symmetric polynomials h, and the elementary symmetric polynomials e, in
the following proposition

2.6.2 Proposition.
Thr = Zpkhrfk (2.6.5)
k=1

T

rér = Z(_l)k_lpkerfk

k=1

Newton's formulas (2.6.5) and Proposition 2.6.1 show that h, can be expressed as a linear combination
of p,.. Since h, € Q[p1,p2,...,p0n], we have p, € Q[hy,ha,...,hy]. Also the h, are algebraically
independent over Q[p1, p2, ..., pn] means that Q[p1,p2,...,pn] = Q[h1, ha, ..., hy]. We have

A?’L :Q[plap27"'7pn] (266)

Thus, the p,. form a basis in A, and any polynomial in A;,, can be written as a linear combination of
the p.. For any partition A\, we have the following theorem

2.6.3 Theorem. The set {p) | |\| = n} is a basis for A,

2.7 Schur Functions

In this section, we define a symmetric function which is a ratio of antisymmetric functions called the
Schur functions. The Schur functions in a finite set of variables is called the Schur polynomials. The
Schur polynomial relates symmetric polynomials and antisymmetric polynomials.

A permutation can be written as a product of transpositions. If the parity of the number of transpositions
in the product is even then the permutation is even otherwise it is odd.

2.7.1 Definition. The sign of a permutation o, denoted, sgn(o) is defined as

1 o is even
— (_1\° —
sgn(o) = (1) { —1 o is odd
We define an antisymmetric polynomial.

2.7.2 Definition. Let S, be the set of permutations of o. A polynomial f(z1,...,2,) € Clzy,...,z,]
is antisymmetric or alternating if

f(xa(l)v R :Eo(n)) = (_1)Uf(331a R :I:n)
for all permutations o € S,,.

We denote by A, the space of anti symmetric polynomials in 1,9, ..., 2,.
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2.7.3 Definition. Let o = (aq, ag,...,q,) be a multiindex of finite n-variables, the monomial anti-
symmetric polynomial is defined by

(o = Aozt .. 2%) = Z (—1)‘7:n(‘;(11)x§‘?2) . x??n)
0€ESy

Using the property that the quotient of antisymmetric functions is symmetric.
Let A = (A1,...,A,) be a partition of length <n andlet § =(n—1,n—2,...,1,0). Then, we write
a=A+0= ()\1+n—1,...,)\n_1+1,/\n+0)

2.7.4 Definition. The alternating polynomial a, is defined as

(o = Ary§5 = Z (=1)7z )+

O'GSn
It is expressed in determinant form as
1 _

2TNn 2TN— 2

. I‘ :L’ ... ‘/L‘

i+n— 2 2 2

axts = det (x?ﬁ” ]) = 7. , , (2.7.1)

1<i,j<n : : T

x?{n‘i’n*l x’i\bn+n72 x’,)’\bn

The following definition is fundamental definition for alternatng polynomials.

2.7.5 Definition (Vandermonde determinant). For 6 = (n—1,n—2,...,1,0), the Vandermonde deter-
minant ag is defined as

n—1 n—2

Ty X Ty ) R |

n— n—
as = det (2" _|" 2 = (x; — x;) (2.7.2)
0 ‘ 1<ij<n | ° 5 o v o

<ij< = L, 1<idj<n
n— n—
:Un mn

2.7.1 Remark. A polynomial f(x) in n variables is alternating if and only if it is of the form f(x) =
V(z)g(z) with g(x) a symmetric polynomial and V (z), the Vandermonde determinant in n variables.

Definitions 2.7.4 and 2.7.5 allow us to define the Schur polynomial.

2.7.6 Definition. The Schur symmetric function sy(z1, ..., z,) for a partition \ is defined as the quotient

a
sx(1, ..y Tn) = 2:5 (2.7.3)

The Schur polynomial sy is a symmetric function since it is a quotient of alternating functions and
a polynomial since all alternating polynomials are divisible by (x; — z;) Vi, j and hence their product

Higi,jgn(xi — xj) [Zhou (2003)].

Let A be the space consisting of all symmetric functions. When [(\) < n, the polynomials sy(x1,...,zy)
form a Z-basis of A,. Also, for any partition A, the polynomial sy of infinite variables define a unique
element sy € A, homogeneous of degree |\|. The sy such that |\| = k, k > 0 form a basis of A*
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[Macdonald (1995)].

Let A = (A1,...,A\n) be a partition and X' = (A}, ..., \]) be the conjugate of A\. The Schur polynomial
sy is related to the elementary symmetric polynomial, ey and the homogeneous symmetric polynomial,
hy by the following determinant [Macdonald (1995), Zhou (2003)].

by, /25 VS B (5 VA |
hx,—1 b <o hy
2— 2 24+n—2
sy = det (hAi*iJFj)lgi,jgn = . . ] . (2.7.4)
Pxp—n+1 hx,—ni2 - Dy,
and
ex EX 1 T e 4n—1
ex,—1 SV SRR S VAT
sy = det <6,\'.+j—z'> =| . °. (2.7.5)
: 1<ij<n : : :
EX,—n+1 EX, —nt2 ex,

2.7.1 Generating function for the Schur polynomials. Let A\ be a partition and § = (n — 1,n —
2,...,1,0), such that d = A+ 6. Let x = (z1,22,...,2,) and y = (y1,%2,...,Yn) be a finite set of
independent variables.

Consider the following generating series s(x1, ..., Zn, Y1, ..., Yn) Oof n-variables

1 w22+n— $22+n— $22 Atn—l Ap4n—2 A
S\T1y ey Ty Y1503 Y = NN . Y Y Yy
( ns n) A §>0 A(ﬂl’l, 73311) : 1 1 1
9<i Antn— A +n— An
1<i<n pintn 1 ) +n—2 )
fl?>\1+n_1 A1+n—2 Al
}\ +n—1 %\ +n—2 }\ n
_ Z 1 5 2" SRS it
= : : S j
Xitn—i20 A1, -5 7n) \ : N : ) B )\ J
1<i<n T nt+n x ntn— xnn
Xj+Hn—
= Z SA(iL‘l,...,iL‘n)H J] "
Xi+n—i>0 7
1<i<n
Multiplying the right hand side by M we obtain
A(Y1, - Yn)
S(xlv vy Ty Y1y -0y yn) = A(ylv Sx3) yn) Z S/\(.%')S)\(y) (276)
I(A<n)
Where A(z1,...,z,) and A(yi,...,yn) are the Vandermonde determinant for x = (zy,...,2,) and
y=(y1,-...,Yn) respectively.
2.7.1 Theorem. Al )
Y1y -5 Y,
S(T1y ooy Ty Y1y vy Yn) n (2.7.7)

B ngi,jgn(l — zy;)
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Proof. By using the standard properties of the determinant

Edlzo(iﬂlyl)jl Zdlzo(xlyz)f e Zdnzo(mlyn)jn
1 Zdlgo(@yl) ! Zd220($292) SR Zdnzo(nyn) "
S(T1y ey Ty Y1y ooy Yn) = m . . .
9y ey n . . . .
Zdnzo(ﬂ?nyl)dl ZdQZQ(anD)dQ T Zdnzo(l‘nyn)dn
1 1 1
11—z 1 —x192 1—xy
( : ) : ) ( z n)
1 0wy Oz (1— w2yn)
A(x1, e Tp) : : - :
1 1 1
(1 - xnyl) (1 - xny2) (1 - xnyn)

Let t;; = 1 — x;y;. The determinant can be evaluated as follows:

We subtract the last row from the i-th row (i > n), and use the common denominator. We get

1 1 1 tna—=ti1  tn2—ti2 = lan—lin
ti1 t1,2 t1,n tn,atin tn,2t1,2 tn,ntan
1 L . I tn,l_tQ,l tn,2_t2,2 . tn,n_tQ,n
ta1  t22 ton | | tnat2 tn,2t2,2 tn,nt2n
11 1 1 1
tn,1 tn,2 tn,n tn,1 tn,2 tn,n
22 Y2 Yn
1,1 t1,2 t1n
Y1 Y2 Yn
n—1 t t t
_ Hi:l (xl — q;n) 2,1 2,2 2,n
- n . . . .
T tn; : : L
Y Y2 Yn
th—11 th-12 th—1n

Now, subtract the last column from the j-column, use common denominators, and simplify as above.
We get:

Y1 Y2 Yn
1 1 t t t
I S 1,1 1,2 1,n
t11 t1,2 ti,n ] : ,
i A — | viooomo
to1  t22 ton | Hi:l (zi — 2n)(Yi — Yn) to1 ta o ton
. - n—1 ’ ’ 7
: .o tnn [T521 tnjtin : : - :
tn,1 tn,? tn,n yl y2 PPN yn
tho11 th-12 th—1n
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Hence, by induction we have

1 1 1
(I=my) (1= 2ye) (1= 21yn-1)
(1 _J;2y1) (1 _x2y2) 4(1 _nyn_1> _ A([Blj;l..jfljn)A(yl,--.,yn)
; : : [T5j=1 (1 = iy;)
1 1 1
(1 - xnyl) (1 - xny2) (1 - xnyn)
O
Using (2.7.6) and Theorem 2.7.1, we obtain the following relation
Tqs= 3 s@m) (27.)
— = sx(x)s 1.
(L —@yy) A

7 (N<n

Let © = (x1,22,...) and y = (y1,y2,...) be a set of variables. x and y can be finite. Denote by s, (y),
m(x), hy(z) the symmetric functions of z's and s)(y), ma(y), ex(y), hx(y) the symmetric functions
of y's. We have the relation

2.7.2 Theorem. )
[T = m@ma) =Y ma@)ha(y) (2.7.9)
A

o (L= aiy;) X

Proof. From (2.5.2), we have for a single variable, y

Hence for y = (y1, 2, .. .)

O

We want to define a scalar product on the space of symmetric functions which is given in terms of the
basis (hy) and (my)

2.7.7 Definition. Let (h)) and (e)) be some bases in A, A scalar product on A is defined by

1 ifA=
<h'/\7m,u> = 5)\#,7 5)41 = { 0 if\ #Z (2710)
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2.7.8 Definition (Dual basis). For each n > 0, let (uy) and (vy) be a Q-basis of A” indexed by the
partitions of n. Then the following conditions are equivalent:

a. (ux,vy) = 0y, for all partitions A and g

1
b. Y ua(z)ua(y) = Hi,j m
iYj
where the Kronecker delta, 0, = { é :i i ;Z

Proof. Let uy = 3_ axphy and v, = - buems, then
<u)\7 Uu> = Z axp Z b,ua<h/\7 mu)
p o
=D @) buotpo
p o
= Z axpbpp
p

so that a. is equivalent to

(U, vu) =Y anpbpup = g (2.7.11)
Also, '
; uy(z)oa(y) = ZA: D arpbachp(x)me ()
s b
=Y ha(z)ma(y), when o =p
_ ’ 1
o (L= iy))

Since

O

2.7.2 Skew-Schur Function. The skew Schurs functions are a more general form of Schur functions

depending on two partitions A = (A1, Ag,...) and u = (p1, p2,...). Such a Schur function is denoted
by s)/,- We have the following definition.
First recall that every f € A can be uniquely expressed in terms of s by a scalar product

F= {f 525 (2.7.12)
A

by the fact that sy form a orthonormal basis of A.
2.7.9 Definition. Let A, u be partitions, define a function s, ,,, called skew Schur functions by

<S)\/;u SV> = <S)\7 Susu> (2713)

for all partitions, v.
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In particular, for the zero partition, s/9 = sy. It can be verified that s,/, is homogeneous of degree
Al = |p| and is zero if [A| < [p|. Thus, sy, = 0if A < p.

We express the sy, in terms of the monomial symmetric function, m, and the homomgeneous sym-
metric functions h) as

D sau(@)say) =Y Cosayu(@)say)
A A
= Z s,,(m)s#(y)sy(y)
= Su(y) Z s5u()5,(y)
= 5u(y) Y hw(x)mu(y) (2.7.14)

Let y = (y1,...,yn) be a set of variables. Let \ and u be partitions of length < n and let A" and 1/ be
their respective conjugate partitions The skew Schur polynomial sy, is expressed in determinant form
using equation (2.7.4) and (2.7.5) by the following

hz\lﬁul h/\1*/12+1 T h)\lf,unJrn*l
h h o h
2—p1—1 A2 —p2 A2 —pn+n—2
S\p = det (h)\i*lf«j*“rj)lgi’jgn = : : . . (2.7.15)
hkn—m—n-&-l h)\n_NQ_n"l‘Q T hAn_H/n
N A R O VRS A S |
e)\li /71 eA/— / LIRS eAlf /+ _92
Ha 27 Hg 2 "Hn TN
s = det (e r_ g ) = ? 2.7.16
A A= —i+j 1<ij<n . . . ( )
EX—py—ntl  EN—ph—nt2 T EN

where [(\) < n.
In particular, if =0 then (2.7.15) and (2.7.16) reduce to (2.7.4) and (2.7.5) respectively and we have

Saj0 = Sx = det (h)\i—i+j)1§i,j§n = det (e/\gfi+j>1<ij<n



3. Jack Symmetric Functions and Mathematical
Physics

In this chapter, we study a class of symmetric functions called the Jack symmetric functions which is
a generalization of the Jack symmetric polynomials to infinite set of variables. The Jack symmetric
functions depend on a parameter . Special cases of the Jack symmetric functions are the Schur sym-
metric functions, sy and the Zonal symmetric functions, Z,. For more information on Zonal symmetric
functions and polynomials see ( ).

The Jack symmetric polynomials are characterized by two main properties; orthogonality and triangu-
larity. We begin by defining an inner product of the basis elements of a field, F = Q(«) of rational
functions. The inner product is defined on symmetric functions that depend on « and a set of variables.

3.1 Some Definitions

3.1.1 Definition. Let A and i be any two partitions and « be an indeterminate. Let F = C(«) denotes
a field of rational functions of a parameter . Let Ap = AQF be a vector space of all symmetric
functions with coefficients in F. Define an inner product

(PA D) = (PasPu)a = Oruzy (Mo (3.1.1)
where
1 ifA=p
= mr | —
2\ |>|0 (r"mm,!) and 6y, {0 £ £

We will see later that this belienear form generalizes the one defined in Definition 2.7.7.

Let A{; = A* ® Q(«) denotes the vector space of homogeneous symmetric functions of degree k with
coefficients in IF. Then,
AP = AR Q) = [J A" Q) Q(a)
k>0

3.1.2 Definition. Let z = (z1,22,...) and y = (y1,¥2,...) be any two sets of infinite sequences of
independent indeterminates, then we define the product

1

I(z,y;a) = H — (3.1.2)
g (L—ziyj)
A differential operator on F satisfies the following conditions.
3.1.1 Theorem (Orthogonality, ( )). For eachn >0, let (uy) and (vy) be F-basis of

Ag indexed by the partitions of n. Then, the following conditions are equivalent:

a. (ux,vu) = 0x, for all partitions A, p.

b, Yyua(@)ur(y) = M(z,y;0) = [[;;(1 - ziy;) "=

18
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Proof. Let p} = zy(a)"ta~Mpy so that for all partitions A, p. (PXsPu) = Oap- Let uy = Zp axpPy
and vy =) ausPs, then from (a)

u,\,v# § axp E Qo ppapcr
= E :aApE :a;w po = E :“Apaup
P o p

Condition (a) is equivalent to }° ax,au, = po and using the fact that I(z,y; ) = >_, pp(@)pp(y)
condition (b) is equivalent

> un(@)oaly) = Tz, y;0) = > zp(0) o Vp,(2)p(y) = > pi(@)po(y)
A P P

therefore )\ axpars = 6y d

We define a linear operator on the space of symmetric functions.

3.1.2 Theorem (Linear Operator). Let E : Ap — Ap. Then E is an F-linear operator and the
following conditions on E are equivalent:

a. (Ef,g)=(f Eg), forall f,g € Ar. That is, E is self adjoint.
b. E,Il(z,y;a) = EJI(z,y; «)

Proof. For any two partitions A, u. Let
exy = (Emy,my) and e, = (my, Emy,)

then from condition (a)
exy = €ur

Let gx = ga(z; ) (see Macdonald (1995)) be a basis of Ar and define

Emy = Z exudu
1%

(z, y; o Z o (z = ma(y)gr(@)

A

we have

This implies that (b) is equivalent to
Z eAug/L Z e/\ugu g)\

and hence
Exp = €ur

O

The action of a differetial operator on the space of symmetric functions result in an eigenfunction
problem.
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3.2 Jack symmetric functions and some properties

We now define the Jack symmetric functions. We state here as a theorem

3.2.1 Theorem (Jack symmetric functions). For each partition \. there is a unique symmetric function
Jx = Ja(x,a) € Ay called the Jack symmetric functions such that

a. Jy= Zug/\ ux,my, (Triangularity) where uy, € F and uy) =1
b. (Jx,Ju) =0 if X # p (Orthogonality)

Proof. ( ( )). Let Jy be the eigenfunctions of the operator E constructed such that Jy
satisfies
EJy\ = exJx

where e)) is the eigenvalue of E. Then,

EX\UNYy = Z ExvUpy
v<p<A

for all pairs of partitions v, A such that v < A. We have

(exy — ew)ur, = E exvUpy
r<pu<A

Since the eigenvalues of the operator E are distinct, exy # ey, if v # A. The equation determines ),
uniquely in terms of the u), such that v < u < A. Hence a symmetric function J) exist satisfying
conditions (a) and (b).

By self-adjointness of the E, we have

E/\)\<J>\) JM> = <E‘])\a JN) = <J>\7E‘],U«>
::euu<JX7Jﬁ>

Since ey # ey if A # p, J)y satisfy condition (a) and (b).

Finally, we want to show that J, are uniquely determined by (a) and (b). Let A be a partition and
assume that J,, are determined for all ;z < A. Then Jy has the form from (a)

J)==7nA%—j£:lu#Jp
<A

(Tas Ty = (ma+ > vavdu, J)

<A
0= (my,Ju) + Z O Ja)
p<A
—(mx, Ju) = ZUAM<J#>J#>
n<A
- m)m']L
ZU)\“ = Wy <Ju7 JM) 7& 0
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The Jack symmetric function J, (21, 22, ...) is defined for infinite set of variables x = (x1, x2, ...). If for
any finite set = (x1,...,xy,) such that x,+1 = zp42 = ... = 0 then J\(x1,...,z,) is called the Jack
symmetric polynomial [Stanley (1989)].

The following are some properties of the Jack symmetric functions.

Let z = (4,j) € A and define the hook length of A at = as [Macdonald (1995)]
h(x):)\i—l-)\j—i—j-f-l
Set

Hy =[] h(=)
TEX
as the product of the hook-lengths:

3.2.1 Proposition. a. a =1, J(x;1) = Hysy(z) is the Schur’s function sy
b. a=2, J(z;2) = Zx(x) is the Zonal function indexed by A.

c. a= % J(x; %) then Jy(z; a) occurs naturally as the Zonal function on the homogeneous space
G/K, where G = GL,,(H) and K is the quanternionic unitary group of n xn matrices [Macdonald
(1995), Stanley (1989)]

Also, the Jack functions, Jy(z;«) has a limit as « approaches specific limit.
e Jy\(z;a) —> ey, the elementary symmetric function as o« — 0

e Jy(x;a) —> my, the monomial symmetric function as & — oo

3.2.1 Example. Consider the partition A = (1") = (1,1,...,1). Then I(A) = |\ =>""; \i = n. The
vy1» = n! and
Jy=m) + Z upp(@)my, = nlmny = nley
pn<A

where uy, () are integer functions depending on «

3.2.2 Proposition. For any n > 0, the Jack symmetric function Ji,,y where (n) = (n,0,0,...) has the
expansion
Ty = Y " Mnlz 1, (3.2.1)
[A|l=n

See Macdonald (1995) for the proof.

3.2.3 Proposition. Let n > 0. The Jack polynomials Jyx(z1,...,z,; ) = 0if [(X) > n and are linearly
independent if [(\) < n.

Proof. By Stanley (1989), suppose [(A) > n. Let u and A be partitions such that |u| = |A| and p < A,
then my,(z1,...,2,) = 0 and so
J/\((I}; a) = Z u)\,u(a)mu =0
1500
On the other hand, if \! # A2 % - - are all distincts partitions of length < n, then m,i(x1, ..., z,,) are all
linearly independent. Hence by the orthogonality and triangularity of the Jack symmetric polynomials,
the Jyi(x1,...,x,; «) are all linearly independent. O
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3.3 The CMS Operator

We define a partial differential operator called the Calogero-Moser-Sutherland (CMS) operator [Sergeev
and Veselov (2005)]. The CMS model describes a system of n identical particles of mass lying on a
circle of circumference d and interacting pairwise with each other. Sergeev and Veselov deduced that
the Jack symmetric polynomials are the eigenfunctions of the CMS operator.

3.3.1 Definition. Let A,, be a space of all symmetric polynomials depending on the parameter a. The
differential operator £,, o : Ay, — A, is defined by

SOV LD s mtn (0 0\ (DN 9
Lna Z( Oazi) Z ; ~(x18$i %8:1:-) « ;Jhaxi

2

= :L‘,L +

i=1 Y igg<n T J

n 2
0 2 CL‘Z':L‘]' 0

_ Y z 3.3.1

Z(ml&ci) +ain—xj8mi ( )

=1 i#j

The operator (3.3.1) preserves the ring of symmetric polynomials, A,,. Let p,.(x) be the power sum
symmetric polynomial defined in (2.6.1). Since the power sum symmetric polynomial generates A,,, we
can apply the operator L, o on p,(z), that is £, op, ().

The first sum on the right hand side of (3.3.1) gives

n 6 2
> (wigy; ) ) =
which preserves A,,. Similarly, the terms in the second sum of (3.3.1) are of the form;

Ty — J}j 8.7}1 8%‘]'

Then, the polynomial

0 0 L,
<8xi_8xj>f’ Vo oi#]

is antisymmetric under the interchange of x; and x;, and hence divisible by x; — ;. It implies that
Lyapr(xz) € Ay, Thus, if f € Ay, then £, of € Ay, Also, if f is homogeneous of degree n, then
L, o f is also homogeneous of degree n.

The CMS operator is stable under restriction to the number of variables [Sergeev and Veselov (2005)].
This allows us to apply the homomorphism (2.2.1) on the differential operator (£,) such that for any
integers m > n, we have

Pmn (L) = Pm,n(ﬁn)

The following theorem in the definition of the Jack symmetric polynomials by Sergeev and Veselov
establishes the relationship between the Jack symmetric polynomials Jy(z;«) and the CMS operator

Ly

3.3.1 Theorem. The Jack symmetric polynomials Jy(x;«) is an eigenfunction of the CMS operator
L for all In(z;a) € Ay
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Proof. The proof follows from the proof of Theorem 3.1.2 by replacing E by Lg\n), then we have

Lg\n)JA(x; a) = exJa(z; a)

where J)(z; «) is the eigenfunction of LE\n) and it corresponding eigenvalue is exy. The eigenvalue ey

for the CMS operator is given by Sergeev and Veselov [Sergeev and Veselov (2005)]
n n
e =Y AN =22 (i—1)X=2N(\)—2aN(A) + |A
i=1 i=1

where N(A) =3 5, (i — 1\ O

The CMS operator is stable under the change of n variables [Sergeev and Veselov (2005)].

The Jack polynomials form a particular basis for the ring of symmetric polynomials by the action of
the CMS operators on the Jack polynomials. The stability of the CMS operators with respect to the
number of variables implies that for any partition A,

J,\(acl, e ,xn_l,O) = J,\(.%'l, e ,xn_l)

where Jy(z1,...,2n—1) = 0if A, # 0.



4. Super Jack polynomials and the deformed
CMS operator

In this chapter, we study a class of functions which preserve symmetry when the number of variables
increase. These functions are called supersymmetric functions. We also extend the Jack symmetric
functions to super Jack symmetric polynomials depending on two finite variables and a parameter. The
super Jack polynomials are supersymmetric polynomials which are doubly symmetric and satisfies a
certain differential operation condition. We then state that the super Jack symmetric polynomials are
the eigenfunctions of the defomed CMS operator ( ( ).

4.1 Supersymmetric functions

Let x = 21,...,2, and ¥y = y1,...,y, be a set of n and m independent variables. Let P, ,, =
Clz1,...,22,y1,...,2m] be a polynomial algebra of n + m variables. Let A, ,, ¢ be a subalgebra of
Pn,m

4.1.1 Definition. A polynomial f(z,y,0) of A, ¢ is said to be supersymmetric if it is symmetric
separately in the variables x and y and satisfies the following differential operator
=0 (4.1.1)

0 0
( + 9) f
Oxi 8yj zi=y;

0 0

We want to determine the set of polynomials that generate the subalgebra. We consider the following
theorem

—0 (4.1.2)

zi=y;

4.1.1 Theorem. The supersymmetric power polynomials are given in terms of the power symmetric
polynomials by

pr(z,y) = pe(x) + (=1 'pr(y) (4.13)

for a non-negative integer r.

Proof. We have the following generating function of the power sum symmetric polynomials of the
variables  and y

m
[T (1 +y;t)

Moty = T (0= 2a0)

24
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Differentiating

d 1
A 01 CER70)  CEE
j=1 i=1
n m m m n T n
!
=TI -2ty e I Q+wt)+[Ja+ut)) T a? [T @zt
i—1 k=1 k=1 k#j j=1 ] B =11

=1 k=1
H, & m
z/y ] Yk
= R + v
x/y IZ:; (1 - xlt) ; (1 + ykt)

Expanding the generating function for the symmetric power sums, gives us that

n

ZZprtTl szrtrl Zl—xixit

r>1 r>1 =1

H
7 [y _ x/y ZPT tr 1 (_1)7"—1 Zpr(y)tr_l

z/y r>1 r>1
— Z (pr(z) + (=1)"'p,(y)) £ Zpr x/y)t"
r>1 r>1

O

In fact, as shown in (Sergeev and Veselov (2005)), for generic value 6, the ring A, ¢ is generated by
the deformed power sum polynomial in the variables x and y called the deformed power sums defined

by
(z,y,0 Zx - Zy§ = pr(x) — %pr(y) (4.1.4)
j:l

for non-negative integer r.Observe that p,(x,y,6) € Ay .

4.1.1 Lemma. Equation (4.1.4) satisfies (4.1.1).
Proof.

T \i3 =
8 a . r 1 % r 1 r—1
a—pr(2,y,0) = ~— Ty — 5D Y| =—377Y
0Yq ( ) g \ = 0; J 6 71
pr(z,y,0) — 0 pr(x,y,9)> = <m’”_1 —ryr ! =0
<a l 8yq T1=2q : 0 1 T=xq
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O

Elements of A, ,, ¢ are called supersymmetric functions.  Sergeev and Veselov deduced that every
deformed differential operator of the CMS, L,, ,,, g preserves the algebra A, ,,, 4.

4.2 Super Jack Polynomials

In this section, we want to define a homomorphism map that maps the homogeneous elements of the
algebra of the Jack symmetric functions to the supersymmetric polynomials.

Let A be an algebra of the Jack symmetric functions. Let p,(z) = 2] + 25 + ... be the r-order power
sum symmetric functions and let Jy(z,#) be the Jack symmetric function.

4.2.1 Definition. A homomorphism ¢ defined by
P A— An,m,@ (421)

such that
pr(2) = (pr(2)) = pr(2,y,0) (4.2.2)

The homomorphism ¢ is called the Kerov's map

The definition shows that any symmetric function can be expressed in terms of the Jack symmetric
functions. It is observed from theorem 3.2.1 that the Jack symmetric functions can be epressed as a
linear combination of the monomial symmetric polynomial, m) which in turn can be expressed in terms
of the power sum symmetric polynomial py. It follows that the Jack functions can be expressed as
polynomials in the py, with coefficients that are rational functions in the extra parameter 6.

The fact that we can express the Jack symmetric functions, Jy(z,6) as a linear combination of the
power sum symmetric functions p) allows us to apply the Kerov's map ¢ on Jy(z,6). The action of ¢
on Jx(z, ) produces the the following results.

4.2.2 Definition. Let A = (A1, \2,...) be a partition for a generic variable 6 ( indeterminate) and
z = (z1, 22, . . .) be an infinite sequence of variables. Let Jy(z,6) be the Jack symmetric function. Then
we have the polynomial

SN, 0) = $(Ir(2,0)) (4.23)

The polynomial SJy(x,y,0) is called the super Jack polynomial.

The Kerov's map ¢ maps the elements of the space of symmetric functions into the space of the
supersymmetric polynomials. There is a duality relationship between the Jack symmetric functions and
the super Jack polynomials athough there is no such analogous relation for the Jack polynomials.

4.2.1 Remark. The super Jack polynomials form a basis of A, 0 ( , ).

4.3 Super Jack polynomial and the deformed CMS Operator

In Sergeev and Veselov paper | ( )], the algebra A, ,, ¢ generate a certain
differential operator called the deformed Calogero-Moser-Sutherland operators denoted by £,, ,,, 9. The
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operator Ly, , ¢ is an extension of the operator in (3.1.2) to infinite number of variables depending on
the parameter 6.

4.3.1 Definition. Let x = z1,...,2, and y = (y1,...,Ym) be infinite set of variables. Let £, ,, 9 be
a map
En,mﬁ: An,m,@ — An,m,9 (431)
such that
= 0\ d T+ ) o \?
o B bR 5 o)
=1 dzi j=1 9yj 1<'L<]<n Li— Ty Oz O
yity (0 zi+y 0 d\°
- Y () 33 0 (v, 003
1<icj<m S T YN OY vi/o iEiat i Ys
—(0@(n—-1) Zajz o2, + Zyﬂa (4.3.2)

The super Jack symmetric polynomials are eigenfunctions of the £, ,, 9. Sergeev and Veselov showed
that the super Jack symmetric polynomials are the eigenfunctions of any differential operator. In par-
ticular, the SPy(z,6) are the eigenfunctions of (4.3.2) in the algebra A, ,,, 0.

For any homogeneous function f € A, 1,9, ££m0 € Ay and we have

£l SP\(2,0) = f(\)SP\(z,0)

n,m,0

Where f()) are the eigenvalues of the differential operator £,, ,, 9

4.3.1 Remark. The homomorphism ¢ is uniquely determined by p,(z), the free generators of A.



5. Conclusions

In this work, we have reviewed the ring of symmetric polynomials and its extension to the ring of
symmetric functions. We have shown that the symmetric functions have interesting connection with
mathematical physics. That is, the Jack polynomials are the eigenfunctions of the CMS operators.
The supersymmetric version of the Jack polynomials, the super Jack polynomials, turned out to be the
eigenfunctions of the deformed CMS operators. We showed that the CMS operator preserved the ring
of symmetric functions. Finally, we have shown that the Kerov's map translates the ring of symmetric
functions to the ring of super symmetric polynomials.
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